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1.  PROJECT  ABSTRACT 

The  purpose  of  this  project  was  to  perform  accurate  and  approximate 
quantum  dynamical  calculations  on  elementary  chemical  reactions  of  Import- 
ance for  the  fundamental  aspects  of  chemical  dynamics  and  for  advanced 
technologies  of  interest  to  the  United  States  Air  Force,  such  as  high  energy 
chemical  lasers,  plume  technology,  and  the  chemical  effects  of  high  energy 
radiation.  These  Included  calculations  of  three-atom  exchange  reactions, 
breaktq)  collisions,  three-body  recombinations,  vibrational  quenching  by 
reaction,  resonances,  and  electronic  branching  ratios.  The  aim  of  these 
calculations  was  to  develop  an  understanding  of  these  processes  and  to  develop 
benchmark  datt  against  which  approximate  methods  could  be  tested. 


2. 


SaENTinC  BACKGROUND  AND  SUMMARY  OF  WORK  PERFORMED 


The  prediction  and  interpretation  of  the  details  of  chemical  reactions 
from  first  principles  has  been  a goal  of  chemistry  since  the  advent  of  wave 
mechanics,  50  years  ago.  However,  methodologlcai  and  computational  diffi- 
culties have  prevented  the  achievement  of  this  goal  until  very  recently.  In 
1929,  Dirac^  made  his  famous  statement  concerning  this  matter:  "The  under- 
lying physical  laws  necessary  for  the  mathematical  theory  of  a large  part  of 
physics  and  the  whole  of  chemistry  are  thus  completely  known,  and  the  diffi- 
culty is  only  that  the  exact  application  of  these  laws  leads  to  equations  much 
too  complicated  to  be  solvd}le."  Insofar  as  chemical  reactions  are  concerned, 
this  statement  was  completely  accurate  at  the  inception  of  this  grant  (1  June 
1973).  Only  in  late  1975  was  this  stale  of  affairs  changed,  with  the  publication 

of  the  first  accurate  three-dimensiona'  {3D)  quantum  dynamical  calculations 

2 3 

on  realistic  potential  energy  surfac  •>  lor  the  H,  system.  ’ A slgnific;nt 

4 

fraction  of  this  progress  was  due  to  the  work  supported  by  the  present  grant. 
This  development  opened  up  the  possibility  of  applying  the  methods  developed 
for  these  calculations  to  other  systems,  and  has  permitted  a test  of  the  validity 
of  some  approximate  methods.  The  usefulness  of  good  approximations  is  that 
they  can  be  applied  to  more  complex  systems  for  which  accurate  ab  initio  calcu- 
lations cannot  presently  be  performed.  This  kind  of  approach  to  the  testing  of 
approximate  theories  has  advantages  over  the  one  based  on  a comparison 
between  theory  and  experiment.  The  reason  is  that  potential  energy  surfaces 
are  not  at  present  experimentally  known.  Therefore,  it  is  necessary  to  make 
assumptions  concerning  such  surfaces  which  usually  involve  some  calibration 
to  yield  appropriate  dynamical  behavior.  This  biases  the  test  of  the  dynamical 
model.  However,  if  such  a model  is  used  and  an  accurate  quantum  dynamical 
calculation  is  performed  on  the  same  assumed  (but  fairly  realistic)  potential 
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energy  surface  (for  electronically  adiabotic  processes),  this  logical  difficulty 
disappears  and  the  approximate  dynamical  model  is  Indeed  giver,  a very  good 
test. 


The  development  of  the  accurate  3D  quantum  dynamical  computational 
methods  has  been  the  result  of  a long  evolutionary  process,  a summary  of 
which  has  been  published.  ^ Most  of  this  work  has  been  done  during  the  last 
ten  years,  and  a large  fraction  of  it  over  the  last  five  years.  Our  laboratory 
has  been  very  active  in  this  field,  having  published  27  papers  in  it  since  1973. 
Much  of  this  work  was  done  under  an  AFOSR  grant  which  started  in  June  1973. 
The  field  of  quantum  reaction  dynamics,  as  pointed  out  in  Section  3 below,  is 
important  for  the  development  of  modern  technologies  of  interest  to  the  Air 
Force.  We  now  summarize  the  contributions  of  our  laboratory  to  the  develop- 
ment of  this  area  of  chemistry. 

\ 

Our  first  involvement  in  this  field  was  to  modify  the  boundary  value 

finite  difference  method®  so  as  to  be  able  to  use  it  on  realistic  potential  energy 

surfaces  and  to  apply  it  to  the  collinear  H,  system*^  and  its  isotopic  counter- 
0 

parts.  These  calculations  were  the  first  ones  done  on  a realistic  potential 
energy  surface  at  high  enough  collision  energies  to  show  quantum  oscillations. 

A lifetime  and  scattering  matrix  analysis  later  showed  these  oscillations  to  be 
due  to  interferences  between  direct  and  resonant  (I.  e. , compound  state)  reaction 
mechanisms.®  We  also  compared  the  accurate  collinear  H,  quantum  restilts 
with  approximate  ones  obtained  from  the  same  potential  energy  surface  using 
quasi-classlcal  trajectory  and  semi-classical  methods.^®  These  showed  that 


quantum  effects  were  very  large  for  this  system  and  that  quasl-chissical  and 
semi-classical  reaction  probabilities  and  rate  constants  could  differ  significantly 


from  the  accurate  quantum  ones.  A streamline  analysis  of  the  scattering  „ 
function  showed  that  tunneling  proceeded  by  cutting  the  activation  barrier 


wave* 
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corner  and  contributed  Pignificantly  to  the  rate  constant  even  for  temperatures 
high  enough  for  the  Arrhenius  plot  not  to  show  curvature.  Even  at  lOOO'K, 
tunneling  was  responsible  for  about  25%  of  the  coUinear  rate  constant.  We  also 
made  an  analysis  of  the  scattering  wavefunction  in  terms  of  the  vibratlonally 
adiabatic  theory  of  chemical  reactions^ ^ and  concluded  that  It  Is  approximately 
valid  only  over  a relatively  narrow  range  of  collision  energies,  breaking  down 
both  at  low  energies  (due  to  tunneling)  and  at  high  energies. 

The  boundary  value  finite  difference  method  used  to  calculate  the  colllnear 
H,  scattering  wavefunction  consumed  large  amounts  of  computer  time.  For 
this  reason  we  developed  a significantly  more  effective  coupled>channel  tech- 
nique in  which  coordinates  and  basis  sets  are  chosen  differently  in  different 
regions  of  configuration  space  to  take  into  account  the  shape  of  the  potential 

energy  surface  and  to  minimize  the  number  of  basis  functions  required  for  a 
* 13 

good  local  representation  of  the  wavefunction.  This  method  was  two  to  three 
orders  of  magnitude  more  efficient  than  the  finite  difference  one.  It  was  xsed 
to  extend  the  collinear  H,  calculations  to  higher  energies®  while  maintaining 
a high  computational  accuracy  (1%  or  better).  This  permitted  the  detailed 
characterization  of  two  resonances  and  the  discovery  of  a third  one.  We  then 
used  this  method  in  a detailed  study  of  the  collinear  F + H,  - FH  + H reaction 
and  of  its  isotopic  counterparts.  We  also  performed  quasi-classical  trajectory 
and  semi-classical  calculations  on  the  same  surface,  and  found  large  quantum 
effects  on  this  system  also,  which  led  to  very  erroneous  quasi-classical  product 
vibrational  population  ratios.  Interestingly,  the  results  of  the  "reverse” 
quasi-classical  calculations  are  much  better  than  those  of  the  "forward”  ones.^'*^ 

We  also  applied  this  coupled-channel  method  to  study  the  collinear  deactivation 
of  vibratlonally  excited  HF  by  exchange  collisions  with  H atoms  on  a LEPS 
surface  having  a barrier  of  only  1 kcal/mole.  It  was  found  that  this  Is  a 

i 

I 
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very  efficient  process.  Recent  ab  initio  calculations  of  this  surface^"^  show 
that  the  correct  value  of  this  barrier  is  probably  much  higher,  of  the  order  of 
30  or  40  kcal/mole.  As  a result,  we  have  made  an  extensive  series  of  calcu- 
lations on  the  exchange  reaction  H + FH(v)  — HF(v')  + H and  of  its  isotopic 
counterparts  for  six  diflerent  barrier  heights  ranging  from  1 to  40  kcal/mole. 
This  work  is  being  written  up  for  publication.  The  results  indicate  that  this 
exchange  reaction  cannot  fully  explain  the  preferential  deactivation  of  HF(v) 
for  v = 4, 5, 6 compared  with  v = 1, 2, 3. 

The  experience  gained  in  the  development  and  application  of  the  coupled- 
channel  method  for  collinear  reactive  systems  permitted  us  to  extend  it  to 
coplanar  systems.  A serious  conceptual  difficulty  appeared  in  connection  with 
the  bifurcation  of  the  wavefunction  into  the  two-reaction  product  arrangement 
channels.  It  was  overcome  with  the  help  of  a new  representation^®  of  the 
potential  energy  function  in  terms  of  symmetrized  hjperspherical  coordinates. 
We  were  than  able  to  obtain  accurate 

solutions  for  coplanar  without  major  difficulty.  These  showed  that,  as 
for  the  collinear  system,  three  or  more  closed  vibrational  quantum  states  had 
to  be  used  in  the  coupled-channel  expansion  for  convergence  to  be  achieved. 
Neglect  of  such  closed  channels  leads  to  large  errors  in  the  cross  sections. 

The  next  step  was  to  extend  the  method  to  the  full  three-dimensional 
system.  This  was  achieved  fairly  rapidly  in  view  of  the  experience  with  the 
coplanar  problem,  and  fully-converged  calculations  for  the  H,  system  were 
obtained.  ' » These  calculaiions  indicated  that  the  resonances  found  in  the 
collinear  system  continued  to  appear  in  3D.  The  3D  resonance  energy®' 
was  shifted  upwards  with  respect  to  the  ID  one  by  about  twice  the  zero-point 
energy  of  the  bending  mode  of  the  saddle-point  configuration,  indicating  that  it 
Is  related  to  the  properties  of  ♦he  surface  in  the  neighborhood  of  that  point. 
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The  exchange  rate  constant  was  computed  using  the  quantum  cross  sections. 

At  200®K,  ii  was  18  times  greater  than  the  corresponding  quasi-classical  one, 

indicating  the  importance  of  tunneling  in  this  system.  A polarization  quasi- 

selection  rule  was  discovered,  according  to  which  the  dominant  reactive  channel 

is  the  mj  = mj,  = 0 one  where  mj(mj, ) is  the  component  of  the  angular 

momentum  of  the  reagent  (product)  molecule  along  the  initial  (final)  relative 

velocity  vector.  This  rule  is  interpreted  as  being  due  to  the  fact  that  the  H, 

5 20c 

system  is  coUinearly  dominated,  ’ and  may  in  the  future  be  used  as  an 

experimental  test  of  the  collinear  nature  of  a reactive  system.  For  nonreactive 

collisions,  the  cross  sections  from  a given  m^  to  all  final  mj/  (for  given  initial 

J and  final  j'  diatom  angular  momentum  quantum  numbers)  are  of  the  same 

order  of  magnitude,  indicating  that  the  m^  conservation  principle  is  not  valid 

for  such  collision^.  The  accurate  3D  calculations  were  performed  to  high 

20a 

enough  energies  for  the  first  resonance  to  develop.  These  are  the  only 
such  calculations  ever  done  and  have  predicted  the  existence  of  Feshbach  reso- 
nances in  chemical  reactions  in  the  real  3D  world.  These  calculations  are  the 
only  ones  available  which  are  sufficiently  accurate  to  give  reliable  ang\ilar 
distributions.  To  obtain  such  distributions,  enough  partial  waves  must  be 
used  and  each  one  of  them  must  be  converged  with  respect  to  closed  vibrational 

channels,  since  otherwise  spurious  oscillations  can  appear  in  the  differential 
21 

cross  section.  We  have  found  three  of  four  closed  vibrational  channels  to  be 

2 20bc 

necessary  to  achieve  such  a convergence.  ’ In  the  only  other  3D  accurate 

3 

quantum  dynamical  calculation,  only  two  closed  vibrational  channels  were 
used  throughout  without  attempting  to  test  for  vibrational  channel  convergence, 
and  differential  cross  sections  were  not  calculated.  It  is  possible  to  obtain 
reliable  integral  cross  sections  without  achieving  such  complete  convergence, 
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if  the  absolute  values  of  the  elements  of  the  partial  wave  scattering  matrices 
have  approximately  converged.  Convergence  of  their  phase  is  more  difficult 
to  achieve,  and  it  is  the  lack  of  convergence  in  them  which  produces  the  spurious 
differential  cross  section  oscillations  just  mentioned.  We  were  also  able  to  see 
oscillations  in  the  para-to-para  differential  cross  sections  associated  with  inter- 
ference between  the  direct  and  exchange  scattering  amplitude.  We  performed,  in 
addition,  calculations  using  angular  momentum  decoupling  schemes  (see 
Section  3. 3 below)  and  fou;id  that  they  furnish  accurate  mj  = mj»  » 0 Litegral 
reaction  cross  sections  but  inaccurate  ones  for  other  reactive  and  all  nonreactive 
state-to-state  cross  sections.  Ho'«?ever,  when  calculating  nonreactive  cross 
sections  summed  over  mJ,  and  averaged  over  mj,  good  agreement  was  again 
found  between  the  decoupled  and  accurate  results.  Indicating  that  this  approxi- 
mation transfers  all  nonreactive  flux  into  the  = 0 product  state. 

Computer  programs  needed  for  the  computation  of  accurate  quantum 
mechanical  cross  sections  of  reactions  of  the  type  A + “♦  AB  + B and  A + BC 

AB  + C,  AC  + B have  been  written  and  are  presently  being  tested. 

We  have  also  used  hyperspherical  coordinates  to  develop  a rigorous 
method  for  the  calculation  of  exchange  reactions,  breakup  collisions,  and  of 
termolecular  recombinations.  The  accuracy  of  this  method  is  being  tested, 
and  the  preliminary  results  are  encouraging. 

The  problem  of  the  electronic  branching  ratio  for  the  products  of  a chemi- 
luminescent chemical  reaction  is  a very  important  one  lor  the  development  of 
electronic  chemical  lasers.  Such  reactions  are  electronically  nonadiabatic, 
and  in  their  simplest  form  Involve  two  electronic  potential  energy  surfaces 
and  an  interactive  one.  We  have  investigated  such  electronically  nonadiabatic 
processes  In  a collinear  model  for  the  important  chemiluminescent  reaction, 

Ba  + ONj  BaO*  + N,.  A comparison^^  of  accurate  quantum  calculations  and 
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surface-hopping^^  ones  Indicated  that  the  latter  were  unreliable  due  to  the 
presence  of  large  quantum  effects.  A de  Brog’Js  wavelength  analysis  at 
thermal  energies  Indicates  that  this  system,  although  quhe  heavy,  has  never- 
theless a strongly  quantum  character,  i.e. , «:he  potential  energy  surface  varies 
appreciably  over  a distance  of  one  wavelength. 

In  the  process  of  trying  to  experiment  with  different  potential  energy 
surfaces  for  studying  collinear  reactions,  we  have  developed  a useful  semi- 
numerical  representation  of  such  surfaces^®  which  permits  one  to  change 
independently  each  of  their  different  topological  characteristics.  We  have 
generalized  this  representation  to  noncollinear  systems  and  a paper  describing 
such  a generalization  is  in  preparation. 

In  summary,  the  progress  achieved  in  the  solution  of  important  quantum 

dynamical  problems  in  our  laboratory  over  the  four-year  period  covered  by 

% 

this  report  was  substantial. 


3.  OVERVIEW  OF  THE  WORK  PERFORMED  AND  OF  ITS  RELEVANCE 

TO  THE  AIR  FORCE 

The  research  performed  under  the  present  grant  Involved  a set  of 
theoretical  Investigations  which  were  aimed  at  the  understanding  of  elementary 
processes  in  blmclecular  or  termolecular  collisions  of  reactive  atoms  or 
molecules.  The  central  unifying  theme  in  this  research  was  the  nature  of  the 
energy  liow  in  chemical  reactions  and  the  magnitude  of  quantum  effects  in 
determining  such  flow.  Examples  of  questions  we  investigated  were:  For  a 
given  shape  of  a potential  energy  surface,  how  does  the  height  of  the  activation 
barrier  affect  the  reaction  cross  section  and  the  olstrlbijilon  of  energy  among 
the  vibrational  levels  of  the  products?  How  valid  are  classical  and  semi- 
classical  approximations  to  the  accurate  quantum  dynamics  describing  such 
reactive  systems?  How  valid  are^angtilar  momentum  decoupling  schemes? 

What  are  the  characteristics  of  avoided  crossings  of  potential  energy  surLices 
which  are  effective  In  producing  electronically  excited  reaction  products?  How 
significant  are  Feshbach  resonances  in  chemical  reactions?  Can  the  cross 
sections  for  breakup  collisions  be  efficiently  calculated  by  quantum  methods? 
The  answers  to  questions  of  this  type  were  provided  by  obtaining 
accurate  or  approximate  solutions  to  the  quantum  dynamical  equations  of  motion 
describing  such  systems.  To  obtain  thp«;e  answers,  accurate  potential  energy 
surfaces  were  not  required.  It  was  sufficient  to  do  accurate  and  approxiniaie 
quantum  dynamical  calculations  on  the  same  reasonably  realistic  surface. 

This  approach  permits  the  exploration  of  the  relation  between  the  nature  of 
such  surfaces  and  the  outcome  of  the  chemical  reactions  occurring  on  it.  In 
cases  in  which  the  prediction  of  quantitative  reaction  cross  sectlcns  is  required, 
accur-ie  potential  energy  surfaces  are  needed,  and  in  this  case  U is  useful  to 
knowj'  ahead  of  time,"  what  regions  of  the  surfaces  mosfTnflucnce  the  dynanilcal 
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know,  ahead  of  time,  what  recions  of  the  surfaces  most  Influence  the  dynamical 
results.  Calculations  with  appraxlnate  surfaces  provide  an  answer  to  this 
question. 

In  many  chemical  systems  of  interest,  one  can,  on  the  basis  of  a de 
Broglie  wavelength  analysis,  expect  the  presence  of  significant  quantum  effects. 
This  is  the  case  not  only  for  hydrogen-atom  containing  systems,  such  as  H,, 

HaF,  and  HjCl,  but  also  for  those  Involving  fairly  heavy  atoms,  such  as  BaON,, 
as  described  in  Section  2.  An  analysis  of  a model  of  this  system^^  indicated 
that  at  thermal  energies  and  higher,  the  value  of  the  potential  energy  along  the 
reaction  coordinate  changes  appreciably  over  one  de  Broglie  wavelength,  and 
dynamical  calculations  show  the  presence  of  significant  quantum  effects  in  this 
heavy  system.  It  was  therefore  most  important  to  use  quantum  dynamics 
in  studying  such  systems  to  determine  the  regions  of  the  surface  to 

which  the  reaction  is  sensitive  and  to  establish  the  degree  to  which  classical 
and  semi-classical  approaches  may  give  reliable  results. 

The  answers  to  the  questions  mentioned  above  are  useful  not  only  for  the 
basic  understanding  cf  reactive  processes  but  also  for  the  application  of  this 
knowledge  to  advanced  technologies  such  as  high  energy  chemical  lasers, 
plume  technology,  and  the  chemical  effects  of  high  energy  radiation,  which 
are  of  interest  to  the  United  States  Air  Force.  Specific  examples  are  the 
transfer  of  energy  in  collisions  involving  F atoms,  Hj  molecules,  and  FH 
molecules  and  their  isotopic  counterparts,  which  are  important  in  connection 
with  the  fluori;  e-hydrogen  chemical  laser,  and  the  calculation  of  electronic 
branching  ratios,  of  importance  for  the  development  of  electronic  inversion 
•chemical  lasi.rs.  Thes.  technologies  and  their  applications  are  closely  coupled 
to  the  current  status  of  scientific  dev'clopment,  and  the  latter  must  advance  very 
rapidly  if  it  is  not  to  be  an  absolute  barrier  to  the  progress  of  the  former.  It 
Is  hoped  that  the  i csearch  reported  here  has  contributed  towards  the  achievement 
of  this  goal. 
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We  have  performed  accurate  quantum  mechanical  cal- 
culations for  the  coplanar  H < H,  exchange  reaction, 
using  sufficient  rotational  and  vibrational  basis  func- 
tions In  the  closc-coupUng  expansion  to  ensure  con- 
vergence. we  repeated  these  calculations  with  a con- 
verged rotatloual  basis  set  but  with  only  one  vibra- 
tional basis  function,  In  analogy  to  what  Saxon  and 
Ught*  and  Wolken  and  Karplus,'  respectively,  did  for 
the  similar  coplanar  and  three  dimensional  reaction. 

The  vlbratlonally  converged  and  one-vibration  results 
differ  substantially  for  the  coplanar  as  well  as  the  col- 
Unear  reaction.  Indicating  the  crucial  role  played  by 
virtual  vibrational  channels. 

To  sqlve  the  Schrfidlnger  equation  for  the  coplanar 
reaction,  we  first  integrated  the  appropriate  coupled 
equations  into  the  interaction  region  from  each  of  the 
three  arrangement  channel  regions,  using  an  extension 
of  the  metliod  developed  by  Kuppermann.’  The  result- 
ing solutions  were  then  smooUily  matched  on  three  con- 
veniently chosen  surfaces  In  configuration  space.  The 
n matrix  and  other  asymptotic  quantities  were  then  ob- 
tained. 

Calculations  for  the  Porter-Karplus  surface*  using  4 
or  S vibrations  and  l(i  or  12  rotations  per  vibration  for 
a total  of  40  to  60  channels  yielded  reaction  probabili- 
ties that  change  by  less  than 2^-5%  as  additional  vibra- 
tional or  rotational  basts  functions  are  added,  over  the 
total  energy  range  0.30-0.60  eV.  Without  forcing 
orthogonallzatlon  at  any  time,  the  results  satisfy  conser- 
vation of  flux  to  0. 5%  or  better  and  time  reversal  Invari- 
ance to  6%  or  better.  The  calculations  were  repeated 
using  the  same  number  of  rotations  but  only  one  vibra- 
tion, and  introducing  an  appropriate  vibrational  orthog- 
onallzatlon. 

The  resulting  total  reaction  cross  sections  o J are 
plotted  In  figs.  t(a)  and  1(b)  and  show  differences  be- 
tween the  vibratlonally  converged  and  one-vibration 
results  greater  than  3 orders  of  magnitude  at  low  ener- 
gies. The  ratio  of  the  one-vibration  to  vibratlonally 
ronverged  ortho  - para  rate  constants  Is  3. 15  at  300  *K 
and  532  at  100  *K. 

Using  the  method  developed  previously,'  we  calculated 
the  collinear  converged*  and  one-vlbrallon  reaction  prob- 
abilities for  the  same  potential  energy  surface.  The 
ratios  of  the  coplanar  to  collinear  cross  sections  are 
plotted  in  Fig.  1(c).  Although  these  cross  sections  vary 
Individually  by  about  12  orders  of  magnitude  over  the 
energy  range  considered,  their  ratios  vary  by  lesr  than 
2 orders  of  magnitude.  Indicating  a remarkably  similar 
energy  dependence.  Virtual  vibrational  channels  are 


furthermore  about  equally  important  in  the  collinear* 
and  coplanar  ll*  H,  reaction.  This  will  probably  sUll  be 
the  case  for  this  system  In  three  dimensions  as  well  as 
for  other  reactions. 

We  have  also  calculated  the  reactive.  Inelastic,  and 
antlsymroetrlzed  differential  cross  sections  lor  coplanar 


FIG.  1,  Total  reactive  croaa  aecUonc*  versus  the  total  energy 
K and  translational  energy  F,  for  the  coplanar  exchange  reac- 
lloo  H » It]  (v*  0.)  '01  — Hj  (v'O.f  I ♦ It  (suirmed  over  all  fl 
wliere  the  atoms  are  considered  diatlngulahable.  Arrows  In 
nbsciaaa  Indicate  energies  at  which  the  vtbratlon-rolatton  states 
te'O.f)  of  Hf  become  accessible,  (a)  Linear  plot;  4>)  seml- 
logarlthmic  plot.  In  (cl  we  pi  it  the  retio  of/Pj  vereue  energy, 
where  Pf  la  the  rollinear  total  reaction  probability  (the  collln- 
ear  total  reaction  eroaa  sect  on)  (or  reagenin  H|  In  v ' 0 Initially . 
In  all  caaea,  a aoUd  line  Indlcatea  vlbratlonnlly  converged  re- 
■ulta,  while  n dashed  line  Indicates  one>tlbratioD  results  as  de- 
fined In  text. 
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H * H|.  Contrary  to  the  results  o(  SSxon  and  Light'  our 
reactive  dlUerentlsI  cross  sections  show  only  hackwsrd 
pesklnc  In  both  tlst  one-rtbration  snd  vlbrstlonally  con- 
eerged  results,  la  addition,  we  llnd  no  evidence  lor  a 
quaslselectlon  rule  governing  the  reaction  probabilities 
similar  to  the  ortho  - ortho  and  para-para  nonreacllve 
selection  rule.  We  were  able  to  artificially  produce 
such  a reactive  quaslselectlon  rule  using  matching  pro- 
cedures In  which  Incorrect  symmetry  restrictions  were 
placed  on  the  matched  wavelunctlona.' 

The  Inelastic  cross  sections  are  generally  backward 
or  sideward  peaked  and  exhibit  no  fine  oscillatory 
structure.  Quautum  symmetry  oscillations  resulting 
from  Interference  between  the  direct  and  exchange 
amplltndes  characterize  some  ortho -ortho  snd 
para  — para  antlsymroetrized  differential  cross  sections 
at  total  energies  greater  than  0.  SeV. 

In  conclusion,  virtual  vibrational  channels  play  a 
central  role  In  the  colllnear  and  coplanar  H * H,  reac- 
tion, and  probably  In  the  three  dimensional  one  and  In 
many  other  reactions.  Therefore,  the  results  of  cal- 
culations using  only  open  vibrational  channels  must  be 
used  with  great  caution.  Once  those  virtual  channels 
are  Included  in  a close-coupling  reactive  scatterli^ 
calculation  and  convergence  ascertained,  a weal'h  of 
detailed  physically  meaningful  Information  Is  obtained 
against  which  a variety  of  dynamical  models  can  be 
tested.  Work  along  these  lines  ts  proceeding  In  this 
laboratory. 
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We  have  performed  accurate  three-dimensional  (3-D) 
quantum- mechanical  calculations  of  differential  and  total 
cross  sections  for  the  H -»  H|  exchange  reaction  on  the 
Porter-Karplus'  potential  energy  surface.  These  are 
the  first  such  calculations  that  are  vlbrationail;  and  ro- 
tationally  converged,  and  the  results  are  believed  to  be 
accurate  to  5%  or  better.  They  can  serve  as  a compari- 
son standard  against  which  approximate  methods  can  be 
tested. 

To  solve  the  body-fixed  3-D  Schrddingcr  equation  for 
the  nuclear  motion  we  perform  a partial  wave  expansion, 
followed  by  a close-coupling  expansion.  For  the  latter 
we  use  variables  and  basis  functions  which  vary  from 
region  to  region  of  configuration  space  so  as  to  optimize 
the  representation  of  the  wavefunction.  This  approach, 
developed  previously,'  has  been  successfully  applied  to 
colllnear*  and  coplanar*  reactions  also.  The  coupled 
equations  are  integrated  into  the  interaction  region  from 
each  of  the  three  arrangement  chanricl  regions,  using 
the  use  of  the  Gordon  method.  * The  solutions  are 
smoothly  matched  on  three  appropriately  chosen  surfaces 
In  internal  configuration  space  by  employing  the  con- 
venient system  of  coordinates  described  elsewhere.* 

The  full  three-body  Hamiltonian  was  used  in  these  cal- 
culations, and  no  approximations  were  Introduced  other 
than  those  inherent  in  the  numerical  metliods. 

We  have  performed  extensive  calculations  in  the  range 
of  total  energy  £ = 0. 40-0. 70  eV  and  have  found  that  up 
to  30  rotational,  4 vibrational,  and  100  total  basis  func- 
tions arc  necessary  for  convergence  of  the  reaction 
probabilities  to  within  S%.  The  converged  results  usual- 
ly satisfy  conservation  of  flux  to  1%  or  better  and  time 
reversal  invariance  to  about  6%  or  better.  We  found 
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however  that,  as  for  the  coplanar  reaction, ' results  satis- 
fying flux  conservation  and  time  reversal  Invariance 
could  be  obtained  before  satisfactory  convergence  was 
achieved.  One  cannot,  therefore,  rely  on  flux  conserva- 
tion and  time  reversal  Invariance  as  sufllclent  conditions 
for  convergence.  All  values  of  the  total  angular  momen- 
tum J from  0 to  about  12  are  needed  for  convergence  of 
the  reactive  differential  cross  sections.  The  angular  de- 
pendence of  the  differential  cross  sections  are  very  sen- 
sitive to  the  magnitudes  and  phases  of  the  scattering 
matrix  elements.  It  Is  of  crucial  importance  to  establish 
the  vibrational  and  rotational  convergence  of  the  results 
for  each  J,  since  otherwise  spurious  oscillations  in  the 
differential  cross  sections  can  result.  The  integral  re- 
action cross  sections  are  much  less  susceptible  to  these 
effects.  Computation  times  on  an  IBM  370-158  for  each 
E were  13,  33.  62,  and  64  minutes  for  ■/•O,  1,  2,  and  3. 
respectively,  and  approximately  75  min  (or  <f>4  and  100 
basis  fimctions.  ' 

The  following  conelusioos  can  be  inferred  from  the  re- 
sults obtained; 

(1)  Inclusion  of  closed  vibrational  channels  in  the 
close-coupling  expansion  is  essential,  in  spite  of  the 
(act  that  this  increases  the  computational  time  by  (ac- 
tors of  10-30.  For  example,  at  0.50  eV  the  •f>0  dis- 
tinguishable-atom reaction  probability  for  the  r > 0,  J = 0 
reagent  to  the  o'«0,  ^'-1  product’  is  0. 71  x lO"*  for  the 
vibrationally  converged  results  and  1.67x10'*  when  using 
only  ground  vibrational  state  basis  functions,  a differ- 
ence of  a (actor  of  2.6.  Also,  at  C p 0. 55  eV  the  vibra- 
tionally converged,  orientation-averaged  (l.e.,  summed 
over  m’/i  and  averaged  over  nt/),  para-ortho  reaction  I 

cross  section  for  the  same  process,  is  0.040  bohr*.  j 
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FIG,  1.  Three-dlmeiMlonjtl  and  coplanar 

para  — ortho  dlffrrontlal  raacUra  cross  section  as  a function 
the  acallerlnic  anttio  * (or  t.*>e  II  * H{  — II;  • H exchange  reaction 
on  the  Porter-Karplus'  potential  eoerf7.surrac>atataialenerK.v 
E ■ 0.  UO  eV  and  relative  reaaenl  translational  enernr  E,  •-  0. 27s 
eV.  The  correapondlon  wave  (unctions  have  been  antlsymme- 
trUed  S'tth  respect  to  hydrogen  atom  exchange.  The  para-ll; 
reagent  la  In  Its  ground  r*0,  ^*0  vibrational— rotational  state. 
The  ortho-H;  product  la  In  Its  ground  e'  » 0 vibrational  and  f* 

•1  rotational  stale,  the  lowest  permitted  by  the  Pauli  principle. 
Contributlona  from  all  mf,  values  of  the  component  of  the  angu- 
lar momentum  of  (he  diatom  product  have  been  Included  In  the 
cross  sections.  The  eolldllne  represents  (he  three-dimensional 
results,  (or  which  the  ordinate  scale  la  at  the  left  of  the  figure, 
and  the  dashed  line  depicts  the  coplaoar  rcaults,  for  which  the 
ordinate  scale  Is  at  Its  right.  The  corresponding  Integral  reac- 
tion cross  sections  are  tr;p  u,  040  bohr^  and  0;,p  - 0, 36  bohr, 
respecllrely. 


Wolken  and  Karplus, ' in  their  pioneering  work  in  which 
similarly  only  ground  vibrational  state  basis  functions 
were  employed,  obtained  a value  ol  about  0.43  bohr*. 

This  difference  o!  a full  order  of  magnitude  between 
these  last  two  results  must  be  due  at  least  in  part  to 
their  neglect  of  closed  vibrational  channels.  Their  phe- 
nomenological energy  threshold  is  approximately  0. 05  eV 
below  our  vibratlonally  converged  one. 

(2)  Because  ot  the  much  smaller  times  involved  in  the 
J^O  calculations.  It  would  be  very  helpful  II  computa- 
tions of  this  type,  such  as  those  performed  by  Elkowitz 
and  Wyatt,*  were  representative  ot  the  over-all  reaction. 
We  do  find  that  at  each  energy  £,  the  ratio  ol  two  orien- 
tation-averaged Integral  reaction  cross  sections  In.  n the 
same  state  of  the  reagenis  to  different  states  of  the 
products,  usually  agrees  to  within  20%  with  the  corre- 
sponding •/-O  reaction  probability  ratio.  However,  the 
value  of  J which  most  contributes  to  the  Integral  reac- 
tion cross  sections  la  2 at  0.40  eV  increasing  to  4 at 
0. 70  eV.  As  r result,  the  <7 • 0 calculations  do  not  fur- 
nish accurate  prediction*  for  other  appropriate  quanti- 
ties. For  example.  If  we  compare  the  ratio  of  two 
orientation-averaged  integral  reaction  cross  sections 
from  different  states  of  reagents  to  the  same  state  of  the 
products,  at  the  same  total  energy,  with  the  correspond- 
ing vlaO  reaction  probability  ratio,  these  quantiUee  can 


differ  by  a factor  of  2 or  greater.  ^ 

(S)  Let  0 be  the  angular  momentum  associated  with 
the  fumbling  of  the  trlatomlc  plane  around  the  position 
vector  of  the  atom  with  respect  to  the  diatom. For 
small  J,  we  observe  in  each  arrangement  channel  only 
a weak  dynamic  coupling  between  states  having  different 
values  ot  fl.  This  agrees  with  previous  ob.servatlons  by 
Pack'*  and  McGuire  and  Kourl"  for  nonreactlve  rotation- 
ally  Inelastic  scattering.  In  addition,  for  J less  than 
about  5 or  6,  the  n > 0 reaction  probabilities  are  usually 
significantly  larger,  by  factors  of  2-20,  than  the  others. 
Neglect  of  O-coupIing  and  of  unimportant  fl  contributions 
can  shorten  the  computation  time  by  one  or  two  orders 
of  magnitude.  Preliminary  calculations  of  this  typo  In- 
dicate that  these  approximations  can  yield  results  which 
are  quite  accurate. 

(4)  The  dlstrltution  of  products  among  the  several 
orientation-averaged  rotational  energy  levels  Is  very 
similar  lor  the  3-D  and  coplanar  reactions.  In  addition, 
the  angular  dependence  of  the  corresponding  differentia! 
crosa  sections  is  also  very  similar,  as  shown  In  Fig,  1. 

(5)  Over  the  range  of  total  energies  0. 60-0. 70  eV, 
our  distinguishable-atom  reaction  cross  section  from 
(■•y*0  reagent,  summed  over  all  fl.Jtl  states  of  the 
products,  agrees  with  the  quasiclasslcal  trajectory  re- 
sults ol  Karplus.  Porter,  and  Sharma,  **  within  the  ac- 
curacy of  tlie  calculations. 

Although  Conclusions  (1)  and  (2)  Indicate  that  accurate 
calculations  are  quite  lengthy  and  can  only  be  done  (or  a 
small  number  of  benc  hmark  systems,  conclusions  (3)- 
(5)  indicate  thal  approxtm.atc  methods  that  are  still  very 
realistic  but  much  faster,  might  be  developed  and  use- 
fully applied  to  a significantly  larger  number  ol  reac- 
tions. 

We  thank  Ambassador  College  for  generous  use  of 
their  computational  facilities. 
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, We  present  m this  paper  a mapping  of  irutomlc  ihtee^dimenuonil  Born-  Oppenhelmer  poiCntsaJ  cnergv 
• •ifacet  K for  which  all  arrangement  channels  are  represented  evenhandedl)'.  This  fepfcsentauoo  is  very  useful  (of 
vBualiaing  the  geometneal  and  dynairsical  properties  of  lueh  surfaoea. 


Consider  the  system  of  atoms  A^,  Aj,.  A,,  and  let 
Mw  be  I cyclic  permutati,,,!  of  a^y.  Let  and 
be  respectively  the  vector  from  A,  to  A,  and  from 
the  anterot  mas'  of  A,A,  to  A^,.  We  define  (1-3; 
two  scaled  vectors  and  as 
respectively,  where  a^^  is  the  dimensionless  scale  factor 
reduced  mass  of  A^A,. 

*ndPv,y,  that  of  the  A^  ♦ A^A,  pair.  The  Cx^x"* ** 
transformation  is  a rotation  in  configuration 
hyper-space  (3). 

V depends  only  on  three  scalar  internal  configura- 
tion coordinates.  These  can  be  chosen  as  r^,  and 
the  angle  (in  the  0.  tr  range)  between  and  R^. 

In  order  to  map  Ky'.yy),  we  must  establish  a 
correspondence  between  fy,  Ry,  yy  and  points  P;^  of 
1 Ihtee-dimensional  internal  arrangement  configura- 
tion space  O/V,^  ^x^x-  *“ch  correspondence  is  to 
assign  to  P.  soherical  polar  coordinates  r,  r]y,  yy  where 
rls(rj  •»  Rx)  ^ and  is  independent  (1  ] of  the  choice 
of  X,  and  riy  is  cos'*  (Ry/O  in  the  range  0,  ir/2.  For 
collinejr  configurations  (yy  ■ n)  this  correspondence 
becomes  one  of  the  standard  representations  of  Ft. 

It  suffers,  however,  from  three  serious  disadvantages. 
One  is  that  to  each  configuration  in  which  Ax  coin- 
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dues  with  the  center  of  mass  of  A,A,  (i.e.,  Ry  • 0) 
there  corresponds  an  infinity  of  points  Px  (forming  a 
drcle  on  the  O.Yx  fx  P^^*  centered  on  0 and  having 
radius  fx).  The  second  is  that  equivalent  arrangement 
channels  are  not  represented  equivalently.  The  third 
Is  that  ane,  rjx.Tx  '*'•  1»iT,  trar.iiormation  does  not 
preserve  distances  and  distorts  equipotentlai  surfaces. 
These  disadvantages  make  It  difficult  to  obtain  an  un- 
biased vizualizaliun  of  Fin  all  regions  of  internal  con- 
figuration space.  A similar  difficulty  is  present  in  the 
ingenious  related  representation  proposed  by  Smith 
(see  ref.  (SJ.eqs.  (24)). 

A second  mapping  of  IVx-  ^x*Tx)  lo 

Px  spherical  polar  coordinates  r,  Oy  • 2i7x  and  Tx- 
The  factor  2 by  which  $y  and  tty  differ  is  of  central 
Importance,  in  that  it  eliminates  the  difficulties  de- 
scribed above  by  bringing  about  the  validity  of  three 
very  significant  properties;  to  every  internal  configu- 
ration there  corresponds  only  one  point  Px'.  undistin- 
guishable  arrangement  channels  are  represented  un- 
distinguishably;  and  an  r,  By,yy-*r,  y,  transfor- 
mation simply  rotates  equipotentlai  surfaces  around 
the  OTx  axis  without  distorting  them.  This  produces 
a representation  of  the  entire  internal  configuration 
space  unbiased  by  the  particular  choice  of  X used  to 
define  it. 

In  fig.  I we  depict  intersections  of  the  equipoien- 
tlai  surfaces  with  the  OX^Z^  and  Oi\Z^  planes  for 
the  notorious  Katplus  and  iXrrier  [S]  potential  func- 
tion for  the  Hj  system.  The  OF,  axis,  perpendicular 


I 


Volume  32,  number  3 


OEMICAL  PHYSICS  llTTi  RS 


ISAprt:i97S 


Ih  1 5*^ 

m K\ 


. , I 


I :'!(  !o) 


Z.* 

1 1 

Va-'I  ? i 

4..-(  ii. 


1 : . (bi 

ill' 


‘ (tjof'-r 


2 4 Yo 

.•^(oonr) 


i(h 


Fi|.  I.  EquipoIcniUI  lurricn  tot  II,.  Tht  c»n.  .irJinjlr*  Ya.  /«  m r nn  co,  t tin  tin  ■,»  and  a fo, 
mpectivciy,  with  r,  «,  and  ia  deHncd  in  ihc  tcxi.  I he  lanye  of  **'  aoandcd  fiom  lO.  al  lo  (-a.a)  by  K-luny.  fat  y^  < 0, 

FK  da.  “>£1)  ■ 1*1^  dot  >ol*  Yhe  cufie,  ue  iniervei  uon,  of  I'fe,  $g,,  y^l  • £ turfaca,  with  Ihe  perpcndi^ulai  planet  0.1*0^^ 

(flf.  la)  and  OKoZa  (ftit  lb).  Ihc  otipn  of  meaiurcmeni  of  £ 11  the  minimuni  of  the  If,  diatomic  potential  cneiyy  cutec  otth  the 
third  atom  removed.  The  valuei  of  h'ranpe  horn  0.3  eV  to  1.5  cV  in  tiept  of  0.3  eV.  at  indicaied  on  lopol  .Igtire.  All  pointi  on 
111.  la  and  Ihote  on  the  OZ^  aali  of  Di.  |b  coiteipond  to  colbneai  conniuiationi.  Ihtinii  on  Hi.  lb  off  that  aaii  lepicienl  non- 
coUincar  confliurationt.  Thotc  on  Ihe  O To  aaii  fexcept  for  01  corieipond  10  perpcndiculai  conflfuratJoni,  The  horironial  dashed 
linn  Inleiconneci  Ihe  f1|.  la  and  fi/.  !b  inieruciioni  of  ihe  £ • 1.5  cV  equipoleiilial  tiiih  OZg.  The  OZ,  axes  Ih  • a,  d,  y)  in 
111,  la,  at  r-v— . coiretpond  to  the  thirt  xepaiaicd  atnm-duiom  arianyementi.  The  fact  ihxi  the  an,le  heitveen  them  is  120" 
rather  than  the  usual  [6)  60*  is  of  central  importance  in  permiiiing  Ihe  three  ariinpemeni  channels  to  be  represented  equivalently 
and  in  rrukini  thee,  dg-  ya~*  h dg.  yg  transformation  correspond  to  a rotation  fiviihoui  distortion)  around  the  nhtch 

Itself  is  invariant  under  this  transformation.  The  bottom  part  of  rig.  lb  corresponds  to  the  region  halfaay  between  confiprajuns 
A.,  4 A^Ag  and  A-yA^v  A^  All  clasitcally  allowed  pathways  leading  from  one  lo  the  other  of  these  conrigurstionv.  at  total  ener- 
gm  not  cxcoedtng  0.6  eV,  must  pass  through  the  hatched  area  enclosed  by  the  ccnresponding  equtputential. 


lo  the  plane  of  fig.  la.  Is  a IhrcefolJ  axis  of  symmelry 
of  f',  due  to  the  equivalence  of  the  three  If  atoms  and 
of  Ihe  corresponding  artangen.cnl  channels.  The  lower 
part  of  fig.  lb  depicts  in  detail  ihe  “transition  stale" 
region  of  configufalion  space  halfway  between  ihe 
♦ AaAg  reactant  and  A.yA„  ♦ Ag  product  configu- 
lalions.  Al  a.ny  energy  f,  all  classically  allowed  p.ilh- 
ways  leading  irom  such  reagents  lo  such  products 
must  piss  through  Ihe  region  enclosed  by  the  corres- 
ponding cquipoicntial.  The  smaller  £,  the  mote  con- 
fined is  this  tegiun  and  the  less  can  (he  intermediate 
reaclive  configurations  deviate  from  colhneirily.  7 he 
characteristics  of  these  “passages"  between  reagents 
and  products  influence  significantly  the  dynanucal 
properties  of  K 

We  have  constructed  liiree-dimensional  models  of 
such  cquipoicntial  surfaces,  fur  tlie  My  and  Fily  sys- 
tems. The  general  properties  of  Ihe  e.  Sg.Tx  mapping 
will  be  published  In  detail  separately,  together  with 
pictures  of  those  models.  Ttie  present  paper  should 


suffice,  however,  lo  indicate  llial  this  mapping  pro- 
vides a very  powerful  means  for  visuaUung  the  pto- 
pcrlies  of  tiialomic  potential  energy  surfaces  and  for 
developing  exact  and  approximate  reactive  scattering 
theories. 

We  thank  George  C.  Schatz  for  help  in  preparing 
(he  figure  and  for  many  stimulating  discussions. 


References 

|l|  I.M.  IVIXM,  Nucl.  Ptiyi.9  (1959)  391;  20  (1960)  275. 
12)  D.  Icpven  and  1.0.  IbiKlitclder,  l^oc.  NitL  And.  Sci. 
115  45  (1959)  249. 

|3|  K.T.  SnUlh,  3.  MiDi.  FTiyt.  3 (1962)  735. 
jdj  K.T.  Tang.  B.  Klc.nman  and  M.  Katplus,  3.  Clirm.  ITiyt. 
50(1969)  1119. 

|5|  R.N.  roilti  tnd  M.  Kjiplus  3,  CTicm.  niyi.  40  (1964) 
1105. 

|6|  S.  Gtauionr,  K.J.  LaMlrr  and  II.  Fyring.  Tlie  theory  of 
tile  ptoccsKi  (IdcCTiw-Hill,  New  Yorit,  1941)  ch.  3. 


t 

\ 


Exact  quantum,  quasiciaasical,  and  aemiclassical  reaction 
probabilities  for  the  colllnaar  F+Hj  - FM+H  reaction* 

G«org«  C.  Schalz,*  Joel  M.  Bowman.f  and  Aron  Kuppermann 

Anhmr  AnM  Soyn  Labomcrf  of  CkemitoJ  PKyucx*  Colifonto  /unirkft  of  TtchmAotv,  tooodoroo. 

Coitfirwo  9tl2i 
(lUnirai  li  OcuAcr  l«74) 

Euet  ^oaMva,  yuMrlmiril.  o-^  MiniclMunl  raciioii  protabilitin  ux)  rtie  comunit  for  i(m  colbnar 
nociton  F 4-  Hj  FM  4 H orr  proemed  ud  compoixd  Th*  cuci  quonf um  rrsoltt  tndtcolc  ■ U/fc  drfrrc 
of  popoUlua  »««ruaa  of  ilw  FH  pioduci  »nli  Pj,  ud  PJ,  bno*  ih<  dommuil  locuo  protxdxIitiM.  TW 
*«*rt>  drprndnK*  <d  ibcw  two  prof  «fN  lit  wo  at  lo»  triMJatiorial  mergifla  art  qtuta  dtIXomt.  P#|  aho.  a an 
cffcctitt  ihrcahold  of  0 OOJ  aV  whick  ca«  larfriy  be  minprtiad  aa  rcaullioi  from  liHifKliai  lhrov,h  a 
vibraiionally  adiabauc  Umrr  P!,  haa  a muck  lar|rr  rffrcfivc  ikreahofd  (004J  aV)  apparaidy  tnuliii>( 
from  dynamical  rlTecia  Qurarclao.cal  ptobabilKMa  for  ihc  collincv  F + H,  remtion  bare  calculaiad  by  botk 
ika  fora  4/d  (uiiiial  condiuom  ckoaan  for  rca^ni  F 4 il;\  and  irrcria  (miiial  conditiotia  for  producf  H 4 FH) 
traiactory  mnhoda.  The  raaulta  of  t»yk  calculaiiom  rorrectly  .ndrcair  ikat  Pf,  and  Pj,  ahould  be  iba 
dommant  rtactam  pnmabiljtMa.  However,  the  ihreakold  bcharror  of  the  quaaKlaiaicai  forward  Pf,  draaprvm 
Wroafly  W'lb  Ifie  curmpondtng  react  quantum  threahold  energy  depa,dci»oe.  By  cootraat.  tkcre  ta  food 
agreement  belween  tke  rereried  trafecto:/  reiulu  and  the  Mart  quantum  onca  The  uniform  irmflamira! 
reauitt  alao  agree  well  with  the  correaponding  eanrt  quantum  onca  indKnting  lhaa  tSa  quamclamlcnl  leverea 
s.id  Ike  aeimctauKnl  inethcda  are  preferafic  to  the  qunuclaaaical  forward  method  for  tkia  reartioiL  The 
itn^innc  diiferencea  bctww'u  the  threahold  beharior  of  the  eaact  quantum  and  quaaklaaaicnl  forward  renuion 
probabaliiien  are  annnifraied  in  the  crurcapondiag  rate  conatanta  pnmanly  aa  tr**  • d>fTcrcncea  in  thete 
•‘Tirauon  cnergMa.  Additional  aanrt  quantum  reaulti  ai  hveher  total  energiaa  imlicau  thal  Ikreahold  eflkrta 
are  no  longer  irrportant  toe  reactioaa  with  nbratioiiaJly  eacitad  If-  Rcaonanena  play  ta  tmportant  rale  in 
oenein  reneboa  protiabiliiiea  pnmarily  ax  higher  rriative  tranaiat/onal  eiieigiea. 


I.  INTRODUCTION 

The  rekcUona  F.  H,(D,,  DM)-  FH  ,«-D).  H (D)  have 
recently  been  the  subject  of  eeveraj  exp-.  'Imental  studies 
in  which  very  detailed  rate  constante  and  crose  sections 
(or  these  reactions  hare  been  measured.  Relative  rate 
constants  Into  specific  vibrational  (and  sometimes  vi- 
brational-rotational) states  of  the  products  have  been 
measured  by  both  loTrared  cbemllumlnescenre‘  and 
chemical  laser*  techniques  and,  quite  recently,  both 
methods  have  been  used  to  study  the  temperature  depen- 
dences of  these  relative  ra»e8.“***  Angular  dlgtributlons 
for  specific  product  vlbraional  statee  of  the  F 4 D,  re- 
action have  been  studied  at  several  Incident  energlet  by 
p crossed  molecular  beam  apparatus. ' In  addition,  there 
exist  several  (usually  indirect)  determinations  of  the 
over- all  bulk  rate  constants  for  the  Fv  H,  reaction*  and, 
more  recently,  studlee  of  Isotope  effects  for  the  F»  H,, 
f**^i  r'4HD,  and  F 4 DH  series,  * A very  Important 
appllcaUon  of  these  reactions  h.ts  bec-n  to  the  fluorlne- 
bydrogen  chemical  lasers,  where  F4H,-FH4H 
serves  as  the  main  pumping  reaction. 

Compiemerting  these  experimental  studies  have  been 
several  quaalclasslcal  trajectory  studies  on  F*  H,  ’•*•*, 
F4  and  F * DH(HD),'''*and  one  recent  semlclaasl- 

cal  study  on  colllnear  F4  -*  The  results  of  the  quawi- 
claaslcal  studlee  have  gc.ierally  been  In  reasonably  good 
agreement  with  the  dotal]  rd  rate  constante  obtained  by 
Infrared  cbemllumlneecence  and  chemical  laser  experi- 
ments but  In  much  poorer  agreement  with  the  angular  dls- 
tributlona  obtalnedby  the  molecul ar  beam  experiments. 
There  else  exists  soms  disagreement  between  experi- 
ment and  the  classical  ealculaUons  on  the  rotatlcnaldlS' 
trtbotlofi  of  the  detailed  rate  conatanta,**  and  on  laotope 
effecta.'  Additional  theoretical  developmenta  have  been 


the  characterization  of  the  piodr;t  state  distributions 
by  lemperaturellke  parameters,'*  and  the  eatabliahment 
of  a relationship  between  these  parameters  and  certain 
details  of  the  potential  energy  aur.'vce.'*  All  of  the  clas- 
sical theoretical  atudtes  have  employed  eemiempliicai 
potential  energy  surfaces.  An  oh  mffto  potential  eiv- 
ergy  surface  has  also  been  calculated,  " and  ths  semi- 
cmplrtcal  aurfacss  are  In  reasonable  agreement  wftk 't. 

Aside  from  possible  defects  In  the  potcoUal  energy 
surface  used,  the  most  Important  aourcea  at  disagree- 
ment between  the  quasiclaselcai  trajectory  calculalione 
and  experlmert  are  (a)  electronically  nonadliibztlc  ef- 
fects, and  (h)  quantum  dynamical  cffecta.  The  first 
problem  has  been  discussed  by  various  Invcetlgatore,**^ 
but  Its  importance  Is  not  completely  understood  at  pres- 
ent and  we  shall  net  consider  It  here. 

In  this  paper,  ve  jtudy  the  importance  of  quantum 
dynamical  effecta  In  the  r4  Hj-FH*  H reaction  by  com- 
paring the  results  of  accur  '.e  quantum  mechanical  solu- 
tions to  the  Schrddlnger  equation  for  the  coUlnear  col- 
lisions to  the  results  of  the  corresponding  quaslclaaal- 
cal  and  aemlclasslcal  calculadons.  In  the  following 
paper  (hereafter  referred  to  as  H),  we  make  the  analo- 
gous study  for  tho  >'4  0,  reaction  and  also  examine  exact 
quantum  -esulta  for  F4  HD(DH).  Results  of  our  prsllm- 
Inary  itudlea'*’**  Indicated  thm  quantum  effects  were 
quits  Important  in  Uie  coUlnear  F 4 H,  reacHon'*  and,  la 
fact,  the  disagreement  between  the  quaslclaaslcal  and 
exact  quantum  reacUon  probabilities  at  low  reagent  rel- 
ative tranalatlonal  energlca  was  quits  large.  In  the 
preBen*  paper,  we  give  a more  detailed  analysis  of  the 
reacUon  probabllltlea  for  To  H,  an  ca'rulatcd  by  four 
different  methods:  an  exae  niantum  mechanical  solu- 
tion, the  quaslclasslcal  tor»,4rd  and  quaslclasalcaJ  re- 
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verse  trajectory  methods,  and  the  uniform  semlclassl- 
cal  method.  We  alriu  present  and  compare  (he  corre- 
sponding rate  constants  oblaincdtromthc  results  o( these 
lour  methods,  bi  addition,  we  examine  resonances, 
tunneling,  and  energy  partitioning  In  this  reaction,  and 
examine  the  results  of  exact  quantum  calculations  at 
total  energies  (or  which  (wo  vibrational  st.ates  of  the 
reagent  Hj  arc  accessible, 

bi  all  cases,  we  restrict  our  considerations  to  collin- 
e-ir  collisions  of  a fluorine  atom  with  a hydrogen  mole- 
cule where  (he  two  hydrogen  atoms  are  considered  to  be 
distinguishable.  The  resulting  cross  sections  are  In  the 
form  of  dimensionless  probabilities  of  reaction  between 
specific  vibrational  .states  of  the  reagents  to  form  prod- 
ucts In  specific  states  and  are  not  directly  comparable 
with  experiment  (although  certain  other  quaiilltics  such 
as  final  state  distributions  can,  with  caution,  be  subject 
to  such  a comparison).  Our  Justification  for  studying 
colllnear  dynamics  lies  mainly  in  Its  use  as  a predictive 
model  (or  the  energy  release  behavior  in  actu.-il  three- 
dimensional  collisions"  and  as  a testing  ground  for  ap- 
proximate theories  of  chemical  dynamics,"  Exact  quan- 
tum dynamics  is  currently  feasible  (or  many  types  of 
colllnear  reactions,  and  thus  the  importance  of  quantum 
effects  In  chemical  reactions  can  readily  be  established 
within  the  collincar  restriction.  How  these  quantum  ef- 
fects will  be  modified  in  two-  or  three-dimensional  sys- 
tems has  not  yet  been  fully  established,  but  some  prog- 
ress has  been  made  towards  obtaining  exact  quantum 
solutions  to  these  problems,”  and  quite  recently  accu- 
rate converged  results  have  been  obtained  for  the  H<  H| 
coplanar  and  3-D  exchange  reaction.  " 

bi  Sec.  n.  the  potential  energy  surface  used  In  our 
calculations  is  described.  In  Sec,  HI  we  compare  the 
quantum,  quaslclasslcal,  and  scmiciassical  reaction 
probabilities  for  F<  H|,  and  in  Sec.  IV'  we  compare  the 
corresponding  rate  constants.  Reaction  probabilities 
for  T*  llj  In  the  higher  total  energy  range  where  two  re- 
agent vibrational  states  are  ojien  are  discussed  in  Sec. 

V,  and  in  Sec.  VI  Is  a short  sn.T.mary. 

II.  POTENTIAL  ENERGY  SURFACE 

We  used  the  semlcmplrlcal  LEPS  potential  energy 
surface  of  Muckerman'*'"  (his  surface  5).  This  surface 
Is  Irtermediate  In  character  between  his  surfaces  2 and 
3 of  Ref.  7b  and  was  chosen  to  optimize  agreement  be- 
tween hli>  three-dimensional  trajectoo'  results  and  ex- 
periment.''** Hiilng  Muckerman's  notation,  the  param- 
eters describing  the  extended  LEI'S  surface  are  D,  (HE) 

• S.lZZgeV,  0,(HF)=2.2187  K'K  R,(MFl=0.9n0  A. 
A(HF)=0.167,  fl,(H,)M.74f.2eV,  1.  9420  A'*, 

“O- 7140  A,  and  A(H|)  ^0, 106.  The  exotherniicity 
Is  1,  3767  eV  (31, 76  kcal/mole)  and  the  barrier  height 
0,0461  eV  (1.06  kcal/mole).  Figure  1 shows  an  equl- 
potentlal  contour  plot  of  the  colllnear  surface  along  with 
■Jie  minimum  energy  path.  The  coordinate  system  for 
the  plot  (and  (or  all  calculations)  Is  chosen  to  diagonalize 
the  kinetic  energy  with  a single  reduced  mass  and  Is  de- 
fined by** 


x;u)of>i 


FIG.  1,  Fquipotentlal  contour  plot  of  the  Fll}  colllnear  poten- 
tial energy  surface  used  In  all  calculations  reported  here,  Kn- 
erglea  given  are  relative  to  the  minimum  in  the  H}  diatomic 
potential  curve.  Coordinate  system  la  defined  in  text.  Heavy 
line  denotes  the  minimum  energy  path  with  saddle  point  indi- 
cated by  a crons. 


where  Is  (he  shorter  of  (he  two  HF  bond  distances 
In  the  H-H-F  linear  geometry.  The  analogous  coordl 
nate  system  appropriate  (or  the  product  ariangement 
channel  (FH  « H)  Is 


These  coordinate  systems  have  the  advantage  over 
others”  In  that  the  transformation  between  the  (xj,  X|) 
coordinate  system  appropriate  (or  reagents  and  the 
(z! , Zj)  system  appropriate  (or  the  products  Is  orthog- 
onal. 

Since  the  vibrational  spacing  In  H|  Is  about  12  kcal/ 
mole  and  that  in  HF  Is  11  kcal/mole,  '<ur  vibrational 
states  of  HF  arc  normally  accessible  (or  thermal  dis- 
tributions of  reagent  H|  due  to  the  exotherniicity  of  the 
reaction. 

III.  QUANTUM.  OUASICLASSICAL,  AND 
SEMICLASSICAL  REACTION  PROBARIt.lTIES 
FOR  COLLINEAR  F + Hj-FH  + H 
A.  Ex.xct  quantum  rssetion  probabilities 
f.  Numencal  method 

We  used  (he  close  coupling  propag.itlon  method  of  Kup- 
permann*'  to  solve  the  Schrodingcr  equation  for  the  col- 
llnear system  F4H|.  The  method  Involves  dividing  (he 
configuration  space  depleted  (n  Fig,  I Into  different  re- 
gions and  then  propagating  though  a given  region  In  a 
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coordinate  j/stem  appropriate  to  that  region.  In  partic- 
ular, rectangular  coordlnatea  «ere  uaed  tn  the  near 
asymptotic  regions  appropriate  to  reagents  and  products 
and  polar  coordinates  tn  the  strong  interaction  region 
with  the  origin  of  the  coordinate  system  chosen  tn  the 
classically  Inaccessible  plateau  area  corresponding  to 
dissociation.  A basis  set  of  pseudovlbrat tonal  eigenfunc- 
tions describing  motion  transverse  to  the  direction  of 
propagation  was  used  (or  expanding  the  wavctunctlons. 
These  eigenfunctions  were  cglcutaled  by  a finite  differ- 
ence piocedure,  " and  the  basts  set  was  changed  often 
during  the  propagation  to  Insure  an  elficlent  representa- 
tion of  the  wavehinctlon.  Contributions  from  continuum 
vibrational  channels  are  not  Included  in  this  method.  The 
Integration  of  the  coupled  Schrddlnger  equation  was  done 
with  an  Adams-Moulton  4th  order  predictor— 4th  order 
corrector  method  (with  a 4th  order  RungerKutti-CUl 
initiator).  The  procedure  for  extracting  the  probablilty 
matrices  from  the  asymptotic  solutions  is  similar  to 
that  uaed  by  Truhlar  and  Kuppermann."  Convergence 
of  the  final  reaction  probabilities  was  carefully  checked 
by  observing  the  effect  of  varying  the  location  of  the 
origin  of  the  polar  coordinate  system,  location  o.'  the 
end  point  of  the  Integration,  number  of  closed  vibra- 
tional channels,  number  of  Integration  steps,  and  number 
of  grid  points  in  the  finite  difference  eigenfunction  deter- 
mination. Using  12  to  IS  vibrational  ch.annels  through- 
out the  integration,  we  obtained  a scattering  matrix  for 


tlev> 


riG.  2.  exact  quantum  reaction  probabllltlea  for  collincar 
K * It.  aa  a (unction  o(  relative  tranalallonal  enert^  g,  and  total 
energy  F (relative  to  minimum  In  M,  diatomic  potential  energy 
curve),  la)  Total  reaction  probability Irom  r-0  o(  lt,i  (b) 
reaction  protiabl'.ltlea  pfl  and  (dcfln^  in  text).  Vertical 
arrow  In  abaclaaa  Indicates  t)M  energy  at  which  v-3  of  HF  bo- 
comea  accoaalble. 


E(tVl 


FIG.  3.  Exact  quantum  reaction  protiabllltlca  snd  Pjt  (sim- 
ilar to  Fig.  2). 


which  unltsrlty  and  symmetry  were  deemed  adequate 
(flux  conservation  to  0.5%  and  symmetry  to  5% or  better) 
In  the  reagent  translational  energy  range  (relative  to  r 
• 0)  0. 0 to  1. 10  eV.  The  computation  time  for  a 13 

channel  calculation  on  an  IBM  370-158  computer  was 
approximately  32  mtn  for  the  Initial  calculation  tn  which 
a large  amount  of  energy  independent  Information  was 
stored  on  disk  tor  subsequent  use  and  5 mtn  per  energy 
(hereafter. 

2.  Resuin 

We  define  the  probability  of  reaction  from  an  initial 
atate  » (of  the  reagent  H|)  to  a final  stale  v'  (of  the  prod- 
uct HF)  by  the  symbol  P^.  (This  symbol  will  slso  be 
used  as  a shorthand  notation  for  the  phase  'V-  »'  reac- 
tive collision.  "I  The  total  reaction  probability  P”  from 
a given  incident  state  v Is  the  sum  of  P’ , over  all  acces- 
sible v'.  The  exact  quantum  (EQ)  reaction  probablllt'es 
Put  Put  Pi  F ♦ H,  In  the  translational  energy  range 

« 0.0-0. 4 eV  are  presented  In  Fig.  2.  Thereactlon 
probabillUcs  (or  the  transitions  Pjg  and  P*„  which  are  also 
allowed  in  this  Eg  range,  are  plotted  in  Fig.  3.  We  see  that 
F M P!i  I’ttve  an  energy  dependence  very  similar  to  P^, 
butwlthmuchsmallcrvalues  (Pio“6xlO'*  P^,  f£  , “ 1 
X 10"*  Fj).  As  a result,  only  F^  and  Fj  contribute  ap- 
preciably to  F*  tn  the  eneiqy  range  considered.  As  wss 
pointed  out  previously,  and  F^  have  remarkably 

different  threshold  behaviors.  We  shall  define  the  effec- 
tive threshold  energy  for  the  v-  v'  transition  as  (ha 
difference  between  the  (lowest)  energy  for  which  the  cor- 
responding pH.  Is  equal  to,  say,  1%  of  the  maximum 
value  attained  by  this  qu.-intlty  and  the  energy  at  which 
(he  c-  v'  process  becomes  energetically  possible.  With 
this  definition,  has  an  effecllve  threshold  of  0.005 
eV,  while  (or  F^  (which  Is  energetically  forbidden  until 
Eg'O.OlSeV),  Efts  0.045.  Note  that  while  the  barrier 
height  Is  0.0461  eV,  the  aero  point  energy  of  H,  Is  0.268 
oV,  so  the  transition  Fj  Is  energetically  allowed  even  at 
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i«ro  translational  eneiyr.  LUctwlse  the  0-  3 reactive 
transition  is  energetically  allowed  as  the  HF(3)  chaiuiel 
opens  up  at  F'g  > 0. 013  eV.  One  possible  explanation  for 
why  the  effective  threshold  of  is  greater  than  aero  Is 
that  the  exchange  of  energy  between  inotion  transverse 
to  the  reaction  coordinate  and  that  along  the  reaction  co- 
ordinate Is  not  efficient  (at  least  in  the  entrance  channel 
region  of  configuration  space  where  the  saddle  point  lies), 
Truhlar  and  Kuppermann  have  shown**  that  a more  real- 
istic estimate  of  the  effective  barrier  height  in  it  * If,  is 
obtained  from,  vibratlonally  adiabatic  theory.  The  vibra- 
tionally  adiabatic  barrier  (for  zero  curvature  and  using 
the  harmonic  approximation)  lor  F»H,ls  0.026  eV,  which 
is  still  appreciably  larger  than  the  effective  quantum 
threshold  energy  for  f’J  (0. 005  eV).  although  It  Is  quite 
close  to  the  Fj  quasicla.sslcaJ  threshold  energy  (0.025 
eV)  (see  Sec.  lU.  D.  2).  This  difference  between  the 
quantum  ar<d  quaslclassical  threshold  energies  could  in 
part  be  due  to  tunneling  through  the  one-dinienslonal 
adiabatic  barrier,  within  the  framework  of  an  adiabatic 
description  of  the  quantum  dynamics  in  the  neighborhood 
of  the  saddle  point.  In  Paper  II  we  shall  see  that  the  re- 
sults for  F 4 t\,  F*  HD.  and  F ♦ DH  support  this  conclu- 
sion. The  high  threshold  energy  for  f’J  Is  not  easily 
explained  as  resulting  from  one -dimensional  adiabatic 
barrier  tunneling  and  is  probably  due  to  a dynamical  ef- 
fect, as  will  be  discussed  In  Sec,  HI.  B.  2, 

The  sharp  spike  In  the  Pj  curve  at  energies  slightly 
above  threshold  Is  reminiscent  of  the  Feshbach  type  in- 
ternal exc'*atlon  resonances  observed  in  the  collinear 
If  * H,  reaction.  *'  A discussion  of  other  resonances  In 
the  F4H|  reaction  Is  presented  In  Sec.  V. 

Simultaneously  with  the  reactive  tr.ansttion  probabil- 
ities. we  have  calculated  the  nonreactlve  ones  corre- 
sponding to  the  co'llsions  F4H,(0)-  F*H,(0)  and  FH(v) 

4H~  FH(v')4K.  The  probabilities  for  the  Ilrst  of  these 
nonreactive  processes  are  simply  the  difference  between 
unity  and  the  total  reaction  probability  P*  (as  long  as  v 
« 1 of  H|  is  closed).  The  transition  probabilities  for  the 
H4HF(>'*)  inelastic  (v'*v)  processes  are  all  quite  small  _ 
(generally  less  than  0.01)  up  to  £g>0.4  eV  and  vary  rel-  S 
atively  slowly  with  energy.  Unltarity  of  the  scattering  g 
matrix  then  forces  the  elastic  probabUlties  for  II 4 HF(v)  p 
collisions  to  be  roughly  equal  to  the  difference  between  =» 

unity  and  the  probability  lor  the  F4H,(0)“  FH(v)  4H  re-  p 

active  process.  The  behavior  of  the  inelastic  transition  « 
probabilities  for  nocrtaclire  H 4 HF  collisions  contrasts  a 
strongly  with  the  corresponduig  Inelastic  transition  prob- 
abilities for  collinear  H *01  collisions.**  In  the  latter 
case  we  find  that  the  probability  of  an  inelastic  collision 
is  comparable  in  magnitude  to  the  elastic  transition  prob- 
abilities and.  In  addition,  thn  probabllliies  of  multiquan- 
tum  Jump  transitions  are  often  greater  than  the  probabil- 
ities of  single  quantum  Jump  transitlor.  <.  A more  com- 
plete discussion  of  the  results  for  coBi.  ear  H 4 FH  will 
be  given  In  Ref.  32. 

B.  Qusiiclstsical  reaction  probsbrlitiei 
f.  Method 

T.he  classical  trajectory  calculations  were  carried  out 
In  the  same  way  as  In  a previous  H 4 H,  study.  **•’•  The 


initial  phase  ai^le  variable  for  the  vibration  of  the  ground 
slate  of  II|  was  varied  uniformly  over  a grid  of  typically 
100  points  in  tlie  interval  3 to  2r.  The  final  action  num- 
ber of  the  product  IIF  was  computed  lor  each  reactive 
trajectory  and  assigned  a quantum  number  by  rounding 
off  the  action  number  to  the  nearest  Integer.  Thus,  the 
transition  probability  P^.  was  defined  as  the  fraction  of 
reactive  trajectories  with  final  quantum  number  v'. 

When  this  procedure  la  carried  out  in  the  direction  F 
4 H, (v  » 0)  — FH  (v')  4 H,  we  term  the  quaslclassical  tran- 
sition probabilities  ‘‘qu.aslclaasical  forward"  (QCF).  For 
the  reverse  reaction,  the  quaslclassical  transition  prob- 
abilities are  termed  "quaslclassical  reverse"  (QCR). 
Quantum  mechaniealiy,  the  forward  and  reverse  prob- 
abilities are  rigorouuly  equal  at  the  same  total  energy, 
but  quastclasstcally  they  are  not.*'  Therefore,  either 
of  the  two  quaslclassical  results,  QCF  or  QCR,  could  be 
used  to  represent  the  probabililtes  for  the  (forward)  re- 
active collisions.  Since  there  Is  preset  tly  no  s priori 
way  of  deciding  which  of  these  two  procedures  will  give 
results  closer  to  the  EQ  ones,  we  have  used  them  both, 
and  corresponding  results  are  presented  below. 

2.  ffeuitn 

In  Fig.  4 we  plot  the  QCF  and  EQ  reaction  probabili- 
ties P,.  F'a-  and  P^  vs  the  translational  energy  £,,  as 


E (eV) 


FIG.  4,  Quaslclassical  forward  and  exact  quantum  reaction 
probabtlltlea  for  F 4 H,;  (a)  P/,  (b)  P,’  and  Pg.  Dashed  line 
Indicates  QCF  results  with  Iheir  associated  etallatlcal  error# 
Indlceted  by  vertical  bara.  Solid  Uoe  Indlctlea  FQ  reaulu  (aa 
In  Fig.  21. 
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FIG.  S.  Fraction  (/^  oC  tlta  total  raaaent  cnenty  On  eitccaa  of 
product  cero  point  cncrfty)  which  anda  up  aa  vibrational  energy 
la  the  product  111'  aa  a function  of  the  reaitent  tranalatlonal  en^ 
erfyr  £,  and  total  energy  F.  Solid  line  indlcataa  FQ  reaulta  and 
daahed  line  QCF  reaulta.  Other  notation  analogoua  to  Fig.  2. 

veil  aa  the  correspondliif  ezac;  quantum  ones  given  In 
Fig.  2.  Out  of  the  100  traleclorlea,  none  yielded  HF with 
v»0  or  1 (I.e.,  Fj,  ■FjeO  probably  to  within  0.01  or 
less).  There  are  two  Important  points  to  be  noted  In 
comparing  the  EQ  and  QCF  results.  First,  both  the  eX' 
act  quantum  and  the  quaalclasslcal  results  predict  rough- 
ly the  tame  amount  of  vibrational  excitation  In  the  KF 
product  on  Ihc  average.  Indeed,  If  we  define  f,  as  the 
fraction  of  the  total  energy  which  ends  up  as  vibrational 
energy  In  the  product  HF.  then  in  Fig.  5 we  see  that  /, 
is  roughly  0.81  and  nearly  independent  of  £,  In  the  QCF 
results,  and  fluctuates  between  0. 68  and  0. 89  with  an 
average  value  of  0.70  In  the  EQ  results.  From  this,  we 
conclude  that  the  quantum  and  quasiclassical  dynamics 
agree  (on  the  average)  with  respect  to  partitioning  of 
product  energy  between  translational  and  vibrational  de- 
grees of  freedom.  Second,  despite  this  average  agree- 
ment, there  are  very  significant  differences  between  the 
EQ  and  QCF  reaction  probabilities,  particularly  with 
respect  to  the  Fj  threshold  and  the  P^/Pm  ratio.  In 
Fig.  6 this  ratio  Is  displayed  aa  a function  of  £«  for  both 
the  EQ  and  QCF  results.  As  has  been  pointed  out  pre- 
viously, '*  the  lack  of  agreement  between  the  Individual 
transition  probabilities  P^  and  P^  can  be  partially  ex- 
plained as  arising  from  '.he  reasonable  but  nevertheless 
arbitrary  way  of  assigning  a discrete  quantum  number 
to  a continuous  product  vloratlonal  energy.  However, 
the  large  differences  In  the  energy  dependence  of  the  EQ 
and  QCF  (v  • 2,  3)  suggests  that  this  Is  probably  not 
the  whole  explanation  and  that  other  significant  differ- 
ences exist  between  the  classical  and  quantum  dynamics 
In  this  system.  In  addition,  this  arbitrariness  in  the  def- 
inition of  a product  quantum  number  is  not  present  in 
the  total  reaction  probabtlltles  F*,  yet  the  differences  In 
magnitude  and  energy  dependence  of  the  EQ  rut  QCF  re- 
sults are  still  very  significant. 

It  la  also  of  Interest  to  analyse  the  EQ  and  QCF  reac- 
tion probabilities  by  an  information  theoretic  approarh." 


In  order  to  include  a study  of  Isotope  effects  in  this  anal- 
irsla,  we  defer  a discussion  of  this  to  Paper  n. 

In  Fig.  7 are  plotted  the  QCR  and  EQ  reaction  prob- 
abilities F£,  F£,  and  Fj,  vs  £,.  The  transition  prob- 
ability Pi  Is  nonxero  at  sero  reagent  translational  ener- 
gies. This  can  occur  because  of  the  convention  of  round- 
ing classical  vibrational  quantum  numbers  to  the  nearest 
Integer.** 

The  QCR  results  in  Fig.  7 are  In  much  better  agree- 
ment with  the  quantum  probabilities  than  are  the  QCF 
results  In  Fig.  4.  This  Is  true  not  only  of  the  total  reac- 
tion probablUtlea  Ff  but  also  of  the  Individual  transition 
probabilities,  especially  F^.  The  fact  that  the  threshold 
behavior  of  the  Pi  transition  can  be  described  correctly 
by  a quasiclassical  method  suggests  that  the  0. 049  eV 
effective  threshold  energy  in  Pi(EQ)  is  a dynamical  ef- 
fect related  to  motion  through  classically  accessible  re  - 
gions  of  configuration  space.  The  fact  that  the  reverse 
rather  than  the  forward  tralectory  method  produces  the 
best  agreement  with  the  exact  quantum  results  must  be 
regarded  as  an  empirical  observation  at  present.  It 
arould  be  interesting  to  fui-iher  analyze  the  quasiclassical 
results  from  the  viearpolnt  of  what  regions  of  configura- 
tion space  are  being  sampled  by  the  QCR  and  QCF  tra- 
jectories and  with  what  velocities,  and  how  well  the  cur- 
rent density  fields  derived  from  these  trajectories  agree 
with  the  corresponding  exact  quantum  current  densities.*' 
The  good  agreement  between  the  QCR  and  EQ  results 
suggests  that  the  QCR  procedure  should  be  applied  to  a 
ihrec-dimensional  trajectory  calculation.  11  the  differ- 
ences between  the  one-dimenslonal  QCR  and  QCF  results 
are  also  found  In  three-dimensional  calculations,  this 
could  be  indicative  of  the  presence  of  Important  quantum 
dynamical  effects  in  the  three-dimensional  reaction. 


FIG.  6.  Ratio  of  reactloo  probablUtlea  Ff/Fj  ra  traoalatiaaal 
energy  £|  and  total  enerfty  £.  Solid  line  Indicates  EQ  reaulta 
and  daahed  line  QCF  raeulu.  Other  notation  analogoua  to  Fig. 
2. 
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FIO.  7,  QuaaiclfttMcftl  T«v«Tm«  awl  eaacl  qoantum  reacUon 
probabllltiaa  for  F«  II};  M Pf,  (b)  and />£.  Uaahrd  Una 
fndicatea  QCR  reaulta  with  th«tr  aaaoclalnd  aUllatIcal  errora 
ladlcatad  b]r  rertlcal  bara.  Solid  II, « Indicatca  Lt)  reaulta  (aa 
lo  Flf.  2). 

WUltlna**  has  completed  a three-dimensional  QCF  study 
of  the  reaction  FlKO  + H-HiCr'l  + F (a  varylr,g  from  1 
through  6).  His  results  can  be  considered  to  be  QCR 
calculations  for  the  reaction  F + H|(i'')-  FH(t')*H.  He 
has  also  published  QCF  rate  constant  calculations'*  for 
the  latter  reaction  with  v'-O.  It  would  be  very  Interest- 
ing to  compare  the  corresponding  (QCR  and  QCF)  cross 
sections.  Perry  el  at,*'  have  recently  published  a three- 
dimensional  comparison  of  the  QCR  and  QCF  cross  sec- 
tions for  the  endothermic  I tHi-  HI  + 1 reaction  at  one 
total  energy.  They  found  that  microscopic  reversibility 
was  approadmately  obeyed  at  this  energy  but  made  no  de- 
tailed study  of  the  energy  dependence  of  the  cross  sections 
and  did  not  Investigate  threshold  effects. 

C.  Semiclaisicat  issction  probsbilitist 
f.  Method 

For  most  energies,  uniform  semlclasslcal  reaction 
probabilities  were  calculated  according  to  the  procedure 
described  In  Ret.  34.  However,  for  translational  ener- 
gies £(  greater  than  0. 10  eV,  the  transition  was 
computed  by  a simple  analytical  continuation  technique," 
similar  In  spirit  to  that  of  Miller,  * This  was  necessaiy 


lo  order  to  obtain  a nonvsnlshlng  value  of  this  transition 
probability,  since  In  tbe  above  energy  range,  although 
energetically  allowed.  It  Is  dynamically  forbidden. 

In  addition.  It  was  found  that  Pf,  was  llldetermlned  near 
threshold  In  that  a plot  of  final  FH  vihrational  action 
number  vs  initial  H|  vibrational  phase  angle  (Cc)  re- 
vealed "raggedness”  (1.  e, , very  rapid  variation  of 
with  gf)  for  nif  near  tbe  value  3,  " Raggedness  was  also 
observed  over  a range  of  energies  for  the  F*  D|(v=  0) 

- FD<>^*  4)«  D reaction  by  us  (see  following  Paper  D) 
and  by  Whitlock  and  Muckerroan.  " We  managed  to  over- 
come this  difficulty  at  several  energies  by  doing  the 
semlclasslcal  analysis  for  the  reverse  reaction,  l.e. , 

H«  HF(vu  3)- H|(v*  0)*  F.  “ For  this  reaction,  the  re- 
sults were  considerably  less  ragged  for  nif  approximately 
equal  to  0 than  they  were  for  the  forward  reaction  around 
nifC  3.  A more  complete  discussion  of  this  procedure 
is  given  in  Paper  U for  tbe  F«  D,  reaction. 

2.  fteujin 

The  semlclassi.tal  reaction  probabilities  Pu  and  P^ 
for  F>  H|  are  presented  in  Fig.  8 along  with  the  corre- 
sponding exact  quantum  probabilities.  In  the  absence  of 
considering  complex-valued  trajectories  (in  complex 
phase  space  at  complex  times),  vanishing  quaslclasslcal 
reaction  probabilities  implies  tha;  the  corresponding 
semlclasslcal  ones  also  vanish.  Ti,  irefore,  Pn(USC) 

< Pj^USC)*  0.  From  the  appearan  ■ of  tlie  reaction 
probabllitleE  in  Fig.  8,  we  see  that  the  qualitative  agree- 
ment between  the  EQ  and  USC  results  Is  quite  good. 

There  are  large  differences  between  the  magnitudes  of 
the  Vise  and  EQ  probabiiiUes  at  certain  energies,  but 
such  differences  are  not  usually  too  Important  for  the 
resulting  coliinear  rate  constants  (see  Sec.  IV).  Of 
more  serious  consequence  for  such  rate  constants  is  tbe 
small  difference  between  the  threshold  energies  of  the 
Pjt  curves.  As  pointed  out  in  Sec.  m.  B.  1. , this  thresh- 
old difference  of  about  0.020  eV  could  be  partly  due  to 
an  adiabatic  tunneling  effect,  and  it  may  be  possible  to 
Improve  the  agreement  between  the  EQ  and  USC  results 
by  using  complex  trajectories.  “’** 

0.  Compsriion  of  EQ,  QCF,  QCR,  and  USC  reaction 
probsbilitist 

In  Figs.  0 and  10  we  compare  the  exact  quantum, 
quaslclasslcal  forward,  quaslclasslcal  reverse,  and 
semlclasslcal  reaction  probabilities  Pu.  Fn.  and  P* 
for  F«  H|  as  a function  of  the  reagent  translational  en- 
ergy, Note  that  the  QCR  results  resemble  the  USC  ones 
much  more  than  the  QCF  results  do.  Obviously,  the 
use  threshold  energy  must  be  larger  than  or  equal  to 
both  the  QCF  and  QCR  threshold  energies.  However, 
we  cannot  presently  put  forward  an  a priori  reason  that 
would  have  permitted  us  to  predict  which  of  the  latter 
two  energies  Is  greater  nor  which  of  tbe  quaslclasslcal 
reaction  probabilities  should  be  closer  to  the  USC  ones. 

It  is  also  very  Interesting  to  note  that  the  QCR  results 
resemble  the  EQ  ones  more  than  the  USC  ones  do.  One 
should,  however,  be  cautious  not  to  generalize  this  ob- 
servation. As  shown  In  Paper  II,  tbe  reverse  behavior 
Is  found  for  ihe  Fv  D|  reaction. 
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IV.  EQ.  CX:F.  OCR,  AND  USC  RATE  CONSTANTS 
FOR  F ♦ Mj 

The  detailed  i--  v‘  rate  constant  for  a one>dlinenslODal 
bimolecular  reaction  such  as  F*  FH(r')«  H is 

defined  as 

where  V,  is  the  Initial  relative  velocity  of  the  reagents 
T*  and /r(FJ  is  the  ons'dinieoslonal  Boltzmann 
relative  velocity  distribution  function.  Changing  the 
integration  variable  from  V,  to  the  initial  relative  re- 
agent translational  energy  E,,  this  expression  becomes** 

Note  that  for  one-dimensional  systems,  number  densl- 
tlea  are  expressed  in  molecule/cm,  so  that  a blmolec- 


E(*V) 


FIG,  S.  Vntform  samiclMSical  and  uset  qosntom  resettoe 
pntMhllltlea  for  F « H,;  (a)  Pf,  Pf  and  P^,  Daahad  lias 
ladleaUa  USC.  reaiilta,  aolld  Una  EQ  rvaulis  aa  la  Fig,  S. 


EUV) 


FIO.  9.  EQ  (solid).  QCF  (abort  dash),  QCR  (daah-doO,  and 
use  (ong  dash)  reactiOB  probablittles  Pp  (a)  and  p£  (b)  for 
F*H,  From  Figs.  2,  4,  T,  S). 


ular  rate  constant  has  the  units  cm/(moIecule  • sec). 

Using  ths  reaction  probabilities  presented  in  Fig.  7, 
we  have  calculated  the  rate  conctants  kf,  and  from 
the  EQ,  QCF,  QCR,  and  USC  reaction  probabilities. 
Arrhenius  plots  of  these  rate  constants  are  presented 
in  Fig.  11.  We  see  that  for  plots  are  nearly  line- 
ear  at  high  temperatures.  Because  of  the  extremely 
small  effective  threshold  energies  of  P^,  the  Arrhenius 
plots  of  ki  are  only  linear  at  low  temperature  ( < 500  K). 
At  high  temperature,  the  temperature  dependence  of 
Am  approaches  7^^*,  which  Is  characteristic  of  a reac- 
tion with  zero  activation  energy.  Arrhenius  activation 
energies  E?  and  £*  and  preexponential  factors  Am  and 
Aai,  which  were  determined  by  a least  squares  fit  to  the 
200-400  K results  a'Kl  to  the  SOO-1200  K results,  are 
given  la  Table  L ft  Is  clear  from  Fig.  11  and  Table  1 
that  kj^QCT)  has  an  activation  energy  which  is  signifi- 
cantly lower  than  the  activation  energies  of  kf^Q, 

QCR,  or  USC).  This  Is  an  obvious  consequence  of  the 
different  affective  threshold  energies  of  the  reaction 
probabUlUes  (Fig.  0)  and  Illustrates  how  these  thresh- 
old dlflereoees  can  aCeet  the  detailed  rate  constants. 

As  might  be  expected  from  Fig.  9,  k^  (QCR)  and 
Am(USC)  ane  In  quite  good  agreement  with  A^(EQ). 

ne  rslatlvo  agreement  among  the  conrespondlng  three 
Aa  Fats  constants  Is  much  less  satisfactory  at  low  tem- 
peratures, the  dlfisronee  betwsea  A^(EQ)  and  a£(USC) 
la  mainly  detsrm Jied  by  the  0. 02  sV  dlltereoce  In  (he 
threshold  energiss  of  ths  Fja  reaction  prubabllltlea. 
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no.  10.  ei)  Uolld),  QCF  (ahort  diah),  OCR  (duh-doO,  and 
t'SC  dong  daah)  total  reaction  probability  P*  for  F -*  (from 

Flga.  *>• 


Since  Pm(QCR)  haa  Its  eUectlve  threshold  at  zero  trans- 
lational energy,  UnCQCR)  has  a smaller  activation  ener- 
gy than  tai(EQ)-  which  In  turn  has  a smaller  activation 
energy  than^filoCF  or  USC).  The  total  rate  constant 
It*  which  Is  essentially  due  to  the  contributions  of  bji 
and  does  not  exhibit  simple  Arrhenius  behavior  be- 
cause it  Is  the  sum  of  two  Arrhenius  expressions  which 
are  of  equal  magnitude  near  1000  K,  but  which  have 
quite  different  activation  energies.  Note  that  the  experi- 
mental activation  energy  (which  Is  1.71  kcal/mole)** 
seems  to  represent  an  average  of  the  present  EQ  values 
of  £?  and  £?. 

In  Pig.  12  we  plot  the  ratio  hj’y'bg  as  a function  of 
temperature.  The  large  difference  between  the  tempera- 
ture varlatioo  of  the  QCF  ratio  and  that  of  the  EQ,  QCR, 
or  tlSC  ratios  Is  again  a consequence  of  the  difference 
In  the  reaction  probablllUes  in  Fig.  S,  It  Is  Interesting 
to  note  that  the  three-dimensional  quasiclasslcal  forward 
trajectory  method  yields  a rate  constant  ratio  which  Is 
nearly  independent  of  temperature,  **  In  agreement  with 
the  one-dimensional  QCF  results  presented  here.  An 
experimental  measurement  of  the  temperature  depen- 
dence of  kSf/kSf**  seems  to  agree  reasonably  well  with 
the  three-dimensional  QCF  result**  and  consequently 
disagrees  with  our  EQ  result.  This  may  indicate  that 
the  strong  difference  between  (he  activation  energies 
of  hit  and  kf,  observed  here  Is  largely  averaged  out  In 
three  dimensions.  On  the  other  hand,  for  the  F*  Oj  re- 
action, the  agreement  between  experiment  and  the  quasl- 
elasslcal  results  !s  not  as  consistent  as  It  Is  for  F«  R| 

(to  be  dtscussed  In  Paper  n),  so  It  la  possible  that  (he 
avertglac  process  In  three  dimensions  does  not  com- 
pletely destroy  the  Important  differences  between  the 
results  of  quantum  and  classleal  mechanics  as  reported 
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FIG.  11.  Arrhenius  plot  of  EX)  (solid),  QCF  (short  dash),  QCR 
(dash-dot),  and  CSC  Qong  dash)  rste  constants  (or  F*t(|:  (a) 
ki.  (b)  t* . 


In  this  paper. 

In  contrast  to  the  tfa/hJi  ratio,  h;,(EQ)/h&(EQ)  Is 
nearly  constant  In  the  temperature  range  considered 
here.  This  agrees  with  the  temperature  variations  ol 
both  the  experimental**  and  three-dimensional  QCF^ 
results,  although  the  absolute  magnitudes  of  the  ratios 
are  quite  different  (-  BO  for  1-D  vs  - 3 for  3-D).  We 
also  found  that  t'oi(EQ)/iEoa(EQ)  is  nearly  independent  of 
temfierature  with  a value  of  roughly  210,  Therefore 
*a(EQ)  and  h£(EQ)  are,  respectively,  about  2 and  4 


TABLE  I.  Arrhenius  rate  constant  parameters  for  F^H] 
-FH  + H.* 
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FIG.  12.  Katioa  of  rote  conatanta  for  K aa  a func- 

tion of  Icmperaluro.  fX2  laoUd),  QGF  (atiorl  daah),  QCR  tdaah- 
dot),  and  PSC  Qong  daah). 

orders  of  magnitude  smaller  than  kS,lEQ). 

V.  EXACT  QUANTUM  REACTION  PROBABILITIES 
FOR  VIBRATIONALLY  EXCITED  REAGENTS 

In  order  to  obserre  the  effect  of  vibrational  excitation 
of  the  reagent  Hj  on  the  resulting  reaction  probabilities, 
we  extended  the  range  of  oc'  exact  quantum  calculations 
to  total  energies  of  1.4  eV.  In  Fig.  13  we  plot  Pfi.  Pj,. 
and  Pf,,  the  three  largest  reaction  probabilities  for 
Fr  H|  in  this  energy  range,  as  a function  of  energy. 

There  are  several  Important  points  to  note  about  this 
figure. 

First,  the  transition  P*,  has  virtually  rero  effective 
threshold  energy  but  otherwise  has  a similar  transla- 
tional energy  dependence  to  that  of  pS,(  which  has  the 
same  v'-  v value  as  Pf,).  The  absence  of  a significant 
threshold  energy  In  P,,  indicates  that  the  dynamical  ef- 
fects resixmsible  for  the  appearance  of  a significant  ef- 
fective energy  threshold  In  pS,  are  no  longer  significant 
in  P,*.  This  will  lead  to  lower  activation  energies  and 
higher  rales  of  reaction  for  reagents  which  are  Initially 
vibrationally  excited.  The  similarity  between  PJ^  and 
P*,  implies  that  for  the  most  significant  reaction  prob- 
ablllUes,  an  increa.se  in  the  vibrational  energy  of  the 
reagent  results  in  a corresponding  Increase  in  the  vi- 
brational energy  of  the  product.  This  agrees  with  ex- 
perimental observations  fur  F*  D,.  ” 

Second,  the  reaction  probabilities  Pj,  and  pf,  have 
sharp  peaks  at  £«:  0. 42S  eV  and  0.  823  eV,  respectively. 
An  analysis  of  the  energy  dependence  of  the  scattering 
matrix  elements  corresponding  to  similarly  shaped  re- 
action probability  curves  In  the  H«  Hj  collinear  reac- 
tlon”'**  and  In  several  other  model  reactions**  showed 
that  narrow  peaks  (or  dips)  In  the  reaction  probabilities 
were  the  result  of  the  presence  of  internal  excitation 
(Feshbach)  resonances.  These  resonances  are  associated 
with  excitations  of  virtual  states  of  the  Intermediate  tn- 
atomlc  complex  (FHH  In  the  present  case).  From  Fig. 


13  we  see  that  the  contributions  of  the  direct  processes 
seem  to  be  rather  small  In  regions  of  energy  where  the 
resonance  processes  are  Important.  This  results  In 
only  small  interference  effects  between  direct  and  com- 
pound state  contributions  to  the  scattering  amplitude,  and 
the  resulting  reaction  probabilities  have  nearly  symmet- 
rical peaks  as  a function  of  energy  near  the  resonance 
energies.  The  resonance  widths  are  about  0,01  cV,  and 
only  one  nonnegllgible  reaction  probability  seems  to 
show  resonant  behavior  at  either  of  the  two  resonance 
energies.  There  seems  to  be  a correlation  between  the 
appearance  of  an  Internal  excitation  resonance  and  the 
opening  of  a specific  vibrational  state  of  the  product 
(as  in  the  resonance  at  0. 823  e V,  which  is  close  to  the 
opening  of  the  v>  S channel  in  HF  at  0. 839  cV).  This 
Indicates  a correlation  of  the  resonance  state  with  the 
reaction  products  rather  than  v.lth  the  reattents  or  with 
the  transition  stale.  We  shall  analyze  this  phenomenon 
further  In  Paper  n when  we  examine  the  high  energy 
F « D|  reaction  probabilities. 

Although  the  total  E in  Fig.  13  extends  to  1. 16  i V 
only,  we  have  done  calculations  up  to  £ < 1. 4 eV  but 
found  all  reaction  probabilities  in  this  higher  energy 
range  to  be  less  than  0. 01.  This  behavior  seems  to  be 
related  to  "centrifugal"  effects  associated  to  the  angle 
between  the  xj , and  rf  axes  (i.  e. , the  skew  angle  be- 
tween the  asymptotic  portions  of  the  minimum  energy 
path  for  the  potential  of  Fig.  1)  and  will  be  further  dis- 
cussed In  Paper  D. 

VI.  SUMMARY 

Many  of  the  dynamical  effects  presented  In  this  paper 
will  be  further  examined  in  Paper  II,  to  where  we  will 
relegate  a more  extensive  summary  of  quantum  effects 
In  the  Ft  H|  reaction.  In  this  paper  we  have  seen  that 
there  arc  very  serious  differences  between  the  results 

E (eV) 


FIG.  13.  Exact  quantum  reaction  probablltllcBP^.  Pj,  and  P,^ 
for  F t Kf  at  tranalationai  energies  higher  than  those  in  Fig.  2. 
Arrows  near  £,-0. 44  eV  and  0,84  eV  Indicate  the  openliw  of 
a* 4 and  5.  reapecllvely,  of  IlF,  while  that  at  0.51  oV  iniilcatea 
the  energy  £|  at  which  r - 1 of  ll|  becomos  acceaaible. 
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of  quantum  and  standard  quaslclasslcal  mechanics  for 
collinear  F«  H|,  most  notably  In  the  energy  dependence 
of  the  reaction  probability  p’,  near  threshold.  These 
differences  In  the  behavior  of  the  reaction  probabilities 
result  In  important  differences  In  the  detailed  thermal 
rate  constants.  The  fact  that  the  quaslclasslcal  forward 
reaction  probabilities  and  rale  constants  disagree  quite 
strongly  with  the  exact  quantum  results  Is  of  great  sig- 
nificance, since  nearly  all  the  trajectory  studies  done 
to  date  on  this  reaction  have  been  of  the  quaslclasslcal 
forward  type.  For  the  present  reaction,  both  the  quasi- 
classlcal  reverse  and  uniform  semlcUsslcal  methods 
provide  us  with  more  accurate  ways  of  approximating  the 
exact  quantum  results.  This  suggests  that  It  might  be 
of  Interest  to  use  these  methods  In  three  dimensions. 
Indeed,  It  may  be  possible  to  use  the  results  of  collinear 
calculations  such  as  the  ones  presented  here  as  a guide- 
line when  choosing  an  approximate  method  lor  doing 
tbree-dimmsional  calculations. 

Additional  exact  quantum  results  for  F*  Hj  show  that 
threshold  effects  are  no  longer  important  when  the  re- 
agent H|  Is  Initially  vlbrationally  excited.  The  dominant 
transitions  appear  to  be  those  which  channel  additional 
vibrational  energy  In  the  reagents  Into  additional  vibra- 
tional energy  In  the  products.  Internal  excitation  res- 
onances are  found  to  play  an  important  role  in  the  re- 
action probabilities  at  certain  translational  energies. 
There  seems  to  be  a one-to-one  correspondence  between 
the  energy  at  which  a resonance  occurs  and  the  energy 
at  which  a related  product  vibrational  channel  opens. 
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Exact  c^uantum,  quasictassical,  and  semiciassical  reaction 
• prcbabilities  for  the  collinear  F+Dj  — FD+D  reaction* 

George  C Schatz.*  Joel  M.  Bowman, l and  Aron  Kuppermann 

Am<ta  Soyn  Loboratoty  of  Chemtcot  Phyun}  CoUfomta  /(Uii(«i#  of  Tt<hru>loty.  hxtadena. 

Ca/i/ontta  Vies 

(Received  22  CVtt^r  1974) 

F&act  qtunium.  qiu\K'Uu)cal.  and  Ktr>cUuic*l  rracthm  pro6*bilitics  and  rate  comiania  for  ihe  collinear 
icaclKin  F * D.  — • FD  -f  f)  arc  preaentod-  In  all  rakuUttonv  a hish  degree  of  popuUiion  invcr\ton  n 
predicted  »iih  Ff,  and  being  the  dominant  reaciton  probabilitiea  In  analogy  with  the  F-f  H|  reaction 
(preceding  paper),  (he  etaci  quantum  0—3  and  0-«4  probabiliiio  ihow  markedly  difTcreni  energy  dependence 
with  Ffi  haung  a much  imaller  efTectivc  threshold  energy  (E^  0014  eV)  than  <00)5  eV)  The 

cormponding  quasKrlautcai  forward  prohabiliiica  i'f,  and  F^  are  in  poor  agreement  with  the  ciacr  quantum 
ones,  nhilc  (heir  qua.\iclaaaical  reierte  and  aemictaaiical  counterpant  proi-ide  much  better  approttmattont  to 
the  eaaci  rctuMt  Similar  compantons  are  aJao  made  in  the  anaJyttt  of  (he  corresponding  EQ.  QCF.  QCR, 
and  use  rate  cootiants.  An  information  theoretic  analysa  of  the  EQ  and  QCT  rr*ktion  probabilicici  indicata 
nonlinear  turprital  behavior  at  well  as  a tigntficanl  isotope  dependence  Additional  quantum  retulU  at  higher 
energies  are  presented  and  dtscutacd  in  terms  of  threshold  behavior  and  resonances.  Etaci  quantum  reaction 
probabilities  for  the  related  F'f  HD  — FH  -f  D and  F -f  DH  — FD  * H reactions  are  given  and  an  aitcmpl 
to  etplain  the  observed  rsotooe  rlTectt  it  made. 


E.  INTRODUCTION 

In  Ihe  preceding  paper'  (hereafter  referred  to  as  I), 
we  compared  the  exact  quantum  (EQ),  quasiclassical 
forward  (QCF),  quasiclassical  reverse  (QCR),  and  uni- 
form semiciassical  (DSC)  reaction  probabilities  for  the 
collinear  F ♦ H,  -FH  « H reaction.  The  results  of  »11  four 
methods  aftreed  In  their  prediction  of  a high  degree  of 
population  Inversion  In  the  products  of  this  exothermic 
reaction.  However,  the  QCF  probabilities  were  found 
to  differ  substantially  from  the  corresponding  EQ  re- 
sults tn  threshold  behavior  and  energy  dependence.  This 
could  have  Important  consequences  regarding  the  validity 
of  the  standard  Ihree-dlmenslonal  quasiclassical  method 
which  has  been  used  on  F«H,  (D,)  and  which  Is  the 
three  dimensional  version  of  the  QCF  method.  We  found 
much  better  .agreement  between  the  exact  quantum  prob- 
abUttles  and  both  the  quasiclassical  reverse  and  the  uni- 
form semtclasslcai  resulto,  thus  indicating  that  cither 
of  the  last  two  methods  might  be  preferred  to  the  quasi- 
classical forward  one  In  three-dimensional  calculations. 

In  this  paper  we  present  the  analogous  EQ,  QCF, 

QCR,  and  DSC  results  for  the  collinear  F*D,  reaction 
over  roughly  the  same  range  of  translational  energies 
as  was  used  In  I.  We  shall  also  make  an  analysis  of  lire 
surprlsal  function  for  the  EQ  and  QCF  results  for  F ♦ D, 
(and  F ♦ H,)  to  determbie  If  an  Information  theoretic  de- 
scription of  the  product  stale  distributions  can  be  useful. 
In  addition,  exact  quantum  probabUHIes  for  the  reactions 
F ♦ HD  (DH)  - FH(FD)  ♦ H(D)  are  given.  We  also  study 
the  Importance  of  tunnelling  and  resonances  In  F.D,. 

F * HD,  and  F « DH.  These  calculations  were  done  In 
order  to  assess  Ihe  effect  of  Isotopic  subslltutlon  or.  the 
magnitude  of  ti.e  quantum  effects  and  on  the  validity  of 
the  approxtmate  methods. 

The  potential  energy  surface  used  In  these  calculations 
Is  Identical  to  that  described  In  !. ' In  addition,  most  of 
the  numerical  techniques  are  the  same  as  was  used  In  I 
and  will  not  be  described  again  here  except  to  note 
changes  made. 


In  Sec.  n we  discuss  Ihe  EQ.  QCF,  QCR,  and  USC 
reaction  probabilities  for  F * D,,  and  the  corresponding 
collinear  rite  constants  are  presented  In  Sec.  HI.  Sec- 
tion IV  contains  a study  of  the  behavior  of  the  reaction 
probabilities  at  energies  sufllclenUy  high  to  excite  the 
first  two  vibrational  stales  of  reagent  D,.  In  addition, 
we  discuss  resonances  in  this  reaction,  glvtrg  specific 
comparisons  between  the  results  of  the  exact  quantum, 
and  approximate  methods  In  the  vicinity  of  these  reso- 
nances. Section  V contains  a description  of  the  EQ  ,• 
action  probabilities  tor  F * HD  (DH),  and  In  Sec,  Vl  we 
present  a summary  of  conclusions. 

II.  QUANTUM.  QUASICLASSICAL,  AND 
SEMICLASSICAL  REACTION  PROBABILITIES  FOR 
COLLINEAR  F + O;  -FD  + D 

A.  Exact  quantum  reaction  probabilitm 

Since  the  vibrational  spacing  In  D,  Is  roughly  9 kcal/ 
mole  and  Uial  In  FD  Is  about  8 kcal/mole,  and  the  reac- 
tion is  exothermic  by  32  kcal/mole  approximately,  at 
least  five  vibrational  levels  of  DF  are  accessible  when 

D,  has  an  Initial  quantum  number  v=  0.  By  coincidence, 
the  Vs  3 and  4 vibrational  levels  of  DF  have  nearly  the 
same  told  oncgles  as  the  i/,  2 and  3 vibrational  levels 
of  HF,  respectively.  This  results  In  remarkable  simi- 
larities between  these  two  reactions  despite  the  slgnbT- 
cant  difference  In  Ihe  corresponding  reduced  masses 
(*'r.B,/br.C| ' 0-  548).  As  In  I,  we  wUl  designate  by 

the  reaction  probability  for  a reagent  Initially  in  state 
V to  form  product  in  stale  v',  and  by  Pj  Ihc  total  reac- 
tion prvbablllty  from  Initial  state  v (Le. , Xr*  I'Jl')-  In 
Fig.  1 we  present  the  exact  quantum  reaction  probabili- 
ties P(H,  P|5,  and  Pj  for  FtD,  at  relative  translational 
energies  (P,)  In  Ihe  range  0. 0-0. 25  eV.  The  cr.rre- 
spondlng  probabilities  Pj,  P*„  and  p£  are  plotted  In 
Fig.  2.  It  Is  apparent  from  these  figures  that  Pi  and 
Pa  are  the  most  slgntfleant  contrltxitors  to  P,  In  this 

E,  range.  The  P^.  Pci,  and  curves  are  all  very 
similar  In  appearance  to  the  Pf  one,  but  with  greatly 
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reduced  magnitudes  (Pfi-6.8xl0‘*  7>5.  P**'** 
pA'6x  10"*  P£).  There  Is  a very  significant  difference 
between  Ihe  threshold  behavior  of  Po’j  and  lhal  of  P£ 
quite  analogous  to  what  was  observed  In  I for  the  reac- 
tion probabilities  P^  and  P^  of  F*  H,.  As  In  I,  It  Is 
convenient  to  define  an  effective  threshold  energy  Ef 
for  the  V-  v'  reaction  as  the  difference  betveen  the 
(lowest)  energy  for  which  Ihe  corresponding  Pj  Is 
equal,  say,  to  1%  of  the  maximum  value  attained  by  this 
quantity  and  the  energy  at  which  the  v-  v process  be- 
comes energetically  possible.  Table  I contains  Ihe  val- 
ues of  Ef  for  several  Important  reaction  probabilities 
lor  Ihe  reactions  of  F with  H|,  O,,  IID,  and  DH  as  well 
as  the  corresponding  vlbratlonally  adiabatic  zero  curva- 
ture barrier  heights  Fvazc  (described  In  D.  From  it 
we  see  that  for  F * D,  the  value  of  Ff  for  P^  (EO),  0.  014 
eV,  Is  appreciably  lower  than  Ihe  Fvazc  value  of  0.032 
eV.  This  can  be  Interpreted  as  an  Indication  of  the  ex- 
tent of  vlbratlonally  adiabatic  one-dlmenslonal  tunnelling 
(see  piper  I)  in  this  system,  llie  value  of  Er  for  Pg 
(QCF)  of  0.  030  eV  Is  yery  close  to  Fvaic-  Th**  sug- 
gests that  the  chemical  motion  for  this  system  Is  nearly 
vlbratlonally  adiabatic  In  the  approach  coordinate  In  the 
sense  that  Ihe  local  action  number  for  the  motion  trans- 
verse to  the  rcacdon  coordinate  should  vary  relatively 
little  between  the  separated  reagent  region  and  the  sad- 
dle point  region.  The  corresponding  values  of  and 
ffvAic  lor  Pi  (EQ)  of  F*  H,  are  0. 005  eV  and  0. 026  eV, 
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Tout  raaetJoa  probablll^  pf.  (bt  RaacUoa  probabtllUea  Pji 
anePfl. 


E (eV) 


FIG.  2.  Exact  quantum  reaction  probablllUea  Pi,  p/l,  and 
Pi  for  F * D|  (almllar  to  Fig.  II. 

Indicating  somewhat  more  tunnelling  In  this  system  thin 
lnF*D„  as  expected.  The  effective  threshold  energy 
of  Pi  (F  * H, ) (Er*  0. 055  eV)  Is  e.mllar  to  thst  of  Pi 
(F+  H,)  (0.045  eio.  The  near  coincidence  In  energy  be- 
tween the  V'  3 and  4 vibrational  levels  of  FD  and  v>2 
and  3 of  FH  Is  probably  responsible  for  the  very  similar 
appea.-  ance  of  the  corresponding  EQ  reaction  probabllltl 
lUcs.  (Compare  Fig.  2 of  I with  Fig.  1 of  the  present 
paper.)  There  are,  however, ^differences  In  the  maxi- 
mum values  of  certain  analogous  reaction  probabilities, 
especially  Pj  (Fa  D,)  and  Pi  (Fa  H,)  (which  have  maxi- 
mum values  of  0, 66  and  0. 44,  respectively).  We  shall 
see  In  Sec.  IV  that  the  differences  between  analogoos  re- 
action probabilities  for  the  two  reactions  become  even 
more  Important  for  £«  > 0. 25  eV. 

B.  Oiiislcfanlcdl  raection  probsbilltiei 

In  Fig.  3 are  plotted  the  QCF  and  EQ  reaction  proba- 
bilities Pi,  Pi,  and  p!  for  FaD,.  No  reactive  trajec- 
tories yield  DF  with  r'  = 0 or  I,  but  there  is  a small 
probability  of  reaction  to  v « 2 (always  < 0. 1 and  vanlah- 
liy  for  £(  > 0. 12  eV).  The  corresponding  QCK  reaction 


TABLE  I.  Etfsctlve  threshold  energies  (Ef)  for  ths  most  sig- 
nificant reaction  probabilities  In  the  F a H],  F a Dj,  Fa  dh.  aud 


‘All  snerslss  are  la  eV. 

*Ito  tJCF  calculations  wars  do>a  lor  this  transition. 


FaH, 

f«hd 

ErlPfilEQII 

£r<Pft(QCF)l 

FrlFAjttQII 

ArlPulQCFII 

0.005 

0.010 

0.02$ 

N.C.‘ 

0.04$ 

O.OTl 

OsOU 

N.C.* 

^VASC 

0.020 

O.C'Jt 

FAD, 

r-'Da 

£rlPi(EQII 

£rlPuK)CF)l 

0.014 

0.03C 

0.411  i 

N.C.*  j 

ErlPilEQtl 

0.055 

0.023  1 

£rlPiiqCF)l 

0.030 

N.C.*  1 

^YAte 

0.031 

0.028  1 
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FIG.  3,  Quulclaailc*!  forward  (daabed  curve)  and  exact  quan- 
tum (eoltd  curve)  reaction  probabUltlee  for  F -*  Oi;  fa)  P^, 

X)  Pf,  and  F>5. 


•hat  higher  than  tha  experimental  reault  (0. 66).  * Thla 
general  average  agreement  between  the  EO  and  QCF  /, 
va  E,  curvea  Indlcatea  that  tha  dynamic  proceaaea  gov- 
erning tha  average  energy  dlapoaal  between  vibrational 
and  tranalational  degreea  J freedora  of  the  producta 
can  be  well  approximated  by  tha  clasalcal  Irajectory 
method.  However,  one  ahould  keep  In  mind  L'lat  thla  la 
not  BO  (o.*  the  distribution  of  thla  vlbratlonat  energy 
among  the  available  vibrational  atatea,  1.  a. , that  large 
dUfarencea  between  product  state  populatlcn  ratios  ob- 
tained from  t'e  and  QCF  methods  do  exist,  as  indi- 
cated In  Fig.  6. 

C.  Semkiawkal  reaction  probabilities 

Figure  7 shows  the  uniform  semlclasslcal  reaction 
probabUltles  Pi  and  Pi  along  with  the  corresponding 
EQ  results.  The  USC  results  arc  similar  fq  the  ones 
obUlned  Independently  by  Whitlock  and  Muckerman  In  an 
analogous  calculation.  * It  was  noted  In  Paper  I (Sec. 
m C)  thafraggednesvf  (t.e. , very  rapid  variation  of 
m,  with  q,)  t»  the  final  action  number  m,  (d,;  v,  E)  as  a 
functlor  of  Initial  vibrational  phase  g,  caused  difficulties 
In  calculating  USC  transition  probabilities  at  the  thresh- 
old of  the  Fv  H,<0)  - FH(3)  ♦ (H)  reacUon.  The  aame 
problem  occurred  for  the  0-4  transition  In  the  F«  D,  re- 
action, and  was  also  encountered  by  Whitlock  and  Muck- 
erman, We  were  able  to  overcome  this  difficulty  by  us- 
ing the  reverse  final  action  number  function,  nig,;  ni,E), 
whic  1 was  found  to  be  smooth  for  m = 4 and  u ai  ound  0. 
The  Justification  for  using  this  procedure  was  given  In  I. 


probabilities  for  the  same  energy  range  (0. 0 < E,  < 0. 1 J 
eV)  are  plotted  in  Fig.  4.  In  Fig.  3 we  see  that  there  Is 
u very  large  difference  between  the  threshold  behavior 
of  Pi  (EQ)  and  p5(QCF).  In  analogy  with  the  F*  H,  Pi 
behavior, ' we  find  that  the  quaslclasslcal  reverse  Pi  of 
F * D,  (Fig.  4)  has  a threshold  behavior  which  is  much 
closer  to  the  exact  quantum  one  than  Is  the  QCF  thresh- 
old. Unlike  Pi  (F  + H,),  the  energy  denendence  of  Pi 
(F*Df)  Is  predicted  somewhat  morr  aucurately  by  the 
QCF  method  than  by  '.lie  QCR  x-ethod.  The  EQ  and  QCF 
total  reaction  p.-cbabllltles  Pi  (Fig.  3)  are  In  somewhat 
better  average  agreement  than  are  the  EQ  and  QCF  total 
reaction  pmbablHtles  In  F-vH,  (Fig.  4 of  Paper  1),  This 
seems  to  Indicate  that  die  differences  between  quantum 
and  classical  dynamics  are  less  severe  tor  F*D,  than 
for  F.»  Hi.  However,  at  least  for  c.''.xnear  reactions, 
these  differences  are  etlU  quite  significant 

In  Fig.  6 we  plot  as  a (unction  of  £.  Uie  fraction  /,  of 
tis.  total  energy  which  appears  as  '/Ibradonal  energy  of 
the  DF  product  (or  the  EQ  and  QCF  calculations.  It  can 
be  seen  that  /,  (QCF)  Is  nearly  independent  of  £,  and  has 
an  average  value  of  0.79.  The  corresponding  EQ  curve 
has  a more  pronounced  £«  dependence  but  about  the 
same  average  value  over  the  Eg  range  -onsldered.  We 
find  that  the  average  value  of  /,  la  almost  the  same  (or 
both  F'  H,  and  F*D,.  This  Independence  of  Isotopic 
substitution  agrees  with  the  corresponding  experimental 
result*  and  with  the  predictions  of  three-dimensional 
trajectcry  calculations, ' although  our  value  of  /,(0. 79) 
which  Ignores  rotational  degrees  of  freedom  Is  eome- 
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FIO.  4.  Ouajlclassfeal  reverse  (deabed  carve)  and  exact 
quantum  (aolld  curve)  reaettoo  prubabllUles  (or  F«  D|;  (a)  Pf, 
(b)  pA  and  P£.  . 
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riG.  S.  rrtctton  (/’,)  ct  (he 
total  raafcat  »o»rat  (f  arlu- 
• Irs  of  product  aoro  point 
anorayl  which  coda  up  aa 
vibrational  aneno'  lo  Iho 
product  DF  plotud  aa  a (unc- 
lion  of  tho  raatani  tranala* 
tlonai  aooftOt  total 

anargy  C.  inlld  lino  Indl- 
calaa  raaulta  and  daahad 
llna  QCF  onea.  (Khar  nou- 
tloa  analogoua  lo  FI;.  1 . 


The  Correa  for  tho  forward  and  rererae  values  of  m,  for 
this  0-4  tra.-isitlon  at  an  energy  E • 0.  3107  eV  (F,-  0.  12 
eV)  are  given  In  Fig.  8.  When  all  the  relevant  seml- 
clasaical  quanUdea  are  well-behaved  ("nonraggetf ') 
functions  of  fo,  the  VSC  transition  probabilities  obey 
microscopic  reversibility/  and  K Is  not  necessary  to 
calculate  both  the  forward  and  reverse  results.  How- 
ever, as  the  example  above  demonstrates,  when  ragged- 
ness exists,  it  Is  advisable  to  consider  the  forward  and 
the  reverse  results.  In  our  example,  the  reverse  re- 
sults are  the  preferred  ones,  since  there  Is  no  ragged- 
ness in  the  region  corresponding  to  D*DF(4)  -D,(0)*  F. 
These  were  me  ones  used  In  calculating  /’„  (and  for 
the  F 4 Hf  reaction)  In  Its  threshold  region.  The  HSC 


rj  transition  probabilities  at  F-t  < 0. 06  eV  and  0. 06S  eV 
were  calculated  In  the  statistical  approximation.*  At 
these  energies  the  revi  ree  reaction  showed  ll.a.'  the  4 
- 0 transition  was  dynamically  forbidden.  However, 
since  stallstlcal  (1.  e. , ragged)  behavior  was  evldenl  In 
the  forward  reaction,  we  did  “alculate  a nonzero  value 
for  P|J  at  the  two  energies  just  r.ientioncd. 

Tho  use  probabllltlcE  in  Fig.  7 are  In  much  bet..r 
agreement  with  the  corresponding  EQ  results  than  ar? 
the  quaslclassical  ones.  As  was  the  case  with  the  QCF 
rdS  Uireshold,  there  Is  a small  •'If'.'rencs  between  the 
p£  (use)  and  (EQ)  threshi ' i Bi.vrgles,  but  th.e  USC 
result  may  be  Improved  by  using  cumplax  trajectories.’ 


E (eV) 
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FIG.  S.  jgalio  of  resetlou 
prohsbilltles  .’’cVPu  vs 
trinslatloiial  enerjor  £•  and 
tots]  energy  S.  Solid  line 
Indicelee  FQ  results  and 
dashud  Has  QCF  onss.  Othsr 
notattoo  analogoue  lo  Fig.  1. 
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i * io.  7.  I'niform  a^mlclanalcal  (daahed  rurvr>  ynd  cxjtct  qu.-ut- 

I lum  (solid  curve)  reaction  probabtllOrs  (or  (' ♦ Di:  (a)  pf.  (b) 

; p;,  and  Pi- 


The  osculations  In  (I'SC)  In  the  Kg  rarjEe  0. 10  eV- 
0.25  eV  do  not  have  any  analog;  In  the  quai  turn  results. 
These  oscillations  are  due  to  phase  Inlerir  'ence.s  arl.s- 
ing  (roni  a relatively  rapid  variation  with  energy  o(  the 
dUlcrenoes  In  phases  associated  with  the  two  contribut- 
ing trajectories.  One  might  expect  that  the  raggedness 
I In  the  pint  of  final  action  vs  Initial  phase  (see  Fig.  8(a)I 

I could  be  an  Indication  of  resonant  behavior  In  this  energy 

I range,  but  the  quantum  results  of  Fig.  1 da  not  substan- 

tiate this.  In  Sec.  IV  we  discuss  the  possible  relation- 
ship between  resonances  In  the  EQ  results  and  ragged- 
noss  In  the  USC  ones. 

One  significant  aspect  of  the  compartson  between  the 
USC  and  EQ  results  In  F'lg.  7 ts  that  the  maxtmum  val- 
ues of  the  EQ  and  USC  reaction  probabilities  and  Pj 
» .are  nearly  Identical.  This  contrasts  with  the  results  of 

I both  tlie  QCF  and  QCR  calculations  which  generally  teno 

I to  underestimate  the  maximum  values  of  the  probabUttles 

I (Figs.  3 and  4).  The  significant  Improvement  In  the 

quality  of  the  results  obtained  In  going  from  the  quasl- 
classical  to  the  semlclasslcal  approximation  suggests 
that  an  equivalent  Improvement  may  occur  for  the  three- 
dimensional  F * D|  reaction  and  that  the  semlclasslcal 
results  may  b"  quite  ll.’ble  lor  this  case.  However, 
we  must  stress  that  the  utilization  of  uniform  rather 
than  primitive  semlclasslcal  techniques  Is  essential  to 
the  success  of  this  method  for  the  collinear  reaction, 
and  thus  it  seems  likely  that  an  analogous  uniform  pro- 


cedure will  be  required  In  the  three-dimenstonal  prob- 
lem.* 

O.  Compariton  of  EQ,  QCF,  QCR,  and  USC  reaction 
prt4>alMlitiea 

In  Fig.  0 we  compare  the  reaetton  probabllltlea  P^ 
and  Pm  of  FvD,  as  calculated  by  all  four  metlioda  EQ, 
QCF,  QCR,  and  USC.  Figure  10  presents  the  analogous 
comparison  for  the  total  reaction  probability  P*.  It  la 
apparent  from  both  figures  that  the  USC  method  gives 
the  best  agreement  with  the  EQ  reaction  probabilities 
for  this  reaction. 


FIG.  8.  (a)  Wf  vs  1,  for  the  forward  F « Dj  (0)  — rD(»s/)  ♦ 11. 
at  a total  energy  £ of  0.3107  eVi  (b)  m/  va  yg  (or  the  reverse 
reaction  D*  DF (4) — Dglfw/) « F,  at  t)ie  same  total  energy  £.  The 
aolld  curves  represent  the  majority  of  the  reactive  trajectories 
computed.  The  dote  and  croeaea  represent,  respectively,  re- 
active and  nonreactlve  trajectories  In  regions  of  raggedneaa, 
for  which  mf  varies  very  rapidly  with  yg.  Since  the  values  of 
m/  for  nonreactlve  trajectories  correspond  to  a different  range 
of  vartatlon  than  the  reactive  ones,  the  croeaea  were  place  1 at 
an  arbitrary  ordliude  and  are  only  meant  to  Indicate  the  values 
of  fg  for  which  such  trajectories  occur. 
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FIG.  a.  FQ  (solid).  QCK  'sUort  dash).  QCR  (dash-dot),  and 
use  (Iona  d^h)  reaction  probabllltlca  (a)  and  /’/j(b).  (From 
F1k«.  1.  3-4.  7.) 


E.  Information-thaoratic  analytit  of  EQ  and  QCF 
raaetton  probabilttiai 

It  Ifi  also  of  interest  to  perform  an  Information-theo* 
rctlc  analysis  of  the  EQ  and  QCF  results.  In  this  sec> 
tion.  we  shall  consider  both  (he  F-#  D,  retiction  prob> 
abilities  discussed  above  and  the  F«H|  probabilities 
described  in  Paper  I. 

In  analOf^y  with  (he  equations  used  in  three-  dimension* 
al  stxidk's,*  wc  have  used  a one>diniensionai  form  of  the 
surpiisal  for  a vibrational  distribution  given  by 

;(/^)  = -in(p(/^)/p*(/,.)!. 


P(/^)  is  the  normalized  reaction  probability  to  product 
vibrational  state  t**  expressed  as  a function  of  the  frac> 
Uon  of  (he  total  energy  which  becomes  vibrational  encr* 
gy  in  (he  product  DF  or  HF  (exclusive  of  product  zero 
point  energy).  r*(/^)  Is  the  statistical  reaction  prob- 
ability to  state  I'*  and  is  given  by 


where  the  sum  is  over  all  accessible  product  vibrational 
states.  Note  that  this  expression  for  predicts 

inverted  statistical  vlbratlon.il  population  distributions. 
This  rather  surprising  result  for  such  a dtstrfbutlon  ts 
a straightforward  consequence  of  the  use  of  a one-dl- 
menslon.ll  density  of  states  function  [which  varies  as 
(F,. where  Is  the  translational  energy  relative 
to  vibrational  state  v I rather  than  ihe  corresponding 
three-dimensional  density  (which  varies  as  El/'). 


Figure  11  depicts  the  EQ  and  QCF  surprlsal  functions 
/(/..)  vs/,,  for  F«D,  awl  F.H,  al  three  different  rela- 
tive translational  energies.  We  see  that  none  of  the  EQ 
or  QCF  plots  has  the  straight  line  dependence  on  /.,  re- 


quired U the  distribution  Is  to  be  characterized  by  a 
single  Information-theoretic  tem|>erature  parameter. 

The  most  severe  deviations  of  (he  EO  results  from  lin- 
earity occur  at  the  lowest  energies  and  are  a direct  con- 
sequence of  the  unusual  threshold  behavior  of  f’^  In  F 
. D,  and  1'5  In  F < H,.  This  threshold  effect  Is  not  pres- 
ent in  the  QCF  results,  and  yet  the  surprlsal  (unctions 
associated  with  these  probabUlUea  show  strong  devia- 
tions from  llnearlity.  The  curves  In  Fig.  II  Indicate 
that  at  least  tn  this  case,  the  Information- theoretic 
analysis  has  limited  usefulness  as  a predictive  tool  (or 
estimatliv;  unknown  reaction  probabtlllles  (rom  known 
ones.  For  example  “e  assumed  a linear  surprlsal 
(unction  and  use*'  -le  results  o(  the  two  largest  EQ  prob- 
abilities to  predict  the  third  largest  by  linear  extrapola- 
tion, we  would  be  In  error  by  i.'.  least  1 order  of  magni- 
tude In  most  o<  the  examples  depicted  In  Fl^.  it. 

Figure  11  also  indicates  that  In  many  situations,  (he 
surprlsal  function  Is  not  Independent  of  Isc’oplc  aub.stl- 
tutlon.  This  ts  especially  true  of  the  EQ  results  with 
v'  0,  1.  where  the  differences  between  the  surprlsal 
(unctions  for  F « D,  and  F < H,  are  quite  large.  However, 
at  higher  energies  [Fig.  11(a),  especially!  and  (or  higher 
vibrational  quantum  numbers  (v' : 2-4),  the  EQ  points 
(or  both  F « 0.  and  F.H,  (all  on  essentially  the  same 
curve.  In  addition,  the  QCF  results  for  F . D,  and  F 
« H,  tn  both  Figs.  U(a)  and  lUb)  seem  to  form  a single 
curve,  and  tor  this  re.ison,  only  one  dashed  line  was 
drawn  through  the  points.  This  Indicates  that  at  certain 
energies  and  (or  certain  ranges  of  /.,,  the  surprlsal 
(unction  Is  Independent  of  isotopic  substitution,  but  this 
proi>erty  Is  not  gener.illy  valid. 

The  behavior  of  the  surprisal  functions  (nonlinearity 
and  dependence  on  Isotopic  sub.stltutlon)  observed  In 
these  collinear  results  contrasts  strongly  with  the  shape 
of  the  corresponding  surprlsal  functions  obtained  from 
three-dimensional  trajeetor}-  calculations  and  experi- 
ments on  (he  same  reactions. ' In  the  three-dlmenstonal 
case,  linear  surprlsal  (unctions  which  are  nearly  Inde- 


E (ev) 


nc.  to.  r.Q  (solid).  QCF  (short  <tuh),  QCH  (duh-doU,  sod 
CSC  Qong  dash)  toul  rcscitoo  probsbllllies  for  K.  D,. 
(From  Figs.  1,  3-4,  7.) 
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FIG.  II.  SurprlBal  lunrtlon  vs  fraction  of  the  total 
product  enert^  which  la  In  product  vibrational  atate  v*  (exclu- 
alve  of  aero  point  cneriol.  Itymbola  plotted  have  the  following 
meaninga;  clrclea— KW  reaulta  for  F • Dj.  trlangtca — KQ  re- 
aulta  for  Fv  Hj;  aquarce— VCF  reaulta  for  F » Dj,  and 
croeaca — QCF  reaulta  for  F • llj.  (a)  £|>0.t2  eV.  (b)  £|»0.03 
eV.  (c)  E, *0.005  eV.  The  F • Di  (E<)t  reaulta  are  connected 
b)'  a aolld  line,  while  a daahed-dotted  line  connecta  the  F • Hj 
(EQl  reaulta.  A daahed  line  aptiroalinately  connecta  both  F * 
and  F * Di  IQCFl  reaulta.  Note  that  at  the  Itiweat  energy  con- 
aldered  iFlg.  lOlcll . only  v'  ■0~2  of  HF  are  energetically  ac- 
ceaalble,  and  all  (jCF  reaction  probabllltlea  are  aero. 


pendent  of  Isotopic  sutietltutlon  arr.re  obtained  In  an  anal- 
ysis of  the  detailed  rate  constat  Is  (ralht  r than  reaction 
probabilities)  from  both  quaslclassleal  trateclory  cal- 
culations and  from  Infrared  chemiluminescence  expert- 
n.ents  (which  are,  of  course,  quantum  mechanical).  We 
have  analyzed  the  surpiisal  functions  for  our  colllnear 
EQ  rate  conslanls  for  both  F«  I'l  and  FeD,  (Sec.  tU) 
and  find  no  marked  change  from  the  results  depleted  In 
Flu.  11,  the  nonlinearity  and  dependence  on  Isotopic 
■ubatltutlon  being  essentially  as  pronounced  as  for  the 
reaction  probabilities. 

Recently,  the  relationship  between  the  one-  and  three- 


dimensional classical  surprlsal  functions  was  computa- 
tionally Investigated,  and  It  was  proposed"*  that  the 
surprlsal  functloii  should  be  approximately  dimensionally 
Invariant.  Our  c 'mparlson  ol  the  one-  and  three-dimen- 
sional surprlsal  functions  for  F * II,  and  F « D,  Indicates 
that  this  dimensional  Invariance  dors  not  hold  lor  these 
reactions.  Although  the  validity  of  our  conclusion  de- 
pends In  part  on  the  accuracy  ol  the  potential  energy 
surface  used  In  our  calculations,  we  would  not  expect  It 
to  be  qualitatively  changed  If  a more  accurate  potential 
energy  surface  were  used.  In  addition,  we  note  that 
three-dimensional  quaslclasstcal  results  for  Fa  H,  and 
F«  D,  on  similar  approximate  surfaces’  agree  with  ex- 
periment In  their  prediction  of  a linear  surprlsal  func- 
tion.* The  computational  comparison  of  one-  and  three- 
dimensional  surprlsal  functions  of  Ref.  10a  Involved 
several  model  potential  energy  surfaces,  but  none  of 
these  slmllated  the  attractive  nature  of  the  F * H,  Inter- 
action. We  conclude  that  the  Invariance  of  the  surprlsal 
function  with  respect  to  the  dimensionality  of  the  colli- 
sion may  depend  slgnlllcantly  on  the  characteristics  of 
the  potential  energy  surface  being  considered.  There- 
fore, caution  must  be  exercised  In  attempting  to  obtain 
S-P  reaction  cross  sections  from  collinear  reaction 
probabilities. 

III.  Ea  QCF,  OCR,  AND  USC  RATE  CONSTANTS 
FOR  F ♦ D, 

The  rate  constants  ka  and  k^  obtained  from  the  EQ, 
QCF,  OCR,  and  USC  reaction  probabilities  and  p£ 
lor  F«D,  arc  plotted  in  Fig.  12.  The  expression  for 
these  rate  constants  Is  the  same  as  the  one  given  In  Pa- 
per I. ' The  correspotxllng  Arrhenius  parameters  ob- 
tained from  (its  to  the  rate  constants  In  the  200-400  K 
and  600-1200  K temperature  ranges  arc  listed  in  Table 
11.  The  difference  between  bj,  (QCF)  and  (EQ)  (whlc.i 
results  from  the  different  threshold  properties  ol  the 
Pji's  In  Fig.  9)  Is  quite  noticeable  and  leads  to  a 0.  6 
kcal  dtlference  between  the  corresponding  high  tempera- 
ture activation  energies  In  Table  II.  In  analogy  with  our 
FvH,  study, ' the  QCK  and  USC  rate  constants  k^  and 
corresponding  activation  energies  agree  with  the 
EQ  ones  better  than  do  tlie  QCF  quantities.  The  similar 
comparison  lor  the  rate  constants  hg*  Is  much  less  sat- 
isfactory. The  tow  temperafire  differences  between  the 
various  fr^'s  are  determined  to  a large  extent  by  the 
different  threshold  energies  of  the  corresponding  reac- 
tion probabilities  P^.  The  transition  probability  Pa 
(OCR)  has  zero  threshold  energy  and  thus  the  largest 
rate  constant  at  low  temperatures,  while  the  EQ,  USC, 
and  QCF  Pi’a  have  successively  higher  threshold  ener- 
gies and  therefore  successively  lower  r.ite  constants. 
(See  Fig.  9(b).  I This  illustrates  that  the  low  energy 
(<  0.  03  eV)  behavior  of  the  reaction  probabilities  (or 
cross  sections)  can  be  exceedingly  Important  in  deter- 
nilntng  the  low  temperature  ('  300  K)  behavior  of  the 
corresponding  rate  constants  for  these  reactions. 

The  ratios  are  plotted  as  a function  of  tempera- 

ture In  Fig.  13.  We  see  that  the  QCF  ratio  is  nearly 
temperature  Independent  while  the  EQ,  OCR,  and  USC 
ratloe  Increase  monotonlcally  with  Increasing  tempera- 
ture, approaching  the  QCF  ratio  at  high  temperatures. 
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FIG.  12.  Arrhenliu  plot  of  EQ  (solUl).  QCF  (short  dsshi,  <}CR 
(dash-dot),  and  USC  (long  dash)  rate  constants  for  F • Dj:  (a) 

<b)  *5. 


Those  raHos  are  quite  similar  In  appearance  >o 

the  k^/k^  ratios  for  the  F*  H,  reaction  given  In  Fig.  12 
d Paper  I,  but  the  F-rD,  ratios  actually  Increase  some- 
what more  slowly  with  temperature  than  do  the  F « Hj 
ones. 

The  QCF  ratio  k^/k^  Is  0. 63  at  300  K,  In  approximate 
agreement  with  the  experimental  value"  of  0. 66.  The 
resi'its  of  three-dimensional  classical  trajectory  calcu- 
lations indicate  that  this  ratio  is  not  strongly  tempera- 


l(X)OK/T 


FIG.  13.  Ratios  of  rate  conslanta  Su/a/j  for  F * D);  tQ  (solid), 
QCF  (short  dash),  QCR  (dash-doO,  l-SC  Dong  dash). 


ture  dependent.  " If  this  is  also  true  experimentally 
then,  in  analogy  with  F*  H„  we  would  have  evidence 
that  the  collinear  model  overestimales  the  effects  of 
threshold  differences  on  reaction  rates  to  different  prod- 
uct vibrational  states.  We  might  note,  however,  that 
Lee  and  co-workers**'"  have  measured  the  ratio  of 
cross  sections  Om/ooj  at  three  different  energies,  and 
they  find  that  it  Increases  rapidly  with  Increasing  energy 
from  0. 75  at  E,  = 0. 034  eV  to  3.  5 at  F,  - 0. 1 1 eV.  If  we  con- 
sider the  analogous  collinear  ratio  VSt/Pa  6).  w* 
find  .'hat  It  also  Increases  rapidly  with  Increasing  energy 
(muct.  more  rapidly  than  Lee's  cross  section  ratio)  from 
near  zero  at  zero  translatii  .al  energy  to  roughly  a vabie 
of  4.  3 for  Fo-0. 12  eV.  TTie  ratios  of  cross  sections 
from  three-dimensional  QCF  trajectory  calculations 
over  a family  of  several  potential  energy  surfaces  do  not 
reproduce  this  energy  dependence  (Ref.  12,  Table  VI). 
Tats  may  indicate  that  the  differences  between  quantum 
and  quasiclassical  re  lults  are  still  significant  In  three 
dimensions  and.  Indeed,  are  observable  in  experiments 
which  are  at  least  partially  state  selected  such  as  cross 
section  measurements. 


TABLE  n.  Arrhenlua  rate  constant  parameters  for  F*  D|  — FD‘  ().* 


Temperature  rtnge 

ftC) 

EQ 

QCK 

QCR 

CSC 

200-400 

0.670 

0.ft3» 

0.266 

0.652 

200-400 

Ssl67 

0.600 

S.S76 

2.471 

^•1 

200-400 

2. 531  a 10* 

2.441 « 10* 

1.8S4<  10* 

2.340X10* 

200-400 

2.776x10* 

1. 686x10* 

2.502x10* 

3.269x10* 

•00-1200 

0.361 

0.012 

0.416 

0.611 

•00-1200 

2.106 

1.343 

2.742 

2.344 

•00-1200 

2.104x10* 

2.674x10* 

2.402x10* 

2.083X10* 

Au 

•00-1200 

3.  240**  10 

2.604  -10* 

3.261X10* 

3.366x10^ 

‘bJ*  Is  in  kcal/mols  and  At,  Is  la  cm/fmolecttls'see). 
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IV.  HIGHER  ENERGY  REACTION  PROBABILITIES 
FOR  F « O, 

Figure  14  shoe’s  the  higher  energy  exact  quantum  re- 
action  probabilities  PJS,  P^,  P,1,  and  P,^  tor  F ♦ O, 
in  the  translational  energy  range  Pt<0. 2S-0. 70  cV. 
Those  transition  probabilities  not  plotted  are  alt  small 
(usually  < 0. 02).  PgJ  (QCR)  is  riso  plotted  in  Fig.  14  tn 
the  energy  range  0.25-0.42  eV  tor  reasons  to  be  dis- 
cussed In  detail  below.  This  figur>:  is  analogous  tn  many 
ways  to  Fig.  13  ol  1,  although  the  '.looe  correlation  be- 
tween the  reaction  probabilities  uf  F 4-1-.,  and  the  related 
F 4 D,  ones  (see  end  o(  Sec.  n A)  becomes  less  impor- 
tant as  the  energy  is  increased.  Nevertheless,  many 
o(  our  remarts  concerning  the  F * H,  reaction  probabili- 
ties described  in  I are  also  applicable  here.  We  note 
that  the  transition  probabilities  P,'  In  Fig.  14  and  P^  in 
Fig.  I have  similar  translational  energy  dependences 
except  near  threshold.  This  confirms  our  statement  in 
I that  reaction  probabilities  for  reagents  Initially  in  ix  1 
are  virtually  insensitive  to  the  presence  ol  a barrier  in 
the  F 4 H,  (D,)  reagent  channel.  In  addition,  P,*  is  sig- 
nificantly larger  than  the  other  with  v'  < 5 over  the 
energy  range  considered.  This  Implies  that  the  addi- 
tional vibrational  energy  in  the  reagents  is  being  pre- 
dominantly channelled  Into  additional  vibrational  energy 
in  the  products.  “ 

The  transition  probability  p£  exhibits  a rather  unusu- 
al energy  dependence.  As  shown  In  Fig.  14,  it  remains 
quite  small  (<0. 01),  even  though  energetically  allowed, 
until  the  total  energy  becomes  high  enough  to  excite  v*  1 
of  D,.  at  which  point  It  rises  suddenly  to  a peak  value  ct 
0. 34  before  finally  levelling  off  at  about  0.  13.  It  la  not 
obvious  how  simple  resonance  or  threshold  theories  can 
explain  this  unusual  behavior,  since  the  effective  thresh- 
old is  apparently  related  to  the  opening  of  a vibrational 
state  not  Involved  in  the  transition  asymptotically.  One 
possible  explanation  for  the  influence  of  the  1 state  of 
D|  on  this  transition  probability  can  be  formulated  by 
observing  that  the  Inelastic  0-  1 transition  probability 
for  FeD,  is  quite  appreciable"  (0.  10-0.25)  and,  as 
noted  above,  P,*  Is  quite  large.  This  suggests  that  the 
O'S  reactive  transition  occurs  almost  exclusively  with 
V • 1 as  an  intermediate  state.  It  is  also  significant  that 
it  Is  not  sufficient  tor  this  state  to  be  accessible  via  vir- 
tual transitions,  rather,  it  roust  be  open  asymptotically. 
This  seems  to  indicate  that  a high  degree  of  vibrational 
excitation  must  be  maintained  over  a considerable  re- 
gion in  configuration  space.  This  would  only  be  possi- 
ble if  the  v-  1 vibrational  state  is  open,  and  hence  there 
is  no  enhancement  of  P«  when  the  state  is  closed. 

For  the  transitions  P£  at  0.  327  eV  and  P,*,  at  E, 

« 0.  596  eV,  we  see  peaks  In  the  reaction  probabilities 
suggestive  of  internal  exoltatioo  resonances.  '*  In  con- 
trast to  the  resonances  observed  in  Paper  I tn  F 4 H,, 
the  direct  processes  in  F 4 O,  still  seem  to  be  quite  im- 
portant in  the  vicinity  of  the  resonances.  The  resultant 
Interference  between  the  direct  and  resonant  eontrlbn- 
tlons  to  the  scattering  amplitude  leads  to  characteristic 
osculations  tn  the  reaction  probabUiUea  in  the  vicinities 
of  the  resonance  energies  quite  simUar  to  what  was  ob- 
served in  the  H4  H|  rescUon.  As  in  the  F 4 H,  reac- 


tloo,  we  see  an  approximate  correspondence  between 
the  appearance  of  a resonance  and  the  opening  of  a spe- 
ctfle  vibrational  state  of  the  product  DF  (v  • 5 at  E« 

• 0. 20  eV  and  v > 6 at  E,  > 0.  59  eV).  This  implies  that 
the  virtual  states  of  the  trlatomlc  complex  i.iay  hare 
energy  levels  resemblii^  product  states  roo.»  than  re- 
agent states.  The  relation  Is  probably  compllcaled,  how- 
ever, since  the  correspondence  between  the  resonance 
energy  and  the  energy  of  the  associated  product  vibra- 
tional level  is  not  always  tn  the  same  direcUon  (I.  e. , 
the  resonance  energy  Li  sometimes  greater  and  some- 
times smaller  than  the  corresponding  vibrational  energy 
gy,  as  can  be  seen  in  Fig.  13  of  Paper  I and  Fig.  14  tn 
the  present  paper). 

It  Is  interesting  to  note  that  the  QCR  reaction  proba- 
bUtty  P£  depicted  in  Fig  14  seems  t.'>  "average  out"  the 
quantum  oacUlations  In  P,J  (EQ)  in  the  vicinity  of  the  E, 

• 0.  327  eV  resonance.  It  is  also  of  interest  to  examine 
the  semlclasslcal  results  at  this  energy.  Rankin  and 
MUler  have  reported  extensive  statiaUcal  behavior  in 


EltV) 


FIG.  14.  Exact  quantum  reaction  probabilities  at  translab'tnal 
energies  higher  than  those  In  Fig.  1.  (a)  Pj,  Put  andp^t 
(bl  P,4  and  P*.  Alao  shown  la  (a)  la  the  QCK  p£  curve 
idaabetb.  Arrows  near  £|> 0.29  eV  and  O.SS  eV  Indicate  the 
opening  of  v • S and  S,  reapectlrely.  of  DF,  while  that  at  0. 37 
s V Indicates  the  ens'S'  E|  at  which  otD}  becomes  socesal- 
ble. 
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nC.  16,  mf  VI  at  for  Uia  reverx  roac- 
tloo  OvDF  (4) ->  D)<m^  V F at  tha  raw 
nance  nercy  0.S107  eV  (correspoadltif  lo 
£t*0.32  eV).  See  Fig.  8 for  explanation 
of  dote  and  croaeee. 


the  final  action  number  (unction,  m^,  (or  the  H*C1,  col- 
iialon.*  From  this  behavior,  they  Inferred  that  a con- 
verged quantum  treatment  of  that  reaction  would  yield 
Internal  excitation  reaonances.  However,  as  Fig.  15 
ahows,  nt/,  at  the  resonance  energy.  Is  a reasonably 
smooth  (unction  of  q,  with  about  the  same  degree  of  rag- 
gedness (1.  e. , very  rapid  variation  of  m,  with  q,)  as 
seen  previously  away  from  resonance  In  Fig.  8(b).  An 
accurate  EQ  study  of  the  coUlnear  H « H,  reaction  has 
shown  that  P£  has  a broad  resonance  at  0.  90  eV  total 
energy  and  a narrow  one  at  1.  28  eV,  and  that  both  are 
due  to  Interference  effects  between  direct  and  compound- 
stale  mechanisms.  “ Recently,  Sttne  and  Marcus" 
searched  (or  and  found  snarled  (I.  e. , multiple  collision) 
trajectories  In  the  narrow  region  of  between  the  re- 
active and  nonreactlve  branches  of  the  i>.  E)  curve. 
They  showed  that  the  broad  resonance  at  0. 90  eV  could 
be  generated  semlclasstcally  If  Interference  effects  be- 
tween direct  and  snarled  trajeclorles  are  Included,  a 
result  consistent  with  the  lifetime  analysis  of  the  ac- 
curate quantum  calculations.  " Were  it  not  (or  the 
knowledge  of  the  existence  of  this  resonance  derived 
from  the  EQ  calculations.  It  would  be  easy  to  miss  such 
snarled  trajectories  In  a semlclasslcal  calculation  In 
which  the  density  of  the  gg  grid  was  not  high  enough.*'" 
Inclusion  of  a search  of  these  trajectories  and  of  their 
effects  on  the  reaction  probabilities  significantly  in- 
creases the  compuUtlonal  effort  Involved  In  the  seml- 
classlcal approach.  Narrow  reaonances,  such  as  the 
one  occurring  at  1. 28  eV  In  colltnear  K<  H,,  may  be 
even  more  difficult  to  calculate  semlclaislcally,  since 
Ha  long  lifetime"  suggests  that  It  may  correspond  to 
extremely  snarled  trajectories,  requiring  Inclusion  of 
multiple  collisions  of  high  order"  and  use  of  an  ex- 
tremely high  density  gg  grid.  In  the  present  paper,  we 
have  only  Included  the  effect  of  direct  (L  e. , nonsnarled) 
trajectories  in  the  semtctaastcal  calculations.  It  would 
be  Interesting  to  add  the  effect  of  snarled  ones.  In  order 
to  verify  whether  they  could  reproduce  tlie  resonant  be- 


havior of  Pj  at  Eg  ■ 0.  327  eV. 

We  conclude  that  raggedness  tn  the  in/(q,;  v,  E)  curves 
could  perhaps  be  a necessary  condition  (or  the  existence 
of  quantum  mechanical  internal  excitation  resonances, 
but  It  Is  certainly  not  a sufficient  one,  as  shown  by  the 
presence  of  raggedness  In  Fig.  8(b),  calculated  at  a oon- 
resonant  energy. 

V.  EXACT  QUANTUM  REACTION  PROBABILITIES 
FOR  THE  REACTIONS  F e HO  * FH  4-  D AND 
F40H*F04-H 

We  have  also  calculated  the  exact  quantum  reaction 
probabilities  (or  FvHD-FH^D  and  FvDH-FDgH, 
hereafter  designated  F*  HD  and  F*DH,  respectively. 

In  three  dimensions,  these  two  reactions  represent  dif- 
ferent product  arrangement  channels  of  the  same  colli- 
sion system.  In  colllnear  collisions,  however,  they 
must  be  considered  entirely  separately.  This  implies 
that  coupling  between  these  two  product  arrangement 
channels  Is  ignored  in  our  colllnear  calculations. 

The  largest  reaction  probabilities  for  the  two  reactions 
are  plotted  tn  Fig,  16**  as  a (unction  of  the  reagent 
translational  energy  Eg  (relative  to  vO  of  HD)  In  the 
range  0-0. 25  eV.  For  F*  HD,  the  only  reaction  prob- 
ability greater  than  0.025  In  the  energy  range  studied  is 
Pi,  while  Pi,  Pi,  and  Pi  are  the  major  contributors 
to  the  total  reaction  probability  in  Fg  DH  (P£  Is  always 
lees  than  0. 10).  From  Fig.  16  It  la  apparent  that  the 
reaction  probabilities  P£  and  of  F 4 DH  are  very 
similar  In  shape  to  the  corresponding  probabilities  Pi 
■“1  of  Fg  D,  (Fig.  10),  although  the  sharp  differences 
between  the  threshold  energise  of  Pi  and  Pi  (F  g Dg) 
are  reduced  considerably  for  Pj,  and  Pj(FgDH). 
la  contrast,  the  results  (or  Fg  HD  do  not  show  a strong 
resemblance  to  those  for  F g H,  (Fig.  2 bf  Paper  0.  In- 
stead, we  see  that  Pi  (Fig.  16)  consists  of  one  very 
sharp  (width  -0. 0005  eV)  spike  near  0. 012  eV  s-ri  then 
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FIG.  16.  Fxact  quantum  reaction  probablllUea  P*  tor  F * HP. 
and  Pf,  and  Pj  tor  F * DM  aa  a function  of  relative  Iranaintlonal 
eoarnr  £«  and  total  enerKy  £ (relative  to  minimum  In  HP  di- 
atomic potential  curve).  Arrow  near  0.04  eV  Indtcatea  the  en- 
erity  at  which  v • 3 ot  HF  becomea  acceaalble. 


remains  quite  small  (<  0. 02)  lor  the  remainder  of  the 
encriry  range  studied.  Pq,  which  Is  energetically  for- 
bidden until  Pgv  0. 039  eV,  is  quite  small  throughout  the 
energy  range  considered  here.  The  rather  dramatic 
differences  between  the  results  for  Fa  HD  and  Fa  DH 
can  probably  be  explained  as  resulting  from  (he  differ- 
ence In  the  mass  of  (he  atom  being  exchanged  In  the  col- 
llnear  triatomte  collision  system.  The  small  mass  of 
the  H atom.  In  F * HD  In  comparison  with  that  of  the  D 
atom  in  F « DH  results  In  much  more  Important  pseudo- 
centiifugal  barriers  In  "turning  the  corner"  In  the  for- 
v.er  reaction  than  In  the  latter.  That  Ihls  should  be  (he 
case  Is  apparent  from  a comparison  of  the  skew  angles 
(defined  In  Paper  I)  for  these  two  systems.  For  F«  HD 
this  angle  la  37.3’,  while  (or  FvDH  It  Is  36.7*,  thus 
Indicating  (hat  the  curvature  along  the  reaction  path 
should  be  much  larger  for  Fv  HD  than  (or  Fv  DH.  Only 
at  low  translational  energies  do  the  centrifugal  effects 
become  small  enough  to  render  F « HD  dynamically  al- 
lowed, For  F * DH,  on  the  other  hand,  the  centrifugal 
effects  are  not  Important  in  (he  energy  range  studied, 
and  thus  we  observed  very  large  reaction  probabilities 
throughout  that  energy  range. 

Prom  Fig.  16,  we  can  also  conclude  that  the  rate  con- 
stant lor  formation  of  DF  la  predicted  to  be  greater  than 
that  (or  formation  ol  HP  [except  at  very  low  tempera- 
tures {<  ISO*),  where  the  slightly  smaller  effective 
threshold  of  P*  HD  becomes  Important).  This  disagrees 
with  the  experimental  result"  that  the  rate  of  H atom 
transfer  Is  a (actor  of  I,4S  (aster  than  that  (or  D atom 
transfer  at  296  K.  The  disagreement  can  probably  be 
explained  by  noting  that  the  distance  of  the  H atom  from 
the  center  of  mass  of  HD  Is  about  twice  that  of  the  D 
atom  from  the  same  center  of  mass.  This  mpans  that 
H sweeps  through  a larger  volume  of  space  than  D when 
HD  rotates  and  thus  Is  more  "visible"  to  the  attackliy 


P atom.  Since  the  barrier  height  Is  quite  low  (except 
near  the  "perpendicular"  orientation*^),  one  would  ex- 
pect that  H should  be  preferentially  abstracted.  Por 
collinear  reactions,  this  three-dimensional  effect  Is 
Ignored  and  we  find,  Instead,  that  dynamical  effects 
such  as  peeudocentrUugal  barriers  are  Important  In  the 
reaction.  These  centrifugal  effects  favor  reaction  with 
the  D atom  and  thus  explain  why  the  collinear  results 
differ  from  the  experimental  ones,  A similar  argument 
has  been  used  to  explain  the  J dependence  of  three-di- 
mensional quasiclassical  cross  sections  for  the  same 
reactions.  **  One  might  add  that  (or  a reaction  with  a 
high  barrier,  which  simultaneously  favors  reaction 
through  collinear  geometries,  the  three-dimensional  ef- 
fect should  be  less  Important  and  the  collinear  results 
should  be  more  representative  of  the  experimental  re- 
sults. This  has  Indeed  been  observed  (or  the  Civ  HD 
(DK)  reactions. " 

VI.  DISCUSSION 

We  shall  now  summarize  the  differences  between  the 
results  of  the  exact  quantum,  quasiclassical,  and  seml- 
classlcal  methods  (or  studying  the  P«K,  (Paper  I)  and 
F * r,  reactions.  The  most  Important  of  these  differ- 
ences may  be  categorized  Into  three  divisions:  vtbra- 
tlonally  adiabatic  tunnelling,  resonances,  and  threshold 
dynamical  effects.  These  effects  may,  however,  be 
coupled  to  one  another  to  a lesser  or  greater  extent. 

Vlbrattonally  adiabatic  tunnelling  seems  to  be  most 
significant  at  very  low  energies,  especially  (or  F*  H| 
and  (or  those  transitions  for  which  at  threshold  there 
arc  no  strongly  restrictive  dynamical  effects  (of  the  type 
occurring  in  P’,  for  F4  H|).  Such  tunnelling  appears  to 
be  responsible  (or  Important  differences  between  EQ 
and  QCF  rate  constants  at  low  temperatures  [Figs.  11(a) 
In  I and  also  12(a)  In  this  paper].  The  scmiclasslcal 
complex  trajectory  method  (which  was  not  studied  here) 
may  be  able  to  describe  tunnelling  quantitatively.*’’  In- 
ternal excitation  resonances  seem  to  be  very  Important 
at  higher  translational  energies  and  will  therefore  not 
be  significant  In  thermal  experiments.  They  may  be 
Important  In  beam  and  hot  atom  experiments  If  these 
resonance  effects  carry  over  without  strong  attenuation 
into  three  dimensions."  The  current  semtclasslcal  theo- 
ries do  not  seem  to  furnish  a computationally  practlc '( 
description  ol  the  Interference  effects  associated  with 
these  resonances."  Threshold  dy-mlcal  effects  are 
very  significant  (or  collinear  F«  H,  and  F-t  D,,  and  this 
leads  to  Important  differences  between  exact  quantum 
and  quasiclassical  reaction  probabilities  and  rate  con- 
stants for  thermal  distributions  of  reagents.  These 
U reshold  effects  are  partially  classical  In  nature,  since 
we  found  that  the  QCR  mvthcxl  was  capable  of  describing 
roughly  the  proper  threshold  behavior  within  a com- 
pletely classical  framework.  An  Important  result  of 
this  paper  was  the  demonstration  that  the  uniform  seml- 
claaslcal  method  provides  a greatly  Improved  descrip- 
tion of  threshold  behavior  of  the  quantum  results  in  com- 
parison with  the  QCF  method.  How  Important  these 
threshold  effects  will  be  In  three  dimensions  ts  not  en- 
tirely clear  from  an  analysis  of  existing  experimental 
and  theoretical  studies,  but  It  appears  that  the  effects 
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■re  at  least  partially  attenuated  by  the  averajtng  that 
inevitably  occurs  In  experimental  measurements.  They 
may,  however,  still  be  Important  for  experiments  which 
■re  sufltclently  state  selected. 
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The  Will  - Porter  method  of  lotatinp  a Mone  function  to  conitruct  po'enlial  enerio'  lurfaces  for  collinear  atom  - diatom 
chemkal  teaetton^  n modified  by  uiinft  a numctical  spline  interpolation  technique.  Thii  procedure  ii  thown  to  have  preat 
flexibility  in  pivinp  a potential  turface  desired  charactertstica.  luch  aa  the  uddle-point  location  and  the  barrier  helphi  and 
curvature  at  this  point,  for  either  symmetrical  or  unsymmetrical  reactions.  Exlensiona  of  the  method  to  non-reactive  and 
non<oUinear  potentul  surfaces  are  also  discussed. 


The  greaf  dirficulty  in  calculating  polential  energy 
nirfaces  by  accurate  ah  initio  techniques  has  necessi- 
tated the  use  of  phenomenological  approaches  of  a 
semi-empirical  nature  to  generate  apptu.ximate  sur- 
faces  with  reasonably  realistic  topographies  for  use  tn 
atom-molecule  dynamics  calculations.  The  LfPS 
method  (I)  is  used  extensively  for  this  purpose  since 
it  provides  the  means  for  smsxithly  and  conveniently 
interpolating  the  potential  surface  between  the  various 
separated  atom  diatom  anangement  channels.  It  suf- 
fers from  several  well-known  shortcomings,  however, 
due  to  the  simplicity  of  the  mathematical  form  of  the 
LEPS  function. 

Let  us  consider  as  an  example  a linear  Iriatomic  sys- 
tem. First,  after  specifying  the  potential  function  pa- 
rameters of  the  diatomic  reagent  and  product  and  the 
classical  barrier  height  there  is  only  one  degree  of  free- 
dom left  in  the  LEPS  function  to  determine  the  two 
position  coordinates  of  the  uddle  point  and  the  curva- 

*  Work  supported  In  part  by  the  United  Slates  Air  Fort*  Of- 
fice of  Srientifk  Research. 
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tures  of  the  surface  along  and  transverse  to  the  mini- 
mum energy  patli  at  that  point,  which  are  important 
features  of  the  surface.  Tlius,  the  specification  of  these 
important  properties  of  a polential  surface  creates  a 
highly  overdetermined  problem  for  the  LEPS  function. 
Second,  this  function  may  develop  spurious  “hollows” 
if  it  is  forced  to  have  approximately  the  desired  battier 
height  and  saddle  point  location.  Third,  it  is  not  possi- 
ble to  make  a change  in  a localized  region  of  the  po- 
tential surface  without  significantly  affecting  the  en- 
tire surface.  This  aspect  of  the  LEPS  function  makes 
it  less  than  ideal  foi  calculations  which  explore  the  re- 
lationship between  polential  surface  charKteristics  and 
its  reaction-dynamical  properties  (reaction  cross  sec- 
tions, internal  energy  distributions,  etc.).  Fourth,  for 
reactions  in  three  dimensions  the  problem  of  overde- 
terminalion  of  the  LEPS  function  is  compounded 
greatly  so  that  it  is  difficult  foi  the  important  features 
considered  above,  in  each  of  the  three  regions  connect- 
ing the  three  separated  airangement  channels,  to  be 
specified  even  approximately.  Clearly,  this  lack  of  ftex- 
ibility  of  the  LEK  function  makes  it  tn  general  un- 
suitable for  fitting  available  ab  initio  data  points  of  a 
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function  of /?  I and/?^  is  given  by 
r(R,.R2)*0(9){{l  fxp|/!(tf)(/^(9)  /)|  I) 

♦ 0(9=0). 
where 

lin  9 = (/?  j - /?|Q V(/?2  ^20^ 


t'le.  I • Swine  coordinjlri  i.e  of  Mo.  * ' f.  .nction  ibout  the 
point  S(K|o./(bI. 


given  potential  energy  surface. 

The  Will-  Porter  function  |2]  cleverly  overcomes 
seveial  of  these  shortcomings  for  collinear  collisions. 
Let  us  consider  the  configuration  space  spanned  by  the 
two  intemuclear  distances /?!  and  /(y  to  the  central 
atom.  In  the  Wall  Porter  approach  a Morse  function 
is  rotated  from  the  reagent  region  to  the  product  te- 
gion  of  this  space  around  an  adequately  chosen  point 
in  the  higli  plateau  region  of  the  surface.  The  Morse 
function  parameters  are  chosen  to  be  simple  and  simi- 
lar analytical  functions  of  the  rotation  angle,  9.  Al- 
thougl'  features  such  as  saddle-point  location  and  bar- 
rier height  can  be  specified,  the  simple  nature  of  the  9- 
dependence  of  the  Morse  parameters  and  their  interre- 
lation reduces  the  usefulness  of  the  method,  since 
these  characteristics  preclude  making  localized  changes 
in  the  potential.  Furthermore,  the  resulting  potential 
surface  is  not  as  smooth  as  the  corresponding  LEPS 
surface.  This  lack  of  flexibility  and  smoothness  of  the 
Wall  Porter  function  is  largely  overcome  by  the  HMF 
(hyperbolic  map  function)  method  of  Bunker  and  co- 
workers |3|,in  which  the  Morse  function  parameters 
ate  given  by  flexible  analytical  functions  (e  g..  Eckart 
functions)  of  the  distance  along  a hyperbolic  reaction 
path.  Air  alternative  to  the  IIMF  extension  of  the  Wall 
Potter  approach  is  explored  in  the  presen'  paper  A 
similar  approach  has  recently  been  used  by  Conner  et 
al.H. 

In  the  spirit  of  the  Wail-  Porter  method  let  us  con- 
struct a collinear  potential  energy  surface  by  rotation 
of  a Morse  function.  Specifically,  the  potential  u a 


are  the  circular  polar  coordinates  of  the  point  n/?|.K2l 
with  respect  to  a system  whose  origin  is  the  swing 
point  S(/?|Q.lf2o)  whose  reference  axis  is  antipar- 
allel to  OR2.  as  indicated  in  fig.  I . We  determine  the 
9-de()endence  of  the  Morse  parameters />(9),  9(9).  and 
/.q(9)  by  assigning  their  values  al  a finite  nuinber  of 


• Icvgrv**) 

Fig.  2.  Moik  paranKIm  D.  P.  and  a function  of  nking 
angle,  4.  for  the  icaied  SSMK  Hj  potentiil  turface.  The  pointi 
Indicated  correrpond  to  ipcciried  values  of  the  parainetere  and 
the  lines  are  obtained  by  a •-  ibk  spline  interpolation  proce- 
dure. 
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Fi».  3.  Fquipottniitl  conioui  plot  of  ihe  tpline-peneiaterl  llj  potential  enetity  lutfive  of  fi*.  2. 


values  of  6 and  then  peifotming  a cubic  spline  ii..7rpo- 
lalion  |S|  between  Ihe  resulting  points.  This  method 
of  specifying  Ihe  Morse  parameters  serves  a dual  pur- 
pose. Pint,  it  allosvs  us  to  require  that  the  potential 
energy  surface  have  important  desired  characteristics. 
Thus,  the  saddle-point  location,  the  barrier  heiglit,  the 
curvature  of  the  reaciion  path,  etc.,  can  be  directly 
specified.  Second,  this  filling  procedure  can  aid  in  Ihe 
ab  initio  mapping  of  a potential  energy  surface.  A 
spline-generated  potential  made  to  fit  a small  number 
of  ab  initio  points  could  suggest  the  locations  of  addi- 
tionally needed  ab  initio  points. 

As  an  example  of  application  of  this  spline  tech- 
nique. consider  Ihe  collinear  H + Hj  -»  H2  ♦ II  reac- 
tion. Truhlar  and  Kuppermaiui  {6|  have  generated  a 
Wall-  Porter  fit  to  the  SSMK  surface  |7)  foi  this  reac- 
tion, with  a corrected  barrier  heigiit  of  V.8  kcalymole, 
which  has  been  used  for  extensive  quantum  mechani- 
cal |6|, classical  |8|  and  semi-classical  |9)  calculations. 
The  Morse  parameters  0,0.  and  for  this  surface  are 


plotted  in  fig.  2 as  a function  of  0.  The  five  indicated 
points  for  each  parameter  are  for  6 equal  to  0°,  45°, 
and  90°  corresponding  to  reagents,  transition  stale, 
and  products,  respectively,  and  also  for  0 equal  to  22.7° 
and  67.3°.  The  interpolation  between  these  points  was 
made  using  a cubic  spline  IS).  The  resulting  potential 
energy  surface  is  displayed  in  fig.  3 in  the  form  of  an 
equipotential  energy  plot.  The  smoothness  of  this  plot 
points  out  one  desirable  aspect  of  the  spline  method. 

As  another  example  consider  a potential  surface  in 
which  the  Morse  parameters  of  Ihe  reactant  BC  mole- 
cule aie,/>  • 3.64  eV,/?,  » 2.68  bohr  and  P • 1.0 
bohr~’  and  of  the  product  AB  molecule  are,/7  • 3.84 
eV, • 4.46  boht,  and  0‘  0.71  bohf  * , with  a lat- 
her height  of  1 .5  kcal/mole  and  for  which  the  saddle 
point  location  is  given  by  /?|  » 5.2  bohr  and  ■ 2.7 
bohr*.  It  was  found  that  tire  LETS  function  could  not 

* These  ptrame'en  were  cheitn  for  a around  state  ntfaea  In 
a study  of  an  electronically  twn-adiahalk  chemical  lotctioa 
1101- 
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Fig.  4.  Equipotcntiil  contour  plot  of  the  tplinegcncratcd  potential  lurface  daacribed  In  the  text,  contaponding  to  the  Motae  paiim* 
etert  of  fig.  5. 


Mtisfy  these  spccificelfoni  without  also  introducing 
spurious  "hollows''  in  the  reactant  entrance  channel. 
'The  cubic  spline  approach  can  produce  the  desired  sur- 
face as  seen  in  Pg.  4.  The  9-dependence  of  the  corre- 
sponding Morse  parameters  is  given  in  fig.  5.  Twelve 
values  of  each  parameter  art  speciried.  This  was  done 
because  the  potential  of  interest  is  somewhat  long- 
ranged  and  requires  "anchoring"  in  the  asymptotic  re- 
fions  of  space.  A shorter  range  potential  could  have 
been  constructed  with  the  above  specifications  and 
fewer  points  would  have  been  required  as  input. 

There  are  two  directions  of  Interest  in  which  to  ex- 
tend the  spline  approach  given  above.  The  first  is  to 
non-resctive  potential  surfKes  and  to  surfaces  with 
cusps,  such  as  the  one  corresponding  to  the  fust  excit- 
ed singlet  state  of  H3  1 1 1 1 - A rotating  Morse  function 
cannot  represent  such  potential  surfares  accurately.  A 
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possible  exten'lon  of  the  spline  method  is  to  consider 
a linear  combination  of  a Morse  function  ►'m  and  an 
“anti-Morse"  function  For  non-reKtive  surfaces 
this  linear  combination  could  be  of  the  form 

r(fJ,,/Jj)-a(9)r„(9)e  p - a(9)l»',M(«). 

where  0 < a < I . This  function  contains  three  Morse 
parameters,  three  anti-Morse  parameters,  and  the 
“switching"  parameter  a all  of  which  arc  functioiu  of 
9.  As  previously,  these  parameters  would  be  sphne-ftt- 
ted  to  give  the  desired  potential  surface.  The  second 
extension  of  interest  it  to  allow  K to  be  a function  of 
the  bond  angle  7 (at  well  as  off?  | and  fJj).  This  ex- 
tension it  necessary  to  describe  reacticnt  in  three  di- 
mensions. A straightforward  way  of  doing  this  would 
be  to  multiply  the  function  K(ll  | Jlj , y ■ 0)  by  a 
function  of  y as  done  by  Bunker  and  co-workers  (3). 
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Ei*-  5-  Motie  piiametm  /),  t.  anO  1,^  ai  a fun-  lion  of  «»in« 
ancM,  P,  corrrtnonJmfr  lo  the  potential  suiface  ihown  in  tig 

4. 

This,  however,  wnuld  tcslncl  llic  (lexthility  of  the  fit 
ind  would  introduce  tinticsired  icslriclions  on  the 
shape  of  the  function.  Instead  it  would  he  belter  lo 
consider  the  swing  point  coordinales  and  the  0-depen- 
dent  Moise  paratneicis  as  funcltuns  of  y.  to  be  deter- 


mined by  spline  interpolations  Thus,  a two-dimension- 
al spline  routine  would  be  required  lo  generate  a po- 
tential surface  for  three-dimensional  reactive  scattering 
calculalisins.  Hotli  of  the  above  extensions  are  current- 
ly under  study. 

One  of  us(J  M.B.)  gratefully  acknowledges  use  of 
computing  facilities  at  the  Illinois  Insitiluie  of  Tech- 
nology. 
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PltOCRKSS  ii:  THl!;  QUANTUiM  DYNAMICS  OF  REACTIVE 
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AnSTRACT 


Progress  in  accurate  quantum  mech.anlcal  calculations 
of  reactive  collisions  is  reviewed.  The  results  of  three- 
dimensional  calculations  are  described  and  compared 
with  those  of  approximate  metliods.  Resonances  in  reactive 
scattering  are  discussed  as  well  as  electronically  nonadiab.ntic 
chemical  i'caL..ons. 


1.  HISTORICAL  INTRODUCTION 

Given  an  electronically  adiabatic  potential  energy 
siuface  for  a triatomic  system,  it  is  possible  in  principle  to 
solve  the  Schrbdingcr  equation  describing  the  motion  of  tJie 
nuclei  on  tliat  surface  and  to  obtain,  from  such  solutions, 
state-to- state  differential  and  integral  reaction  cross  sections. 
These  cross  sections  furnish  very  detailed  information  about 
tlie  dynamics  ii  the  re.iction  and  can  also  be  used  to  calculate 
rate  constants  for  bulk  reactions.  This  problem  is,  however, 
computationally  formidable,  a.id  as  a result  the  first  attempts  to 
solve  it  were  limited  to  collincar  reactions  in  which  the  three 
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atoms  woi'o  conslralnoit  to  lie  on  a straight  line.  This  reduces 
the  number  of  independent  variables  on  which  the  wavefunction 
depends  from  six  to  two,  j;reatly  siniplifyini;  the  problem. 

The  first  solution  of  tliis  collinear  problem  for  a realistic 
potential  ener^  surface  was  obtained  by  Mertensen  and 
Pitzer  (1)  for  the  II  + H,  cxclian^e  reaction  and  extended 
later  (2)  to  some  of  its  isotopic  counterparts.  Tlie  method 
used  was  a finite  difference  mmierical  .solution  of  the  two- 
variable  time-independent  .‘'Throdin^er  partial  differential 
equation  coupled  with  an  iterative  jn’oeedure  for  imposing  the 
appropriate  rcaetivc-scatterin;',  boundary  condition.s.  A 
variation  of  the  finite  difference  method  in  wtiich  the  boundary 
conditions  were  imposed  by  a noniterative  approach  involving 
a sufficiently  large  number  of  linearly  indi’iiendcnt  solutions 
of  the  Scliriidiiigci  equation  was  developed  by  Diesllcr  and 
McKoy  (3)  and  app'ietl  by  Trulilar  and  Kuppermann  (4)  to 
H + llj  and  by  Trulilar,  Kuppermann,  and  Adams  (5)  to  some 
of  its  Isotopic  counterparts.  An  iiilerostmg  variation  of  the 
finite  difference  mctliod  was  introduced  by  McCoIIough  and 
Wyatt  (G)  who  used  it  to  solve  tlic  time-dependent  Sehrodinger 
equation  for  the  If  + H,  exchange  reaction,  replacing  tlicrcby 
a boundary  value  prcbli'in  by  an  initial  value  one. 

The  finite -tliffcrenee  approach  in  any  of  tlic  variations 
mentioned  above  is  i omputationally  very  incflicicnt  and  inappro- 
priate for  extension  to  a wide  energy  raiv'.c  or  to  problem.^  of 
higher  dimensionality.  As  a ro.siili,  several  oilier  methods 
have  been  developed  and  ii.scd  recently.  These  ircludc  the 
variational  approach  used  by  r.lortonscn  and  Guewa  (7)  for 
collinear  H + lU,  and  (lie  inte,grnl  equation  meHiod  developed 
by  S.ims  and  Kouri  (fl)  and  r.piilied  to  .several  collinear  .'■.y.stcms 
by  Adams,  Smith,  aial  Hayes  (u).  However,  the  most  widely 
used  approacl.  for  coUinoar  ccUisInns  has  been  Hie  rouplod- 
oqi’.atioii  (i.c.,  closc-eouplir.g)  motiiod,  in  one  of  its  several 
form;;.  The  basic  n-'Hlicil  consists  in  chi''o,siug  a set  of  two 
co.n-'enio!-i:  variables,  x and  y,  io  <l'’aeribo  tlic  iiite>-aal  corfi.j- 
uraiion  of  the  system.  These  wirmblos  may  o ',  different  in 
different  regions  of  cor.figiiraf ion  p\ce_bv.t  .satisfy  the  central 
property  fliat  for  :<  equ.al  to  a coa.stant  x th.'  p.ol'  ntial  energy 
function  V(x,y)  isbouu^.  The  w.u.  afuncliou  v(x,y)  is  expanded 
in  eigcnfui'ctions  of  \'(x,y),  (ahieli  .are  calle.l  (he  vibrational 
basis  scl)  and  Ihe  rc.suUif;"  ecupt  -d  ordinary  ''ifl'crenlial 
equations  in  liie  x-dcooiKient  co'^lfieicnls  of  tliis  expansion  are 
solved.  V.'ria.tions  o*'  lids  appro-i  a liavc  been  developed  by 
I.iglil  (10),  Kupperma;  a.  (11),  Die.s.'.er  (12),  and  .lolinsoii  ( 13) 

.and  applied  to  ;>  variety  of  colliaoar  sy.stems  ('O-IO).  .As  a 
re.sult,  .a  sigi.iiicanl  nmouiit  ol  Ka'O'./Icdgo  has  accunnil.ilod 
aliout  'he  reactive  .sc.allming  properties  of  ccliuear  vcaciive 
.sy.stems. 


l!tf  Ql'^SlL•;l  DYtASICS  (If  MACIIVI  COM  I i lOI.'S  20l 

Wlioii  (lie  I onfili’iuiit  of  coUincurilv  is 
rolnxod,  flio  piiiMcin  licrrnnr.s  r.ii.iufic.-.nlly  iiioi-c  (liffiiuH. 

For  ro))lnn;ii-  irir.t;);iiic  rt  .ict'o.i.';,  (lie  \.:iv< 
now  on  fov'r  v:iri:iblc';  (iiflc-r  (lie  ino'ir.n  of  ihe  <■  >i((cr  of  inriss 
Is  removed)  and  (lie  ivoti  nfi;:!  ('noi-;-.y  ft'iu  linn  V on  (iiico.  A 
partial  wave  expansion  rodnres  (lie  problem  to  a set  of 
unconpUd  partial  wave  {>’c(irii.'lin;',or  conations  depoiiflin''  on  the 
.samcM)ircc  variables  as  V'  (10,  201.  One  of  (bo  o is  visually  an 
an{;le,  and  rxpnns.ion  of  (lie  wavefii'iction  in  terms  of  a co.iiplcte 
set  of  basis  fvmctioi'.s  of  dial  aii-^le  ((ho  ro(a(io‘''il  basis  sol) 
yields  a set  of  coivpled  ;wo-\  ariablc  jiarlial  difrorent  j;;I  c()ua- 
iions.  For  (riafomic  1 eactious  in  (lirce-vlimcnsioiial  space, 
the  wavefunelion  depends  on  ;'.i.\  v.iriable.s,  d of  vliicli  can 
be  chosen  to  be  the  ones  on  w’lieli  V depends  (21 , 22).  It  is 
possible  to  eliminate  the  other  three  variabler.  by  a partial 
wave  e.xiiansicn  in  terms  of  Wiipier  rotation  fenetinns,  le.arlin;' 
to  a sot  of  coMpb'd  partial  wave  .SclirOdiir'.cr  e(|aaiions  dc;);‘ii(i- 
liiB  on  the  .same'Oii  ee  vai  iaMe.s  ;i.s  V.  A farllier  expansion  in 
terms  of  the  anrrular  variable  usually  apiYcari''.!;  in  V leads 
again  to  a sot  of  coupleii  two-variable  parti:  1 differential 
equations,  (he  nuiiiber'  ot  v.liieh  is  usually  appreeiably  hirp.er 
tlinn  for  the  coplauar  case.  There  have  iiecn  relatively  few 
studies  of  such  iioncolliiiear  reactions.  The  coplmv.w  11  * 11^ 
system  was  invest ip.aicd  by  coupled-oquatioii  (eclinUuics  by 
Light  and  co-workers  (19),  u.siiig  a single  vibralion.al  b:isis 
function,  and  by  Kuppormaiiu  and  co-workers  (20),  in  a con- 
verged vibrational-rotational  expansion  appro;ich.  Uner  and 
Kouri  (23)  doveloiied  a coupled  T-cperalor  integral  equation 
technique  and  applied  it  to  a simple  lliree-dimf’usional  mv'del 
atom  plus  diatom  sy.stcni  in  which  reaction  with  only  one  t lul 
is  permitted.  Wolkv'n  and  Karpins  (2'i)  ap|ilicd  an  integro- 
differcidial  equation  niclhod  proposed  by  Miller  (25)  to  the 
tliree-dimcnsional  H -i  lU  reactive  system  using  a one- 
vibrational  basis  function  approximation.  Very  recently, 
Kuppermann  and  Schalz  (21)  have  achieved  accurate  \ ibrnlion- 
ally  and  rolationally  converged  re.sults  by  an  c.xlcnsion  of  (lie 
coupled- equal  ion  techniques  previouslv  used  for  collincar  and 
copLin.ir  systems  (11,20),  and  Rlkowi'tz  and  Wy.att  (22)  h.ave 
applied  a different  version  of  the  coupled-equation  method 
using  hindrod  rotor  basis  functions  in  the  exiiansion  (22,  2G). 

In  a somewhat  different  vein,  Michn  (27)  ha.s  developed  a 
Fadecv-cquation  approach  to  the  problem  of  reactive  scattering. 

In  tills  paper  we  focus  aftention  on  (he  accurate  3-11 
results  (21,22)  all  of  which  have  appeared  since  Iho  previous 
ICPKAC  mee.ing  was  held  in  nolgr.ade  in  July  of  1973.  Co- 
planar  and  collincar  results  a.s  well  as  other  appro.ximatc 
metlicKls  will  be  invoked  mainly  for  comparison  purpo.ses. 
However,  some  recent  accurate  collincar  studios  of  reaclive 
scattering  resonances  and  of  clcctrcr.ically-nonadiabatic 
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chemical  reactions  will  also  be  discussed. 


/ 

/ 


I 


II.  POTENTIAL  ENERGY  SURFACES  IN 
SYMMETRIZED  HYPERSUPERICAL  COORDINATES 

In  order  to  summarize  the  characteristics  of  the 
reactive  scattering  problem  and  the  approaches  used  to  solve 
It,  it  is  useful  to  describe  the  nature  of  tlie  interaction  poten- 
tials under  consideration.  For  electronically  adiabatic  chem- 
ical reactions  tlic  Uorn-Oppcnlieimer  separation  appro.vima- 
tion  permits  us  to  describe  the  motion  of  the  nuclei  during  a 
chemical  reaction  as  that  due  to  a potential  energy  function  V 
which  depends  on  the  relative  positions  of  Ihe  nuclei  but  not 
on  the  electronic  coordinates.  V is  obtairuible  by  assuming 
these  nuclei  to  be  fixed  and  solving  tlie  electronic  motion 
problem.  The  resulting  electronic  wavefunction  an.l  energy 
depend  parametrically  on  the  nuclear  geometry.  Let  us 
consider  a system  of  three  atoms  A^  (2  A),  A^(=B),  and 

C).  For  not.itional  purposes,  let  be  any  cyclic 
permutation  of  afty,  me.aning  tli.at  Aj^  ♦ A^^A^  reprcf.ents  any 
of  the  cl.a’inels  A + DC,  B + CA,  or  C + AB.  Let  and  Rj^ 
be  respectively  the  vector  from  A^,  to  A^.  and  from  the  center 
of  mass  of  A^A^  to  A^^.  For  ex.ample,  for  Xvt  s aPy  r^  is 
the  vector  from  B to  C and  R^  the  vector  from  tlie  center  of 

mass  of  BC  to  A.  The  potential  energy  function  cr.nbe  con- 
sidered to  depend  on  any  of  the  sets  of  variables  (rjj,  R^  , ), 

(r^,  R(3  , Yp),  or  (r'  , R^,  y^  ) where y^  (A  = or,p,y)  is  the 
angle  in  the  (0,7r)  range  betwoon  r^  and  R^. 

It  has  recently  been  shown  that  a very  convenient  set 
of  coordinates  exist.s  tor  niappiiv;  »'  (28).  These  are  the  sym- 
metrized hyporsphorical  coordinates  r = (ri^  R^)'/*,  0^  = 

2 cos'’(R^/r)  andy^^,  where  r^^  = H.v  = 

(m»  . aro  .scaled  (20-31)  distances.  The  masses 

respectively  tl-.c  reduced  mass  of  A^^^  and 
of  the  A^  +’a^A^  pair,  the  angle  9^  is  in  the  {0,n)  range  and 

r is  Independent  of  A (30,31).  The  factor  2 in  the  expression 
for  6^  is  crucial  and  mahes  the  present  liypcrsplierical  coor- 
dinates differ  from  those  ,sug"oslo<l  prcviotisly  (.30-32).  Wo 
now  consuler  r,  0^^,  yj^  to  be  l!-.o  !>(.'lierical  polar  coordiintcs 

of  a point  in  a tliroo-dimensional  Internal  .irr.angcment 
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configuration  space  Jn  order  for  tliis  space  to  be 

complotelj'  scanned  by  those  variables,  v/e  extend  tJie  range 
from  (0,ff)  to  (-a.s)  by  setting,  for  < 0,  V(r,  0^^, -/j^) 

:j  V(r,  The  mapping  of  V in  this  space  (but  not  in  the 

,'pacc  in  wliich  tlie  factor  of  2 just  mentioned  is  omitted)  has 
two  very  important  propei ties;  (a)  an  “* 

transformation  rotates  equipotential  surfaces  around 

without  distorting  them  and  (b)  the  symmetry  proiierties  of 
the  map  arc  tlic  same  as  those  of  tlie  reaction.  For  example, 
the  mapping  for  Uie  11,  sysicni  has  the  symmetry  properties 
of  an  equilateral  triangle  and  tliat  for  the  FH..  those  of  an 
Isosceles  triangle,  fhese  symmetry  properties  do  not  depend 
on  the  choice  of  the  arrangement  chamio.l  X and  permit  "as  to 
visualize  the  characteristics  of  V for  all  configurations  in  one 
single  representation,  tlic  a one  for  example. 


05  l,»fV 

lull  (0) 


li  ill  fii  • EIP'" 

A*-  l/l  111.'  ■f 


■•../(ooh,)"* 


Figime  1,  Equipotential  surfaces  for  H,.  The  cartesian  coor- 

HinalciTt^  i Y^ , Z , are  r sin  cos  , r sin  0^  sin  , and 
a'  a <x  a 'o  a ot 

r cos  0^,  respectively,  v;itli  r,  0^  defined  in  the  text.  The 
curves  are  intersections  of  V{t,9^,y^)  = E surfaces  with  the 
planes  OXjjZ^  (Fig.  la)  and  OY^Z^  (Fig.  lb).  The  origin  of 

measurement  of  E is  the  minimum  of  the  H,  diatomic  potential 
energy  curve  with  the  third  atom  removed  to  infinity.  The 
values  of  E range  from  0. 3 cV  to  1. 5 cV  in  steps  of  0. 3 cV, 
as  indicated  on  top  of  figure.  All  points  on  Fig.  la  and  those 
on  the  OZ^  axis  of  Fig.  lb  correspond  to  linear  configurations. 
Those  off  the  OZ  axis  on  Fig.  lb  correspond  to  perpendicular 
(l.c. , Isosceles®  tria-uglc)  configurations  in  which  is  the 
odd  atom. 
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In  Fig.  1 we  depict  intersections  of  the  eqiilpotential 

surfaces  with  the  OX^'2  and  OY^Z^  planes  for  the  Porter 
a a a a 

and  Karplus  (3C)  potential  function  describing  the  H,  system. 
The  OY^  axis,  perpendicular  to  the  piano  of  Fig.  la,  is  a 

three-fold  axis  of  symmetry  of  V,  due  to  the  equivalence  of 
the  three  11  atoms  and  of  the  corresponding  arrangement 
channels.  The  angle  between  any  of  the  three  axes  OZ^,  OZ^, 

and  OZ^  is  120°,  rather  than  the  usual  G0°  (34),  due  to  the 
factor  2 in  the  definition  of  6^.  It  is  this  factor  which  permits 
the  tlireo  arrangement  channels  (\  = a,P,Y)  fo  b® 

represented  equivalently.  The  lower  part  of  Fig.  lb,  in  the 
negative  half-plane,  depicts  in  detail  tlie  "transition  state" 


region  of  configuration  space  halfway  between  the 

reactant  and  A^A^  + A^  product  configurations.  At  any  energy 

E,  all  classically  allowed  pathways  leading  from  such  reagents 
to  such  products  must  pass  tlirough  Uic  region  enclosed  by  the 


corresponding  cquipotential.  The  hatched  area  on  the  bottom 
of  Fig.  Jb  s enclosed  by  the  E = O.C  cV  cquipotential.  The 
smaller  E,  the  more  confined  is  this  region  and  the  loss  can 
the  intermediate  reactive  configurations  deviate  from  col- 
linearity.  The  characteristics  of  these  "pa.ssagos"  between 


reagents  and  products  influence  significantly  the  dynamical 


properties  of  V.  For  example,  if  they  are  narrow,  the  reac- 
tion is  collincarly  dominated. 


With  the  help  of  these  symmetrized  coordinates  wc  can 
desci  lho  grapldcally  the  nature  of  the  atom-diatom  reactive 
scatioriiv;  problem  and  of  the  methods  used  for  solving  it. 
Colli.sions  of  A^  witJi  A^\.^  correspond  to  coiifigur.ations  in 

Fig.  1 initially  witli  X_  and  of  Ih.e  order  of  the  A,. A equl- 
Of  Of  hY 

librium  internuclear  distance  and  Z^  large  with  re.spcct  to 


Uiat  distance.  After  the  coMisicn  has  occurred,  Uie  system 
rebounds  into  tiiat  region  for  r.orrcaetivc  collisions,  or  moves 


to  regions  in  tlio  vicinity  of  flic  7,^  .axis  witJi  large  Z^  for 

reactive  collisions  rosnltlng  in  A,,  v A A^,  uroducts  or  the  Z 

•'  y a ■ Y 

.axis  for  A > A A„  products.  Ono  must  obtain  scattering 
y ct  f* 

wavchinclieas  which  behave  .'•.ccordip.gly  in  Ihcso  different 
regioi’f:  of  co  '.liguration  space.  Using  a time-dependent 
language,  a '.nve  pachel  approaching  the  origin  O from  tlie 
largo  Z diraclion  i.n  partially  reflected  and  partially  bifurcates 


Info  the  0/.^,  and  OZ^, 


directions  duo  to  reaction  of  A^  with 


THC  QUAfnim  DYNAMICS  OF  P.EACTIVC  COLLISIONS 


265 


either  or  respectively.  This  bifurcation  problem, 

which  encompasses  the  competition  between  these  two  reac- 
tions, is  conceptually  a rather  difficult  one  and  has  been  at 
least  partially  rc.sponsiblo  for  the  slowness  of  tlie  progress 
in  the  reaction  dynamics  of  noncollincar  systems. 


in.  COUPLKD-EQl’ATION  METHOD  FOR 
3-D  REACTIVE  SCATTERUfG 


An  approach  we  recently  u.scd  in  obtaining  accurate 
solutions  for  tlie  3-D  11  + system  (21)  is  .summarized  below. 
The  Schrbdinger  equation  for  the  triatom ic  system  can  be 
considered  to  bo  a function  of  the  six  vai'iables  Itj^  > *'x  ’ 

first  tliree  have  been  defined  in  the  previous 
section,  and  are  the  polar  angles  of  R^^  in  a laboratory- 
fixed  system  of  reference,  and  is  the  "tumbling"  angle 
between  the  instantaneous  triatom  plane  and  a fixed  reference 
plane  containing  R^^ . We  consider  vravefunctions  of  those 

six  variables  which  arc  simultaneously  solutions  of  the 
Schrfidtnger  equ.ation  and  eigenfunctions  of  the  square  of  the 
total  angular  momentum  and  its  component  along  a laboratory- 

fixed  Oz  axis.  V/e  expand  in  terms  of  the  Wigner  rotation 

functions  (35)  D^jj^  ^^X’®X’®^  spherical  harmonics 


two  distances  R 


The  resulting  coefficients  are  functions  of  the 
j^,rj^  and  satisfy  a set  of  coupled  differential 


equations.  A final  expansion  is  made  in  terms  of  local  vibra- 
tional wavefunctions,  which  are  cuts  of  tlie  rotationally  aver- 
aged potential  along  directions  transverse  to  an  appropriately 
chosen  propagation  coordinate,  which  varies  from  region  to 
region  of  the  configuration  space.  The  resulting  coupled 


ordinary  differential  equations  are  integrated  into  the  inter- 
action region  from  each  of  the  three  X arrangement  ch.mncl 
regions,  using  the  Gordon  method  (3G).  These  solutions  are 
then  smootlily  matched  along  tliree  half-planes  of  Uie  config- 
uration space  of  Fig.  1,  all  limitcd  by  tlie  OY^  axis  of  that 

figure  and  containing  the  negative  half  of  the  OZ^,  OZ^,  and 
0^  axes,  respectively.  This  matching  procedure  contains 


built  into  it  the  solution  to  the  bifurcation  problem  mentioned 
In  the  previous  section.  It  involves  using  basis  functions  for 
the  matching  which  are  localized  on  those  half-planes  but 
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when  ttken  together  are  complete  ov  r tlie  entire  or 

Yy  angular  range.  Finally,  linear  <•  inbinations  of  the  smoothly 

matched  solutions  are  used  to  obta'  the  reactance  and  scat- 
tering matrices  for  each  value  of  i’  from  which  the  differential 
and  integral  cross  sections  for  re';;tive  and  noiu-eactive 
processes  are  calculated. 


IV.  RESULTS  AND  DISCUSSION  OF  3-D  CALCUUVTIONS 


The  coupled-equation  method  described  above  was 
applied  to  the  H + If,  system  (21)  using  the  Porter  and  Karplus 
potential  energy  surface  (33)  depicted  in  Fig.  1.  In  addition 
to  distinguishable  atom  reactive  and  nonreactive  cross  sec- 
tions, calculations  were  made  of  antisymmetrized  cross  sec- 
tions correspondinfc  to  scattering  amplitudes  which  are  the 
appropriate  linear  combinations  of  the  direct  and  e.xchange 
contributions  necessary  to  make  tlm  scattering  wavefunction 
antisymmetric  'vitJi  re.spect  to  the  exchange  of  .any  two  hydro- 
gen atoms.  In  tlie  0. 40  to  0. 70  eV  range  of  total  energy  E, 
up  to  30  rotational,  4 vibrational,  and  iOO  total  basis  functions 
were  found  necessary  for  convergence  of  the  results  for  each 
J to  within  5%.  Convergence  of  tlie  reactive  differential  cross 
sections  required  all  values  of  J from  0 to  about  12. 


The  J = 0 reactive  probabilities  have  a dependence  on 
energv  very  similar  to  that  of  Die  corresponding  coplanar  and 
collinoar  ones,  over  several  orders  ot  magnitude  of  the  pi-ob- 
abilitics.  These  ciu’vcs  .ire  shifted  towards  higher  energies 
by  about  0.05  eV  in  going  from  1-D  to  2-D  and  from  2-D  to 
3-D  probabilities,  probably  duo  to  tlie  zero  point  energy  .stored 
in  the  bending  mode  of  the  transition  state.  Tliis  behavior 
suggests  how  3-D  prob.abilitios  can  be  obtained  approximately 
from  1-D  ones  for  tliis  collinearly  dominated  reaction  (21). 


In  Fig.  2 we  present  the  distinguishable  a*om  integral 
reaction  cross  sections  Qq^  from  the  ground  v’brational  .5tate 

and  initial  rotational  state  j (j  = 0, 1, 2)  of  the  reagent,  as  a 
function  of  E,  for  several  calculations:  the  converged  (21)  (SK), 
the  hindrod  rotor  (22)  (EW)  and  tlie  quasi-classical  (37)  (EPS) 
ones.  The  latler  agree  quite  well  with  the  SK  cross  .sections 
for  j = 0 and  1,  at  energies  .above  the  effective  quasi-classical 
threshold.  Tills  agreement  was  to  bo  e.apcclcd,  since  il  liad 
already  been  observed  for  the  coUinoar  reaction  (38).  As  a 
consequence  one  obtains  near  cqu.alitj’  in  the  :>K  quantum  and 
KPS  qvinsi-classlcal  tlicrinal  rale  constant.s  at  COO'K.  At 
lower  temperatures  die  effects  of  tiiiinelbig  become  very 
imporbuit,  and  the  SK  r.ato  constants  are  larger  than  the  KPS 
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FI  wire  2.  Comparison  of 
Integral  reactive  cross  sec- 
tions from  several  II  * H, 
calculations. 


Figure  3.  Antisymmetrized 
3iftcrential  cross  sections 
and  their  sum  in  the  helicily 
representation. 


ones  by  factors  of  3. 2 and  18  at  300 'K  and  200 "K  respective- 
ly (21).  The  EW  Qqq  results  have  been  recently  decreased, 

bringing  them  to  within  approximately  15%  of  the  SK  ones  (39). 
Tht  one  vibrational  basis  function  integro-differcntial  equation 
results  of  Wolken  and  Karplus  for  the  antisymmetrized 

Qj  cross  section  have  an  effective  threshold  about 

0.05  eV  lower  than  the  SK  ones  and  rise  mucli  more  rapidly 
with  energy.  This  is  probably  due  to  the  severely  truncated 
nature  of  theii*  vibrational-rotational  basis  set.  The  Clioi  and 
Tang  distorted  wave  calculation  (40),  done  at  a higher  energy, 

seems  to  fall  on  an  extrapolation  of  the  SK  Qqq^  01 

A 

In  Fig.  3 we  plot  the  antisymmetrized  <2ooo-03m' 

para  — ortho  differential  cross  sections  as  well  as  their  siim, 
as  a function  of  scattering  angle  for  ) nijj  = 0 through 

3.  We  see  that  the  mj  = 0 cross  section  is  backward  peaked  and 

that  it  dominates  over  the  otliers.  This  highly  nonstatistical 
behavior  of  the  polarization  of  the  products  is  the  manifesta- 


I 
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tlon  of  an  rOj  = 0 to  mj  = 0 quasi-selection  rule  for  low  j which 

has  been  proposed  (21)  for  collincarly  dominated  reactions, 
due  to  maximum  atom-diatom  collinear  overlap  for  those 
values  of  m^  and  mj.  In  contrast,  the  degeneracy-averaged 

(i.  c, , summed  over  mj  and  averaged  over  nij)  product  rota- 
tional distributions  can  bo  fitted  to  temperature-like  distribu- 
tions to  a high  degree  of  accuracy,  indicating  a statistical- 
type  behavior.  The  corresponding  rotational  temperature 
parameters  increase  nearly  linearly  with  energy  from  228®K 
at  E = 0.  45  eV  to  446 ‘’K  at  0. 70  eV. 

The  degeneracy-averaged  antisymmetrized  para  -para 
differential  cross  sections  to  which  only  exchange 

collisions  contribute,  arc  smooth  backward  peaked  functions 
of  the  scattering  angle.  In  contrast,  the  Ooo_o2  para -ortho 

cross  sections  are  peaked  sidew.ays,  due  to  tlie  large  contribu- 
tion from  direct  processes,  and  display  an  oscillatory  behavior 
as  a function  of  the  scattering  angle,  due  to  tlie  interference 
between  tlie  direct  and  exchange  scattering  amplitudes,  both 
of  whicli  contribute  to  tliis  cross  .section.  The  backward- 

peaked  shape  of  the  differential  cross  section  for  the 

copkanar  reaction  at  an  energy  E is  essentially  identical  to  the 
one  for  the  3-D  reaction  at  an  energy  K + 0.05  cV  over  the 
entire  energy  range  considered.  Tlie  energy  shift  again  sug- 
ge.sts  an  effect  of  the  bending  energy  of  the  transition  st.ate. 

The  agreement  in  these  angular  di.striliutions  is  not  unexpected, 
since  tlie  same  potential  is  sampled  in  both  cases  and  the 
primary  difference  between  the  two  calculations  is  tlie  addi- 
tional centrifugal  coupling  resulting  from  the  tumbling  of  the 
tlireo-atom  plane.  The  existence  of  Uic  strong  product  polar- 
ization effect  mentioned  above  indicate.;  that  sucli  coupling  is 
weak  compared  'villi  the  potential  coupling  responsible  for  the 
linear  geometry  rec(uircmcnt.  This  suggests  a close  similarity 
between  the  2-1)  and  .3-0  dynamics  and  conversion  of  2-0  re- 
sults to  3-D  ones  promisc.s  to  bo  an  accurate  approximate 
technique.  Another  proini.sing  approximation  is  the  neglect  of 
the  veak  coupling  between  different  lumbUng  angular  momenta, 
uiiich  reduces  the  numerical  effort  in  a 3-D  reactive  sc.attcr- 
ing  calculation  to  that  of  a 2-b  one. 


V.  RESONANCES  IN  REACTIVE  SCATTERINC 

For  Ihc  H !•  Ifj  syslum,  reactive  scalterLag  resonances 
have  been  oijsorved  in  collino.ar  (10),  coiilaiiar.  aiul  3-D  colU- 
sion.-v  (41).  In  Fig.  4 wo  depict  the  reaction  pr('b.aJ>ilitie.s  for 
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Ihcso  three  kinds  of  collisions.  As  r.anl>c  seen,  a dip  appcar.s 


I,  l«»l 


Fitture  4.  Collinear  (J-H),  coplan.ir  (2-D),  and  Ihree-riinicn- 
sion’aTTeactlon  (S-D)  reaction  probabilities  as  a function  of 
total  encrjry  F and  translational  energy  Ej,.  Tlie  noncoHinear 
results  have  been  summed  o%’cr  all  product  rotational  states 
within  tlie  product  vibr.ational  manifold  indicated. 


in  the  vibrationally  elastic  reaction  probability  curves  (left 
side  panel)  and  a peak  in  the  vibrationally  inelastic  oiics  (right 
side  panel).  For  the  l-D  case,  a time-delay  analysi.s  indi- 
cates (16)  that  this  structure  is  due  to  intcrfcrcnco  between  a 
direct  mechanism  and  a compound  state  one  associated  wiUi 
an  Internal  excitation  dynamical  (I'cslibach)  reson.'ince.  A 
vibrationally  adiabatic  analysis  (4?,)  of  the  collinear  resonance 
indicates  that  in  the  region  of  the  potential  energy  function 
saddle  point  and  at  the  rc.sonancc  energy  the  system  has  a 90% 
probaliility  of  being  found  iri  the  first  viorationally  excited 
state  of  tlie  transverse  (symmetric  stretch)  internally  excited 
mode  of  motion.  This  indicates  that  trapping  of  the  energy  in 
this  mode  is  responsible  for  the  resonance.  Estimates  of  the 
cnerCT  dependence  of  the  integral  cross  section  for  the  reac- 
tion from  the  ground  vibrational-rotational  state  of  the  reagent 
to  the  first  vibrationally  excited  state  of  the  product,  for  3-D 
collisions,  is  similar  to  that  of  the  corresponding  J = 0 reac- 
tion probability,  depicted  in  tlie  right  panel  of  Fig.  4,  and  has 
a peak  value  of  0.05  bohr*.  Therefore  tlie  partial  wave  and 
product  rotational  state  sums  involved  in  tlic  calculation  o.‘ 
this  cross  section  do  not  wash  out  the  resonances  observed  in 
collinear  collisions,  at  least  for  Uic  present  collincarly  domi- 
nated reaction.  This  Is  the  first  time  that  a resonance  has 
been  predicted  for  a 3-D  reaction  whose  potential  energy  func- 
tion docs  not  have  an  attractive  well.  Since  Fcslibach  reso- 
nances have  also  been  delected  in  collinear  calculations  for 
the  collincarly  dominated  F + H,  (Dj,HD)  (17)  and  Cl  + H, 
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(last  o(  Ref.  18  papers)  reactions  (usin"  potential  enerjjy 
surfaces  devoid  of  wells),  it  is  quite  possible  that  such  reso- 
nances may  exist  for  these  reactions  in  the  real  world  as  well 
The  shift  in  tlie  position  of  the  1-D,  2-D,  and  3-D  resonances 
of  Fig.  4 is  approximately  equal,  once  more,  to  the  zero- 
point  energy  of  the  bending  mode  of  tlic  transition  state.  This 
suggests  how  the  position  of  1-D  resonances  could  be  used 
to  predict  where  the  3-D  ones  should  lie  for  collinearly  domi- 
nated reactions.  In  going  from  the  SSMK  potential  energy 
surface  used  in  the  study  of  Ref.  16  to  the  Porter  and  Karplus 
one  used  in  Ref.  41,  the  width  of  the  1-D  H + H,  resonance 
being  considered  decreases  from  about  0.05  eV  to  0.022  eV, 
indicating  a great  sensitivity  of  the  properties  of  the  reso- 
nance to  the  shape  of  the  potential  energy  surface.  As  a 
result,  resonances  may  prove  a sensitive  probe  for  the  expert 
mental  characterization  of  potential  encrp:y  surfaces  and  for 
the  development  and  testing  of  approximate  reaction-dynamic 
theories. 


VI.  ELECTRONTCALLY  NONADIABATIC 
CHEiMICAL  REACTIONS 

Partly  as  a result  of  the  possibility  of  developing 
chemical  lasers  involvinf;  electronic  state  population  inver- 
sions,  interest  in  the  theoretical  understanding  of  electronic- 
ally chemiluminescent  reactions  has  recently  increased.  A 
particular  example  is  the  Da  + N-O  - BaO  + N,  reaction,  in 
which  the  BaO  m.ay  be  foriucd  in  an  eloctronic.'illy  excited 
state  (43-45).  No  accurate  theoretical  calculations  for  such 
electronically  nonadiabatic  reactive  processes  have  yet  been 
attempted.  A classical  trajectory-hepping  scheme  has  been 
develcpod  and  applied  to  the  11+  + D,  - lfD+  + D reaction  (46). 
In  addition,  a .somi-c>as.sical  description  of  such  reactions 
based  on  the  Feymnan  pri:pagator  has  been  formu'aled  and 
applied  to  thi.-i  same  rcuc.lion  (47).  As  a moan.s  of  as.scssing 
the  validity  of  these  approximate  schemes,  an  accurate  two- 
pi.'lential  energy  surface  collineav  reactive  scattering  calcu- 
lation method  was  developed  and  applied  to  a simplifiecl  model 
of  the  Ba  + I'UO  — DaO  + N,,  reaction  (*18),  These  calculations 
indicate  that  a subslantial  fraction  of  the  BaO  product  can 
indeed,  for  thi.s  model,  bo  produced  in  an  electronically 
excited  state.  These  accurate  collinear  calculalinns  can  now 
bo  used  to  to.st  the  validity  of  approximate  ones  for  the  same 
potential  energy  surfaces. 
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Vn.  SUMMARY 

Substantial  pronrcss  lias  occurred  over  (ho  last  few 
years  In  tlio  development  of  accurate  3-D  quantum  mechanical 
mctliocis  for  calculating  cross  sections  of  electronically  adia- 
batic reactions.  Out  of  such  calcul.atlons  have  cmerr.ert  pre- 
dictions of  a product  polarization  quasi-selection  rule  and  of 
the  avistcnce  of  Feshbach  resonances  for  collincarly  domi- 
aated  reactions.  Such  predictive  ability  is  indicative  of  the 
vigor  of  the  field.  Progress  has  also  been  made  in  the  calcu- 
lation of  electronically  nonadi.abatic  reaction  cross  sections. 
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AN  EXACT  QUANTUM  STUDY  OF  VIBRATIONAL  DEACTIVATION 
BY  REACTIVE  AND  NONREACTIVE  COLLISIONS 
IN  THE  COLLINEAR  ISOTOPIC  H + FH  SYSTEMS* 

Gaorgi  C.  Schitz  ind  Aron  Kupparmann 
Arthur  Amoi  Noyn  Laboratory  of  Chamical  Phyiicif 
California  Inititute  of  Tachnology 
Paiadana,  California  91125 

The  success  of  Che  HF  chemical  laser  depends  to  a large  extent  on 
the  relative  rates  of:  (1)  the  F + H2  pumping  reaction  which  produces 
vlbratlonally  excited  Hf(v),  and  (2)  the  deactivation  of  HF(v)  by 
collisions  with  H2,  F,  H,  buffer  gas,  and  ilF  Itself.  Although  Che 
, deactivation  of  HF  by  H2 1'  F,^  and  HF^  has  been  both  experimentally  and 
theoretically  well-characterized  with  generally  good  agreement  between 
experiment  and  theory,  the  situation  Is  far  less  satisfactory  for 
H + FH  and  Its  Isotopic  counterparts,  D + FD,  H + FD,  and  D + FH.  The 
three  experimental  determinations  of  the  H + FH  (v  ■ 1)  deactivation 
rate^r'lib  give  rate  constants  at  300°K  of  < (7  ± 4)  x IflU,^  S 9 x 
10^,^  and  (1.4  + 0.4)  x 10^^  cm^ /mole-sec, 5 thus  disagreeing  with 
one  another  by  amouncs  well  outside  their  respective  error  limits. 
Agreement  .with  the  results  of  a theoretical  (classical  trajectory) 
calculation  of  this  rate  constant  Is  no  better  with  a predicted  value 
of  2.2  X 10^2  cm^ /mole-sec  at  300°K.  Similar  experimental  and  theoreti- 
cal comparisons  of  the  rate  constants  fur  the  deactivation  of  D -f  FD 
(v  - 1),  D + FH  (v  " 1),  and  H + FD  (v  ■ 1)  ore  also  poor.h 

The  approximation  of  classical  dynamics  has  been  analyzed  In  detail 
for  the  F + H2^  and  F + D2®  reactions,  and  Its  most  important  conse- 
quences for  reactive  collisions  were  found  to  be  an  Inadequate  deserrp- 
tlon  of  resonances,  neglect  of  tunneling,  and  dynamical  threshold 
effects.  In  considering  vibrational  deactivation  processes,  we  must 
also  examine  the  validity  of  the  quasi-class  leal  prediction^  that  multi- 
quantum  jump  transitions  arc  extremely  important  In  deactivating 
coHisj.'ns  (both  nonrcactlve  and  reactive)  for  H + FH.  If  true,  it 
could  be  Important,  for  It  would  mean  that  H atoms  can  be  very  efficient 
deactivators  of  HF.  In  addition,  much  of  the  theoretical  analysis  is 
predicated  on  the  assumption  of  the  dominance  of  single  quantum  jump 
transitions.® 
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In  this  paper  we  examine  the  dynamics  of  reactive  and  nonreactlve 
H -f  FH  and  Its  Isotopic  counterparts  using  accurate  <iuantum  mechanical 
methods.  In  all  calculations  we  restrict  our  considerations  to  collinear 
collisions,  an  approximation  which  renders  the  cjuantum  mechanical 
problem  tractable  while  still  retaining  many  of  the  Important  dynamical 
features  of  the  three-dimensional  (3-D)  world.'*^*'’ 

The  potential  energy  surface  used  was  Hickerman's  Surface  Flve^^>^^ 
whose  1£FS  parameters  are  given  by  Schatz  et  al.^  This  surface  has  a 
barrier  height  of  1.23  kcal/mole  for  the  collinear  F + FH  HF  + H 
exchange  react. Ion.  Recently,  Bender  et  al.'^  have  shown  that  this 
barrier  Is  seriously  in  error,  the  correct  value  being  estimated  at 
about  40  kcal/mole.  The  present  results  may  nevertheless  be  <iuallta- 
tlvely  correct  if  the  tjuantum  number  of  the  Initial  vibrational  states 
considered  are  increased  so  as  to  place  these  states  above  the  correct 
barrier.  Those  features  of  the  results  depending  on  the  atomic  masses 
(such  as  the  skew  angle  between  the  coordinate  axis  in  terms  of  which 
the  kinetic  energy  operator  Is  diagonal)  should  be  correct.  Calcula- 
tions of  the  effect  of  barrier  height  on  these  results  are  in  progress 
and  will  be  presented  elsewhere. 

The  method  used  In  the  calculation  was  a coupled-channel  propaga- 
tion technique’s  previously  applied  to  H + H2,’®  F + and  F + D2.® 

Convergence,  conservation  of  flux,  and  microscopic  reversibility  indi- 
cate that  the  results  are  accurate  to  IZ  or  better. 

The  transition  probability  from  vibrational  state  v of  the  reagent 
to  state  v'  of  the  product  is  denoted  by  the  ByBd>ol  F^i  for  reactive 
collisions  and  by  P^i  for  nonreactlve  ones.  Figures  1 through  3 
display  the  reactive  and  nonreactlve  probabilities  P3v*  (v*  " 0,1,2)  as 
a function  of  the  relative  kinetic  energy  E3  of  the  reagents.  In  all 
these  figures,  reactive  probabilities  exceed  the  nonreactlve  ones  in 
the  l<x/  kinetic  energy  region  important  for  thermal  rate  constants. 
Furthermore,  the  multiquantum  Jump  probabilities  are  of  the  same  magni- 
tude as  the  single  quantum  Jump  ones.  Similar  results  ere  obtained  for 
V - 2. 

R V 

Figures  4 and  5 depict  several  of  the  k^^i  and  K^i  collinear  rate 
constants  for  H + FH.  They  Indicate  that  the  reactive  rate  constants 
are  in  general  significantly  larger  than  the  nonreactlve  ones.  Figure  6 
ahtXifs  the  total  deactivation  rate  constants  k^  and  k^.  At  300®K,  the 
ratio  k"/k^  Is  8.3  for  v ■ 1,  6.5  for  v ■ 2,  and  3.5  for  v ■ 3.  Figure  7 
contains  Arrherlus  plots  of  k^p  and  kYp  for  H + FH,  D + FD,  H + FD,  and 
D + FH,  which  Indicate  that  substitution  of  H by  D does  not  qualitatively 
affect  these  results,  except  for  the  H -f  FD  system. 

In  suamary,  for  all  transition  probabilities  and  rate  constants  the 
reactive  mechanism  dominates  over  the  nonreactive  one  In  producing 
vibrational  deactivation.  This  result  is  apparently  of  general  validity 
over  a wide  range  of  Impact  parameters  since  the  same  conclusions  (even 
the  same  ratios  of  rate  constants)  were  obtained  by  Wilkins^  in  his  3-D 
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classical  calculations.  Secondly,  multlquantum  Jump  transition  proba- 
bilities are  comparable  In  magnitude  to  single  quantum  jump  transition 
probabilities.  This  is  clearly  a consequence  of  the  use  o£  a reactive 
potential  energy  surface  since  the  analogous  H + KF  results  (for  a 
surface  which  is  nonreactlve  at  the  energies  considered)  indicate  that 
single  quantum  jump  transition  probabilities  are  orders  of  Mgnltude 
larger  than  all  others.  Finally,  we  should  reiterate  that  the  potential 
energy  surface  used  Is  of  questionable  validity  because  of  Its  low 
barrier  height,  but  that  similar  results  may  still  be  obtained  for 
higher  barriers  for  those  reagent  vibrational  states  which  lie  above 
the  barrier. 
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Figure  1.  Trensltion  probabilities  P^g  end  P^g  for  H FH  as 
a function  of  the  reagent  relative  translational  energy  Ej. 
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Dynamical  Resonances  in  Collinear,  Coplanar,  and  Three-Dimensional  Quantum 
Mechanical  Reactive  Scattering* 

George  C.  Schatzt  and  Aron  Kuppermann 
Arthur  Amos  Soyrs  Laboratory  of  Chemteat  Physics,  California  InstUvis  of  Technology, 
Pasadena,  California  91125 
(Received  27  Xlay  1975) 

We  preecot  resulte  of  ooe*t  tsro^,  end  three^tmeoslonal  calculetloos  for  the  H H|  er- 
cheage  reaction  which  provide  the  first  evidence  for  d>’oamlcal  internal  eacliation  (Feab- 
bach)  resonances  lo  chemical  reactions  using  ooncoUloear  calculations.  The  change  of  the 
resonance  energy  and  width  with  colilslon  dimensionality  and  with  total  angular  momentum 
Is  analyzed  and  Indicates  the  existence  of  observable  effects  on  ccrtalr  reactive  cross  sec- 
tions. 


i 

! 
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Internal  excitation  resonances  have  been  ob- 
served in  a large  number  of  diverse  collision 
phenomena  including  w-p  scattering,'  electron- 
atom  and  electron-molecule  scattering,’  and 
(theoretically)  rotationally  inelastic  atom-mole- 
cule scattering,’  but  they  have  yet  to  be  detected 
in  atom-diatom  reactive  scattering  experiments. 
Their  existence  has  previously  been  established 
theoretically  only  in  collinear  models  of  these 
simple  chemical  reactions.'"*  The  results  of 
those  collinear  calculations  indicate  that  these 
resonances  are  responsible  for  oscillations  in 
the  reaction  probabilities  near  the  resonance  en- 
ergies through  their  interference*  with  the  direct 
mechanisms.  However,  because  of  partial-wave 
averaging,  it  was  not  known  whether  such  reso- 
nances would  exist  In  the  three-dimensional 
(3-D)  world.  We  present  here  the  results  of  ac- 
curate quantum  mechanical  calculations  for  1-D, 
2-0,  and  3-D  collisions  for  the  historically  im- 
portant H + H,  exchange  reactioi  which  provide 
the  first  evidence  for  dynamical  resonances  In 
chemical  reactions  for  noncollinear  systems. 

An  understanding  of  the  relation  between  the 
characteristics  of  such  reson.-inces  and  the  na- 
ture of  the  potential  surfaces  which  give  rise  to 


them  may  prove  sensitive  probe  in  the  experi- 
mental charade,  .ation  of  these  surfaces  and  in  | 

the  development  nd  testing  of  approximate  reac-  I 

tion-dynamic  theories.  j 

The  methods  used  for  solving  the  SclirtSd!  1 

equation  for  the  collinear,  coplanar,  and  three-  ! 

dimensional  H . H,  collisions  are  the  same  as 
those  we  developed  and  used  previously.*""  In  ' 

order  to  obtain  accurate  results  in  the  2-D  and  1 

3-D  calculations  at  the  relatively  high  energies 
at  which  the  resonances  were  found,  quite  large 
vibration-rotation  basis  sets  were  required,  in- 
volving five  or  six  vibrations  and  rotational  quan- 
tum numbers  > '0-6  to  ; = 0-9  for  each  vibration 
for  a total  of  sixty  coplanar  channels  (for  all  val- 
ues of  total  angular  momentum  quantum  number 
J),  and  40  to  90  {J  =0, 1)  3-D  channels.  For  most 
of  these  noncollinear  calculations,  tests  of  con- 
servation of  flux,  microscopic  reversibility,  and 
invariance  with  respect  to  number  and  choice  of 
expansion  functions  Indicated  convergence  of  5 to 
10%  although  a few  poorer  results  (20%)  were  in- 
cluded. The  collinear  results,  for  which  ten  vi- 
brational basis  functions  were  used,  are  accu-  i 

rate  to  0.5%  or  better.  The  Porter-Karplus"  po- 
tential energy  surface  was  used  for  all  calcula-  : 
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tlons. 

The  reeultlng  1-D,*’  2-D,  and  3-D  reaction 
probabilities  P*,  defined  In  the  figure  caption, 
are  plotted  as  a function  of  the  total  energy  E In 
Fig.  1.  It  can  be  seen  that  all  vibratlonally  elas- 
tic probabilUles  in  Fig.  1(a)  show  a similar  be- 
havior, rising  from  an  effective  threshold  ener- 
gy  value  of  E for  which  =0.01 ) to  a 

relatively  flat  plateau,  and  dipping  later  to  a 

E,  (.V) 
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FIO.  1.  C^Ulnasr  (1-D),  coplanar  (2-D),  tod  threc- 
diineosloDtl  (3-D)  rescttoo  probabilities  for  the  H • 11} 
exchtoge  retctioa  ts  a functloo  of  the  total  eoerg)’  E 
and  relaltve  tracalatioBal  energy  £(.  and 

are  the  coUlnetr  reaction  pro>>tblllties  from  r • 0 of  the 
reagent  H)  to  v'  = 0 and  e'^l,  reapectlvely,  of  the  pro- 
duct H,.  and  rre  the  2-D  or  3-D  (as 

apeclflod)  retctloo  probabilities  for  the  total  angular 
momentum  J • 0 partial  »ave  from  v = 0,/»0ofthe  rra- 
gent  H]  to *'-0  and  ■’'•I,  rcapecttvely,  of  the  product 
H|  summed  over  all  product  rotational  states  adthlu  a 
glues  vibrational  manifold,  (a)  The  vibratlonally  elas- 
tic reaUon  probabllltlea,  (b)  the  vibratlonally  Inelastic 
owe.  The  points  actually  computed  are  Indicated  by 
geometrical  aymbols.  Arrow  In  abscissa  lodlcatea  the 
energy  at  which  the  i>  • 1 atate  o'  H,  becomes  accesal- 


minimum  at  an  energy  P,.  Tlie  values  of  P,),,, 
are  0,420,  0.470,  aial  0.525  eV  and  oi  £,  arc 
0.873,  0.922,  and  0.975  eV  for  the  1-0,  2-D,  and 
3-D  systems,  respectively.  The  v'bratlonatly 
Inelastic  P"  of  Fig.  Kb)  are  also  analogous  to 
one  another  and  display  maxima  at  the  same  en- 
ergies £,  for  which  the  vibratlonally  elastic  ones 
show  minima.  In  a previous  study,*  we  used  a 
delay-time  analysis  (for  a slightly  different  H 
+ H,  potential  energy  surface*)  to  show  that  the 
minima  and  maxima  in  (he  1-D curves  are 
the  result  of  resonances.  Since  there  are  no  at- 
tractive wells  In  the  H + H,  potential  surfac**.  It 
Is  Inferred  that  these  are  internal  excltallon 
(Fcschbach)  resonances.  This  Inference  Is  con  - 
firmed for  the  1-D  casp  by  a vibratlonally  adia- 
batic anal.vsis'*  In  which  (he  8catter(ng  wave  func- 
tion from  the  i-  = 0 reagent  state  Is  expanded  In 
terms  of  the  bound-slate  eigenfunctions  of  cuts 
of  the  potential  surface  tra’  averse  to  the  reac- 
tion coordinate.  In  the  region  of  the  saddle  point 
this  analysis  Indita^es  that  at  the  resonance  en- 
ergy the  system  has  a 9(U  probability  of  being 
found  In  the  u = 1 stale  of  this  transverse  (sym- 
metric stretch)  internally  excited  mode  of  motion 
(I.e.,  that  the  energy  Is  "trapped"  In  this  mode). 
The  physical  situation  In  the  2-D  and  3-D  sys- 
tems Is  analogous  to  the  1-D  one,  and  since  the 
reaction  probabilities  in  Fig,  1 for  all  these  sys- 
tems show  similar  dips  and  peaks,  we  conclude 
that  all  three  correspond  to  a Feshbach  reso- 
nance centered  «t  the  values  of  £,  given  above, 
and  with  approximate  widths  of  0.022,  C.04S,  and 
0.035  eV  for  the  1-D,  2-D,  and  3-D  case..,  re- 
spectively. The  P„_,*(3-D,J  = 0)  reaction  prob- 
ability Is  dominated  by  this  resonance  at  ener- 
gies within  0.1  eV  of  tlie  elfectlve  threshold,  in 
spite  of  the  sum  over  all  product  rolatlonal  states. 

The  change  In  resonance  energy  with  dimen- 
sionality Is  almost  Idcniical  to  the  corresponding 
change  In  the  effective  thresliold  energies  and  Is 
In  the  range  0.050  to  0.055  eV  for  both  the  1-D  to 

2- D  and  2-D  to  3-D  shifts.  These  shifts  agree 
with  previous  esllmatcs’*  of  the  additional  rcro- 
polat  "bending”  energy  which  must  be  put  Into  the 
trlalomlc  motions  of  the  coplanar  and  3-D  transi- 
tion states.  This  Indicates  that  these  resonances 
are  influenced  by  the  potential  energy  surface  In 
the  e'rong  Inter. action  region.  Doth  coplanar  and 

3- D  calculations  Indicate  that  the  resonance  has 

a significant  effect  only  on  the  .7  = 0-7  partial 
waves  (which  appears  to  coincide  with  (he  range 
of  J for  which  Koo-i*  **  significant),  whereas 
nonnegllglble  reaction  probabilities  are 
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fixuid  for  the  vider  J ranpe  0-17.  So  sif^uficant 
change  of  either  resonance  energy  or  width  with 
the  qttantv'n  mnnher  J was  detected  for  the  2-D 
system.  '*  This  very  important  result  is  probably 
due  to  the  dominant  character  of  potential  (rath- 
er tha<i  anf'ular  momentum)  coupling  in  the  re- 
gion of  strong  interaction,  and  suggests  that  the 
partial-wave  sum  present  in  the  expressions  for 
the  reaction  cross  sections  will  not  eliminate  the 
effect  of  the  individual  partial-wave  resonances. 
From  the  width  of  the  3-D  resonance  we  estimate 
a lifetime  of  3.axl0''*  sec  (corresponding  ap- 
proximately to  2-3  transition-state  symmetric 
stretch  vibrations),  about  of  the  1-D  lifetime. 

A crude  estimate  of  the  effect  of  the  resonance 
on  the  integral  cross  section  for  fhe  reac- 

tion between  distingutsh.able  atoms  in  three  di- 
mensions can  readily  be  obtained  by  a simple  in- 
terpolation procedure.  The  shape  of  the  coplanar 
P„..i*(J)  curve  both  on  and  off  resonance  as  a 
function  of  J has  a very  simple  monotonically  de- 
creasing form  which  is  quite  similar  in  appear- 
ance to  the  shape  of  Poo-o*W)  at  lower  coliisior. 
energica.  Uicomplete  3-D  calculations  for  the 
3-DP„o,,*(J)  curve  indicate  that  an  analogous 
comparison  with  the  lower  energy  Poo-o*  curves 
is  valid.  We  have  therefore  used  these  3-D 
Poo-.o*W)  curves  along  with  the  accurately  known 
J -0,t  values  of  Pb,  t and  its  J = 7 cutoff  to 
interpolate  the  rem.ilning  Poo-i*('ft  needed  for  a 
cross-section  calculation.  The  reactive  cross 
section  obtained  in  this  m.anner  shows  an  energy 
dependence  similar  to  th.at  of  Poo-i*(>f  = 0)  of  Fig 
1(b),  with  a pe.ak  v.aiue  of  0.014  A’  at  the  reso- 
iiance  energy.”-  ’*  To  estimate  the  effect  of  the 
resonance  on  the  angular  dependence  of  the  dif- 
ferential reactive  cross  sections  (o^  and 
<7oo-i*^  note  that  below  the  resonance  ener- 
gy, this  dependence  shows  no  oscillations  and  is 
backward  pe.aked.‘‘  At  the  resonance  energy, 
one  should  expect  oscillations  to  develop  as  a re- 
sult of  the  interference  between  direct  .md  reso- 
nance mechanisms.”-” 

We  conclude,  in  summary,  that  dynamical  res- 
onances do  inC,  (>d  exist  in  nonccllinear  H and 
can  cause  nonncgligible  effects  on  observable  re- 
action cross  sections.  Such  resonances  are 
bound  to  exist  in  other  reactions  also,  as  they 
have  already  been  detected  in  colline.ar  calcula- 
tions tor  F + Hj  (D,.  HD)”  and  Cl  ♦ H,,*’  whose 
potential  energy  surfaces  also  do  not  have  attrac- 
tive wells.  An  understanding  of  the  circumstanc- 
es that  give  rise  to  Feshbach  resonances  c.in 
play  an  important  role  in  the  improvement  of  our 


knowledge  of  reactive  collision  dynamics.  Since 
classical  trajectory  methods  do  not  Include  the 
interference  effects  associ.oted  with  the  reso- 
nances, nor  do  most  semiclasslcal''- *’  and  ap- 
proximate quantum  methods,”  a theoretical  3-D 
tre.atment  of  reson.onces  for  most  other  chemi- 
cal re.actlons  will  require  the  development  of 
better  approximate  techniques,  and  the  results 
presented  here  should  be  valuable  in  this  endeav- 
or. In  addition,  accurate  quan.  im  mechanical 
results  (be  they  1-D,  2-D,  or  3-D)  can  serve  as 
a useful  predictive  guide  in  the  experimental 
seTCh  for  dynamical  resonances,  and  it  is  hoped 
that  the  present  paper  will  stimulate  such  a 
search. 
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A melbod  is  presented  for  sccuralely  solving  the  Schrodinger  equslion  for  the  reactive  collivion  of  an 
atom  with  a diatomic  molecule  on  a space-fised  plane.  The  peocedure  consists  primarily  of  lao  steps  First, 
the  Schrodinger  equation  m each  of  the  three  anangement  channel  regions  is  transformed  into  a set  of 
coupled  ditTerenlial  equations  and  numerically  integiated  in  each  of  these  regums  to  generate  pnmttive 
solutions.  The  rotational  pan  of  the  vibration-rotation  basn  functions  involved  is  not  changed  from  its 
asymptotic  form  duntig  this  propagation,  but  the  vibrational  eigenfunctions  as  well  as  the  integration 
variable  are  changed  periodically  so  as  to  follow  the  vtbtational  motions  in  a nearly  adishatic  manner  In 
the  second  step,  the  pnmitive  solutions  generated  in  each  of  the  three  arrangement  channels  are  smoothly 
matched  to  each  other  on  a set  of  appropriately  chosen  matching  sutt.ces  The  resulting  solutions  are  then 
bnearly  combined  to  uttsly  the  proper  asymptotic  boundary  conditions,  and  the  scattering  matns. 
scattenng  amplitudes,  and  cross  sections  are  determined.  Application  of  this  procedure  to  the  special  case 
of  the  H 4-  H]  reactKui  is  discussed  in  detail  including  simplifications  arising  from  the  additional  symmetries 
involved,  and  the  inclusion  of  cfTects  resulting  from  indistinguishabilily  of  idenlicaJ  particles. 


I.  INTRODUtrriON 

In  recent  years,  much  Interest  has  developed  in  the 
ad  initio  calculation  of  bimolecular  reaction  cross  sec- 
tions on  realistic  potential  energy  surfaces  by  accurate 
quantum  mechanical  techniques.  The  motivation  for 
such  calculations  has  been  to  interpret  the  results  of 
crossed  molecular  beam  experiments,  to  understand  the 
effect  of  the  relative  translational  energy  of  the  reac- 
tants and  of  their  Internal  state  on  such  cross  sections 
and  on  the  disposal  of  energy  among  the  reaction  prod- 
ucts, to  elucidate  the  role  of  direct  and  compound  state 
dynamteal  mechanisms,  to  test  the  range  and  degree  of 
Talldlty  of  approximate  reaction  models  (such  as  the 
adiabatic  and  statistical  ones),  to  develop  new  physical 
models  of  known  reliability,  to  examine  the  currectiicEs 
of  the  dynamical  assumptions  of  transition  stale  theory, 
to  establish  the  conditions  of  applicability  of  the  quasl- 
classiral  trajectory  calculations  and  of  semiclassical 
Improvements  thereof,  and  last,  but  not  least,  to  make 
detailed  qualitative  and  quantitative  predictions  from 
first  principles  about  reactions  difficult  to  Investigate 
experimentally. 

Owing  in  part  to  the  lack  of  appropriate  numerical 
techniques  and  to  limitations  of  the  memory  size  and 
computational  speed  and  cost  of  present-day  large  com- 
puters, most  of  these  quantum  ealculallons  so  far  have 
been  performed  for  collinear  atom-diatom  reactions. 

In  recent  years,  several  attempts  have  been  made  In  do 
calculations  for  nonlinear  Iriatomic  systems.  Saxon 
and  Light'*  and  Allenberger-Siczek  and  Light"  have  In- 
TCBtigated  the  coplanar  H « ll|  exchange  reaction  by  a 
coupled-channel  technique  which  excluded  closed  vibra- 
tlonal  channels,  Wolken  and  Karptus"  have  made  a 
study  of  this  s.ime  reaction  In  three  dimensions,  also 
Ignoring  closed  vibrational  channels.  Wyatt  and  co- 
workers"  have  developed  techniques  which  include 
closed  vibrations  in  calculations  on  one  and  two  reac- 
tion path  alom  plus  dialem  reactions,  and  Klkowitz  and 
Wyatt"*  have  applied  these  methods  to  the  three-dimen- 
sional H • H|  rea.-tior-  Harr  a-nd  kcwiri''  have  fade 


converged  calculations  In  three  di.Tienslons  on  a model 
(one  reaction  path)  triatomic  system  In  which  one  of  the 
atoms  was  assumed  Infinitely  heavy  and  In  which  the 
simple  potential  used  allowed  a partially  analytic  treat- 
ment. 

In  an  earlier  communication, " we  presented  prelimi- 
nary results  of  the  first  fully  converged  quantum  me- 
chanical calculation  for  a copUmar  reactlan  on  a realis- 
tic electronically  adiabatic  potential  energy  surface, 
that  for  II  V if,.  These  results  Indicated  that  the  quan- 
titative differences  between  cafcufaflons  In  which  closed 
vibrations  arc  Included  and  those  for  which  they  are  not 
can  be  quite  serious.  In  this  paper,  we  will  present  a 
detailed  description  of  the  method  used  to  perform  such 
calculations.  We  will  formulate  the  method  for  a gen- 
eral atom  plus  diatomic  molecule  collision  on  a single 
reactive  potential  energy  surface  using  U*  Hg  as  a spe- 
cific example.  A detailed  description  of  the  results  of 
our  extensive  calculations  on  coplanar  H * Hg  will  be 
given  elsewhere.  “ 

T.te  method  is  based  on  an  earlier  coupled-channel 
(i.e, , close-coupling)  propagation  technique*  which  has 
been  exlrnslvrly  applied  to  the  collinear  H « Hg  and  F 
. II,  reactions,  '*  The  spirit  of  the  collmear  method  is 
to  choose  different  variables  and  different  pseudovibra- 
tional basis  functions  for  expansion  of  the  solutions  of 
the  SchrSdlnger  equation  in  different  local  regions  of  the 
(collinear)  configuration  space  so  as  to  minimize  the 
number  of  terms  needed  for  accurate  convergence  of  the 
expansions.  This  concept  is  retained  for  the  vibrational 
motion  in  our  application  of  the  method  to  coplanar  col- 
lisions. However,  the  variables  aral  basis  functions 
describing  rotational  motion  are  not  changed  (and  hence 
retain  their  asymptotic  meanings)  during  the  Integration 
into  the  interaction  region  from  each  of  the  three  sepa- 
rated arrangement  channel  regions  of  internal  conftgura- 
tlcn  . pace.  As  a resuK,  an  additional  step  is  required 
at  the  completion  of  the  tntecratior,  u winch  the  primi- 
tive solulKins  in  each  of  <u'  ttxee  arrargeartc  rhaancl 
rnpinsis  are  smikO^i  c=Atnm  ' te  «nr'  acSiet  on  a awe  tf 
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three  appropriately  chosen  surfaces  which  separ.  * 
these  three  regions.'*  The  restriction  that  the  th.  ee 
atoms  should  be  confined  to  a space-fixed  plane  was  In- 
troduced for  computational  convenience  to  test  out  the 
effectiveness  of  the  method  without  excessive  expendi- 
ture of  computlon  time.  Extension  to  reactions  in  three- 
dimensional  space  is  reasonably  straightforward  and 
has  recently  been  implemented  by  Kuppermann  and 
Schatz**  for  3D  H « H|  In  the  first  fully  converged  quan- 
tum mechanical  tre:itment  of  a chemical  reaction  on  a 
realistic  potential  energy  surface. 

In  Sec.  II  of  this  paper  we  formulate  the  SchrSdlnger 
equation  for  the  problem  and  describe  the  partial  wave 
expansion  used  to  oMaln  the  partial  differential  equa- 
tions, In  internal  configuration  coordinates,  which  must 
be  solved.  The  method  used  to  integrate  these  equa- 
tions In  the  different  regions  of  configuration  space  Is 
described  in  Sec.  ni,  and  in  Sec.  IV  we  describe  how 
we  smoothly  match  the  solutions  obtained  from  these  in- 
tegrations. The  asymptotic  analysis  is  developed  In 
See.  V,  Including  the  methods  of  calculating  the  reac- 
unce  and  scattering  matrices,  the  scatterbig  ampli- 
tudes, and  the  cross  sections.  Finally,  In  See.  VI  we 
describe  the  simplifications  and  changes  Involved  In  an 
application  of  the  method  to  the  H * H|  exchange  reaction 
due  to  the  Identlctty  of  the  three  atoms.  Including  a dis- 
cussion of  the  technique  of  antisymmetrizing  the  scat- 
tering wavefunction  (post  antlsymmetrization)  in  a way 
which  Is  applicable  to  the  three-dimensional  case  also. 

II.  FORMULATION  OF  THE  PROBLEM 
A.  General  oontideratoni 

We  are  interested  In  calculating  cross  sections  for 
the  exchange  reaction  A DC  - AB  « C , AC  « B In  which 
the  three  atoms  A,  D,  and  C are  confined  to  remain  on 
a space-fixed  plane.  We  assume  that  the  Born-Oppen- 
helmer  separation  approximation  between  the  electron 
and  nuclear  motions  Is  valid  and  that  the  resulting 
ground  electronic  slate  potential  energy  surface  V is 
known.  We  further  assume  that  all  higher  potential  en- 
ergy surfaces  are  sufficiently  greater  than  the  total  en- 
ergy £ of  the  system  everywhere  in  configuration  space 
for  us  to  be  able  to  neglect  their  influence  on  the  cross 
sections.  This  "single  potential  energy  surface”  model 
is  applicable  to  a high  degree  of  accuracy  to  many  trl- 
atomlc  reactions.  We  also  assume  that  £ is  sufficiently 
low  for  the  existence  and  effect  o'  b'eak-up  collisions 
of  the  type  A*BC-A«B«C  to  be  negligible.  Finally, 
we  assume  that  the  interactions  between  the  nuclear 
spin  and  nuclear  orbital  r.igular  momenta  a.'e  negligible. 

's>  '•>*  III*  position  vectois  of  nuclei 

A,  B,  and  C,  respectively,  with  respect  to  their  center 
of  mass.  We  wish  to  obtain  a solution  to  the  time-inde- 
pendent SchrSdlnger  equation  for  the  motion  of  the  nu- 
clei which  satisfies  the  following  three  conditions: 

(a)  In  configuration  space  r„,  r^,  r^  it  Is  everywhere 
■Ingle  valued  and  continuous  and  has  gradients  which 
are  everywhere  cocitinucs><  (except  at  points  in  that 
■pace  lor  which  two  of  the  three  aUcTiS  cotn.'ideL 


exchange  of  the  space  and  spin  coordinates  of  any  two 
Identical  nuclei  of  half  odd-integral  (Integral)  nuclear 
spin. 

(c)  It  satisfies  the  asymptotic  conditions  describing 
the  collision  phenomenon  under  consideration,  I.e. , 
the  collision  of  A and  BC  with  a given  relative  kinetic 
energy  and  a given  initial  internal  quantum  state  of  BC, 
to  produce  receding  products  A*BC,  AB*C,  or  ACvB 
in  all  possible  internal  states  of  the  diatom  compatible 
with  the  total  energy  of  the  system. 

If  we  can  find  a sufficient  number  of  independent  so- 
lutions satisfying  Condition  (a),  it  is  possible  to  obtain 
linear  combinations  of  them  which,  in  addition,  satisfy 
Conditions  (b)  (by  postantlsymmetrlzatlon  mKhods**) 
and  (c)  (by  reactance  or  scattering  matrix  analysis 
techniques**). 

B.  The  Scf >•  -c  xigir  ■quib'*r. 

Let  R,  be  rhi  position  vector  of  A with  respect  to  the 
center  of  mass  of  BC  and  r,  the  position  vector  of  C 
with  respect  to  B,  as  Indicated  In  Fig.  1.  As  R, -•> 
with  r,  remaining  finite,  we  denote  the  corres:'  nding 
configuration  as  arrangement  channel  a ■(A,  BC).  Let 
(r„e,^)  and  (H„6,)  be,  respectively,  the  planar  polar 
coordinates  of  r.  and  R,  with  respect  to  a fixed  system 
of  reference  attached  to  the  plane  (all  angles  being  mea- 
sured from  the  Ox  axis  of  Fig.  1).  The  reduced  mass 
associated  to  the  motion  of  C with  respect  to  B is  de- 
noted by  and  that  associated  to  atom  A with  respect 
to  molecule  BC  Is  We  define  analogous  vectors 

r^,  R,  and  F,,  R,  ( Fig.  1)  and  as^clatcd  coordinates 
and  reduced  masses  so  that  as  R,-a>  or  with  Vf 

or  f,  finite,  we  obtain  (he  arrangement  channels  3 
■ (B,  CA)  and  r«(C,  AB),  respectively.  Note  that  the 
directions  of  the  vectors  in  Fig.  1 are  defined  in  a cy- 
clic manner  in  the  Indices  a^y.  Finally,  let  \vk  rep- 
resent any  one  of  the  three  possible  cyclic  permutations 
a^,  ^)'0,  and  yafi. 


nc.  1.  Vector*  uMd  u>  tpeclfy  the  locittoo  of  throe  !■ 

the  A.  B.  C (x^heton  S'fttre  r«l&9T«  to  the  ceater  of  O. 
Cpc  C|9  dcocNw  thr  ioraU'vift  c/  Sat  cooler*  &.  mo** 

**  It  ironic.  BC.  AC.  Hrf  W.  rr^*rlrro(T.  ^ 
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In  the  syalem  of  coordlnatea  characterized  by  index 
a (>  a,  0 or  y),  the  SchrSdlnger  equation  describing  the 
Internal  motion  of  the  liree-particle  system  is 

_a__  _a_  1 a*  \ 

L 2p«\ri  ar»  arj  »e;J 

«*  /»  » i7  » J 

“2p^„VSI  8/1,  *aB;*]fI  ttlJ 

♦ v*(r. . R,.y.)  - Je]  **(?„  0.)  • 0 , (2. 1) 

where  V‘  Is  the  potential  energy  funcw.on  of  the  system 
expressed  in  X coordinates,  and  £ is  Its  total  energy, 
y.  Is  by  definition  the  counterclockwise  angle  from 
to  r,.  it  lies  in  the  0 to  2i  range  and  Is  equal  to  - 0, 
modulo  2t.  In  the  absence  of  exterral  fields,  the  po- 
tratlai  function  depends  only  on  the  Internal  variables 

satisfies  the  relation  V'iHu  r„  yj»  V\R^, 

ru  2»-y»). 

Let  us  now  introduce  a set  of  coordinates  used  p.'*- 
vlously  by  Delves,**  Jepaen  and  Hirschfelder,**  and 
Smith.**  They  have  the  advantage  of  leading  to  an  equa- 
tion containing  a single  effective  mass  n which  is  Inde- 
pendent of  the  arrangement  channel  X;  this  simplifies 
many  of  the  equations  presented  below.  These  coordi- 
nates are 

, (2.2a) 

R,*a,B,,  (2.2b) 

where  o,  is  a dimensionless  scaling  contdant  defined  by 
= • (2.3) 

Substitution  into  Eq.  (2. 1)  leads  to 

r J_  ' •*  ±_£_d  JL  > **\ 

L“  2p  Vr,  8r,  *'*  8r,  * «,  8K,  "*  e/t,  * 38^ ^ 

♦ P*(r„  y»)  - f]  ♦*(ru  /?„  0,,,  0.)  = 0 , (2. 4) 

where  the  circular  polar  angles  of  R„  r,  are  the  same 
as  those  of  R,,  r„  and  p is  the  effective  mass  alluded 
to  above  and  defined  by 

»‘’(l‘»P».«>''**('«.'"t"*r/Af)''* . (2.6) 

where 

Jtf  • m,  * m,  * m, 

is  the  total  mass  of  the  system,  and  m,,  m„  arKl  m, 
are  the  masses  of  atoms  A,  B,  and  C,  respectively. 

We  now  change  from  the  angular  variables  0,,^,  0,  to 
y„  0u  obtaining  the  following  expression  from  Eq, 

(2.4): 

i_5iri._L  -L  ‘ *'  f 8 jj  8 

(”  2p  Lr,  8r,  8r,  *r\  8^  * ft,  8/t,  * BR, 

♦ srir/ 

-£|*‘(r„/l,.y„0,).O.  (2.6) 

TIus  ts  calJed  the  bndr -fixed  SckrWincer  rquatuni.  be- 
casM  »s  ts*  at  r.  wds  r»«aairt  •»  :**  -fixed 


R,  direction  rather  than  the  laboratory-fixed  Ox  axis. 
Similarly,  /t„  0„  r„  y,  are  called  the  body-fixed  X co- 
ordinates. The  independence  of  P ‘ on  0,  in  the  above 
equation  Introduces  very  convenient  simplifications,  as 
is  shown  in  the  next  section. 

C.  Partial  wave  expansion 

The  total  angular  momentum  J of  the  triatomic  sys- 
tem (with  respect  to  its  center  of  mass)  Is  a constant 
of  the  icu  on  which  commutes  with  the  Hamiltonian  H, 
The  solution  of  the  SchrOdlngcr  equation  we  are  seeking, 
satisfying  Conditions  (a),  (b),  and  (c)  of  See.  0.  A,  is 
not  an  elgenfunciion  of  J.**  It  ts,  however,  convenient 
to  perform  the  coplanar  analog  of  partial  wave  analysis 
by  expanding  4'*  in  terms  of  the  simultaneous  eigenfunc- 
tions 4^  of  H and  J. 

In  the  systc  m of  coordinates  Ru  Pr,i  * ^4  opera- 

tor J is  given  by 

where  i is  the  unit  vector  perpendicular  to  the  fixed 
plane  ol  motion  of  the  tliree  particles.  We  recognize 
from  Eq.  (2. 7)  that  J is  the  algebraic  sura  of  the  rota- 
tional angular  momentum  |,*(6/i)(8/86,^),^t  and  the 
orbital  angular  momen'.ura  l,'’(lt/f)(8/80,),^^t.  Trans- 
forming J to  the  angular  variables  0^  y^  *0  get 


■m- 


8*  a,$,r  I 


which  may  be  physically  Interpreted  as  Indicating  that  if 
y,  ts  maintained  censtant,  a variation  of  the  angular  co- 
ordinate 0,  of  R,  produces  a rotallc  of  the  entire  trt- 
atomlc  system. 

The  orthonormal  eigenfunctions  cf  J are  given  by** 

0>,(0.)  = (2t)‘''*exp(/J0,)  .1  = 0,  il,  *2,...  (2.9) 

The  simultaneous  eigenfunctions  of  H with  energy  E and 
of  J with  total  angular  momentum  JK  are  of  the  form 

(y,, /!,,  y^  ‘ (84) X^yii Rfci  y^J  t (2.10) 

where 

/ — f-L  * .-L_Ld 

r 2p  L».  e r'  ’■*  er,  *71  By;  'R,  8/1,  8/1, 

♦ ^(-J*-2.V|i-4^y*V*(r„/l„y,) 

-e|xi(n.Ruy»)-o.  . (2.11) 

Any  solution  4’*  ol  the  SchrOdlngcr  equation  which  Is  'K>t 
necessarily  an  eigenfunction  of  J can  be  written  as 

♦*(y». y».  *.)  - E Ci*Uru  R„  y».  0») . (2. 12) 

The  ronstani  coefflclrnts  Cj  appropriate  for  the  prob- 
lem being  considered  will  be  determined  by  the  asymp- 
totic conditions  specified  in  Requirement  (c)  of  Sec. 
tl.  A and  will  be  discussed  in  Sec.  V.  B. 

We  now  simplily  Eq.  (2. 11)  by  defining  a new  Iww- 
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. (2. IS) 

Substituting  this  Into  Eq.  (2. 11),  we  obtain 

**ra*  a*  la*  1 / » »* 

♦ = (2.14) 

This  equation  Is  solved  numerically  by  the  method  de- 
scribed in  Secs,  ID  and  IV. 

III.  INTEGRATION  OF  THE  SCHROOINGER 
EQUATION 

A.  Tbs  partitioning  < f configuration  space  into 
arrangement  ctiannel  regions 

We  now  wish  to  expand  in  terms  of  sets 

of  two-variable  internal  state  basis  functions  in  order 
to  reduce  the  partial  dUfcrentlal  equation  (2, 14)  to  a 
system  of  coupled  ordinary  dUfcrentlal  equations.  Our 
choice  for  the  Internal  state  basis  functions  and  the  cor- 
responding variables  will  be  dUferent  in  different  re- 
gions of  the  three-dimensional  internal  configuration 
space  ruRuYk  *111 1*  largely  determined  by  the  lo- 
cal shape  of  the  potential  energy  function  V\ru  R„v.). 
This  Is  done  in  order  to  represent  solutions  of  the  mil 
SchrSdlnger  equation  in  an  efficient  manner  in  all  re- 
gions of  configuration  space  so  as  to  reduce  computa- 
tion time  as  much  as  possible.  A v.seful  conceptualiza 
tion  of  the  nature  of  the  problem  can  be  gained  by  noting 
the  appearance  of  the  potential  energy  function  l'‘(ru 
RuYk).  This  function  is  most  conveniently  displayed 
with  the  aid  of  a mapping  procedure  previously  de- 
veloped for  this  [xirpose.  *•  In  this  mapping  we  consider 
a space  OX^\\Z^  in  which  a point  P has  spheri.  U polar 
coordinates  C,  Uu  where  the  radial  variable  C is  de- 
fined by 

(S.la) 

and  is  Independent  of  X as  shown  in  Eq.  (A6)  of  Appen- 
dix A,  and  the  polar  angle  is  defined  by 

«,  = 2 tan*'(r»//l,),  0 s Uj  s i , (S.  lb) 

The  azimuthal  angle  y,  has  been  defined  a'ter  Eq.  (2. 1), 
Using  the  example  of  the  H 'f  reaction,  the  resulting 
contour  plot  of  the  Porter-Karplus”  potential  for  six 
dUferent  values  of  y,  Is  depleted  in  Fig.  2 This  rep- 
resentation has  the  advantage  of  treating  all  three  ar- 
rangement channels  equivalently  in  that  a charige  from 
coordinates  x o coordinates  v produces  a clockwise  ro- 
tation without  distortion  of  Fig.  2 around  the  OF,  axis 
b/  an  angle  of  120’.**  We  see  from  the  figure  that  the 
iccessible  areas  of  configuration  space  are  in  the  form 
of  three  tubelike  regions  whose  mutual  intersection  de- 
fines the  three-particle  Interaction  region.  For  Icj . 
symmetric  potentials  Fig.  2 would  be  less  symmetric, 
but  the  considerations  below  have  general  validity. 


of  the  three  tubes  corresponding  to  a separated  atom 
plus  diatom,  along  with  that  part  of  the  Interaction  re- 
gion which  retains  the  "general  appearance"  of  that  par- 
ticular tube.  For  the  H * H,  system,  a very  natural 
separation  of  the  three  arrangement  channel  regions  Is 
obtained  by  the  use  of  the  three  haU-planes  s„,  and 
v„  whose  common  edge  is  the  OF,  axis  and  which  inter- 
sect the  OX,Z,  plane  in  the  symmetrical  positions  de- 
picted In  Fig.  2(a).  A general  definition  of  these  three 
half-planes  which  is  also  applicable  to  reactions  other 


than  H*  H, 

is 

»,x:  n-F, 

0 ‘ r»*  »/2  and  Si/2  « y,< 2t  , 

(3.2a) 

»»:  F.-r. 

0 < y,  « i/2  and  3s/2  < y,<  2r  , 

(3.2b) 

f,.:  r,  = r. 

0<y,<s/2  and  3f,^2«y,<2i . 

(3.2c) 

A proof  that  these  equallons  do  Indeed  define  half -planes 

whose  edge  is  the  OF,  axis,  as  graphically  I '.i-atcd  in 
Fig.  2(a),  Is  given  In  Appendix  A along  wtti:  !*  equa- 
tions describing  the  X to  u coordinate  transformation. 
For  some  reactions,  the  half-planes  defined  above  may 
be  inadequate  as  they  may  not  separate  the  three  ar- 
rangement channel  regions  Into  phjsicaUy  intuitive  ones 
as  determined  by  the  shape  of  the  potential  functions. 

In  these  cases,  alternative  surfaces  may  bo  chosen  and 
treated  by  a straightforward  extension  of  the  theory  pre- 
sented in  this  paper.  For  the  reactions  H * Ht,  D * H|, 

H * 0„  etc. , the  haU-planr*  .'  Eqs.  (3. 1)  are  quite 
satisfactory,  so  we  shall  ^ • c.  oed  to  formulate  our  the- 
ory using  the  arrangement  channel  regions  into  which 
they  divide  internal  configuration  space. 

With  the  arrangement  channel  regions  thus  defined, 
we  organize  the  work  involved  In  solving  Eq.  (2. 14)  into 
two  steps.  First,  within  each  of  the  three  arrangement 
channel  re  ’ions,  we  integrate  the  SchrSdlnger  equation 
using  rotational  coordinates  and  basis  functions  appro- 
priate to  the  asymptotic  part  of  that  arrangement  chan- 
nel but  changing  vibrational  coordinates  and  basis  func- 
tions in  a way  which  transforms  "smoothly  " from  one 
arrangement  channel  to  another.  Then,  we  match  the 
resulting  three  sets  of  solutions  to  one  another  on  the 
three  haU-planes  t,„  described  above  (and  here- 

after called  the  matchinf’  surfacts).  Since  the  vibra- 
tional coordinates  are  designed  to  transform  smoothly 
from  one  arrangement  channel  to  the  others.  It  is  pri- 
marily the  rotational  parts  of  the  wavefunetions  which 
mu.st  be  considered  in  the  m.atchlng  procedure.  Our  ro- 
tational expansion  is  similar  to  that  of  Saxon  and  Light,'* 
but  not  to  that  of  Wyatt  and  co-workers,'*  who  aUow 
both  their  vibrational  and  rotational  coordinates  tc 
transform  smoothly  in  going  from  one  arrangement 
channel  to  the  next. 

In  the  remainder  of  this  section,  we  will  detail  the 
method  used  for  integrating  the  SchrOdingcr  equation  in 
each  of  the  arrangement  channel  regions.  Th’  crucial 
smooth  matching  p*occdure  is  outlined  in  Sec.  IV. 


Oir  approach  for  soU-irq;  the  SchrOdinger  equation 
consists  of  divM  ng  the  ranfurnratlon  spare  depicted  In 
Fig.  2 into  three  sulvspares  railed  rkur^rt 

repimk  and  uArUd  be  tae  adem  X.  r,  c.  Each  ;>i 


B.  TTis  rotstionsitv  coupM  Scfwodingsr  equations 

We  BOW  considrr  the  sols'.  '.  •»  of  Eq.  (2. 14)  tr  ■'acb  o< 
uw  three  arraagenims  chaorwl  regiocs  X • a,  A.>. 
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FIG.  2.  Plot  of  poteodii  cootour*  for  the  H ♦ Hf  reactloo  Ip 
the  pppco  dcftood  io  (be  text  oalag  (be  epbeiical  polar 

coordiaate  mappiog  of  for  six  fixed  vsluea  o(  the 

azimuthal  angle  (a)  and  ISO*,  (h)  7^*46*  add  225*. 

(c)  00*  and  270*.  In  (a)  we  also  depict  the  tipea  of  inter* 

section  of  the  Tk‘0*,  180*  plane  with  the  half-plaoea 
Vm  defined  by  Cq.  (3.21,  wUcb  are  used  to  divide  conflguradoo 
space  Into  three  arrangement  chaivnel  regiona,  X,  v,  a.  For 
each  figure  above,  0\k\  la  the  iotcrsecQon  of  the  halX-plaoca 
determined  by  OZ^  and  the  correapoodlog  smallest  with 
(he  plane 


],  UMcUtol  with  r,  is  defined  as 

scaled  distances 

(2.3) 

2hVM^  SR*  R*  / 

and  Ita  eisenfunctloos  are 

>,.0,  *1,  *2,... 

(3.4) 

4*“* 

The  expanskin  of  defined  by  Eq.  (2. 13),  in  terms 
ol  these  eigenfunctions  is 

. Y,  J}.)  . (J.  $) 

n 

Sttettfethnc  tftl'*  tefo  Fq.  (2. 141*  Ublng  the  scalar  prod- 
art  of  hoCh  nde«  be  c^.  and  yaercfcanriac  the 
aad  wnmsac  suusvspr  nor'.i^^s.  -S*  *~1»  wwe: 

!*  .‘sspi  m r ^ - tw 


■ 0,  a 1,  a 2,  • • • , (3.6) 

where 

.rv  ^ r — — . - ^ ^ sir  • *»■” 
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( 


Vj(r„«»)cos(6y.)  , <3. 8a) 

•«4 

where 

= cos(6v,)r*(r„«„Vk)rf>»  • 

(3.8b) 

Substituting  Eg.  (3. 8)  Into  (3.  ?)  and  Integrating,  we  find 
that 


whose  elements  are  the  defined  by  Eg.  (3.9)  while 
vy  is  the  diagonal  centrifugal  potential  matrix  def'  id 
by 


'iM  (3.t3) 


«T 


From  Egs.  (3. 6)  and  (3. 9)  we  conclude  that  i v Fj,, 
for  different  ),  are  coupled  through  the  KJ  func- 

tions with  t'  > 0,  I'i  representing  a noncoupling  poten- 
tial. 


V'}irt(»'iiF,)*-2  j Ri) 

f cos(|;4-);|y,)V‘(r„R„n)rfy,  . 

’ (3.9) 

Equation  (3. 9)  shows  that  depends  on  and  j[  only 
through  111 -ill.  We  can  write  Eg.  (3.6)  in  a condensed 
matrix  notation  by  regarding  F'j(r^,R^)  as  a column 
vector  whose  elements  are  the  FVi,(ri,/?,).  We  get 

r‘ri«vyFi.£Fi  , (3.10) 


where  T*  Is  the  kinetic  energy  operator 


T‘- 


*!/'»*  ±M 

2p  * »r\} 


(3.11) 


and  vy(r,, ff,)  is  an  effective  potential  energy  matrix 
defined  by 


vy(»'i,H»)  = V*(r„«i)*vy(r.,fi,)  . (3.  :2) 

V'  is  the  J-‘ndependeTit  Interaction  potential  matrix 


no.  3-  oi  ^ r,  into  lour  rrnion*.  1,  II. 

in.  !'  . 4 V rt.irw'wr*  »rr  of  the  rr.tint 

I ^ •r^  F^.  w.  .e  e»  j.'r  tir  Fvrvr— Kirril a* 


C.  TfM  divition  of  tpaos  into  regioni  and  the 
choict  of  variables  in  each  region 

We  now  consider  the  expansion  of  the  function 
Aj  in  terms  of  a set  of  single-variable  functions  which 
describe  a vibrationlike  motion.  To  pick  this  vibration 
variable  and  the  corresponding  vibrational  basis  set , it 
is  convenient  to  examine  the  behavior  of  A.) 

since,  as  one  can  conclude  from  the  remark  at  the  end 
of  Sec.  111.  B,  this  function  together  with  the  cent rifugal 
potential  (hV2(j)(;*-  D/r^  determines  the  r,  depen- 
dence of  r in  the  absence  of  ),  (i.e. , rotational)  cou- 
pling. For  the  H^Hi  reaction,  cgulpotentlals  of  Vi(r„ 
A.)  are  represented  in  Fig.  3,  together  with  the  corre- 
sponding line  L of  steepest  ascents  and  descents.  Cuts 
of  I'l  normal  to  L look  like  diatomic  Intemuclear  po- 
tential energy  functions,  displaying  a minimum  on  L,  a 
dissociation  plateau  In  the  direction  away  from  the  co- 
ordinate axes,  and  a steep  repulsive  point  in  the  oppo- 
site direction.  These  characteristics  are  analogous  to 
those  presented  by  colllnear  trlatumlc  potential  energy 
functions  and  suggest  that  we  divide  the  r„  A.  space  in 
regions  in  ' manner  analogous  to  that  employed  for  col- 
llnear react. ms,’'”  using  different  coordinates  and/or 
vibration  basis  functions  in  each  region.  The  c -re- 
sponding vibration  coordinates  will  be  a distance  along 
approoria'.ely  chosen  lines  transverse  (but  not  neces- 
sarily orthogonal)  to  t.  In  each  region,  in  addition  to 
such  vibration  coordinates,  there  will  be  a "propaga- 
tion'' coordinate  in  terms  of  which  Eg.  (3. 6),  a1ll  be 
expressed  as  a system  of  coupled  ordinary  differential 
equations.  For  H « II|  we  Indicate  a convenient  choice 
for  these  regions  in  Fig.  3.  They  are  denoted  as  fol- 
lows: 1— the  asymptotic  region;  11— the  weak  interac- 
tion region;  III— the  strong  interaction  region;  and  IV— 
the  matching  region.  The  boundary  imlnts  Pi,  P.,  and 
P,  in  Fig.  3 are  cl  <en  as  follows.  The  abscissa  r^^of 
Pg  and  Pg  is  chosen  so  that  these  points  lie  in  the  clas- 
sically forbidden  plateau  area  where  the  wavefunctlon 
may  be  assumed  to  vanish.  The  ordinate  P'^  of  P.  is 
picked  large  enough  so  that  the  potential  Vgirg,  A,)  is 
Indcpcnde.nt  of  A,  for  A,»  A'^g.  A,^  is  determined  by 
setting  g,g  of  Fig.  3 equal  to  e/2  - from  which 

we  gel 

. (S.H) 

The  rca.son  for  thi  nolce  is  that  in  order  to  perform 
the  matching  ol  different  arrangement  channel  snlu- 
t..r.s,  a I dc-scrils  d in  Sec,  III.  A,  at  need  Lhe  o*- 
'.rvc  t-  5';  1.5'  J.''r  a fiice  . ; ralacf  o.'  .1-  -ist:- 


I 

I 

I 

I 


N 
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FIG*  4.  The  polar  coordilutec  <^i^and{>  and  cheir  inter- 
retatiooahlpa  In  Ai,  apace. 


s ff/4,  from  which  we  get  (see  Fig.  3) 

(3.  IS) 

This  common  value  of  and  ri.  Is  chosen  so  that 
PjCriiiA,,)  also  lies  in  the  plateau  region. 

The  coordinate  systems  used  in  each  of  these  four  re- 
gions are  as  follows.  In  the  asymptotic  region  (I)  and 
in  the  weak  interaction  region  (11),  we  use  the  Cartesian 
coordinates  Tu  Ri  as  vibration  and  propagation  coordi- 
nates, respectively.  In  the  strong  interaction  region 
(in)  we  switch  to  the  polar  coordinates  <Pi  (as  de- 
picted in  Fig.  4)  with  PJir^  R^)  as  origin  and  related 
to  Vm  Sj  by 

r» «r,,-p, cosy, , (3.16a) 

/l»=fl,,-PiSin»>j , (3.16b) 

p,  is  the  vibration  ard  tc  propagation  coordinate  for 
this  region.  In  the  matching  region  (’V).  we  u^e  another 
set  of  polar  coordinates  (C,i)t)  which  have  their  origin 
at  Q (Fig.  4)  and  which  are  related  to  R,  by 

slntii,  (8.17a) 

Rt'CcosC, . (3. 17b) 

{ (»0)  aral  i),  (in  range  O-r/2)  are,  respectively,  the 
vibration  and  propagation  variables  fur  Region  . *.  We 
note  that  the  t defl-'ed  here  is  identical  to  that  given  by 
Eq.  (3.  la),  while  the  angles  (p|  and  q,  are  related,  as 
can  be  seen  from  Eqs.  (3, 17)  a-d  (3.  lb),  ky 

(S-lli 

Oc-s  arr-w  !.*■•  F\.  TirCtxe*  ‘.:T  a »,  tst  ra.— - 
i-...  r.  V-  1 ?.  .ne  r*  .1.  a 


determine  this  wavefunction  on  the  matching  surfaces 
and  v,.  rather  than  on  the  w,  • constant  cones  since 
it  is  on  these  surfaces  that  we  will  smoothly  match  the 
solutions  obtained  from  the  integration  of  the  SchrBding- 
er  equation  in  the  three  arrangements  cha’'ne!s  «-*  a, 
0,r.  However,  for  a given  u>^  (within  a certain  range) 
we  do  have  the  wavefunctions  on  the  lines  of  intersec- 
tion of  the  constant  cone  with  the  half -planes  sad 
(^ee  Pig.  S(a)t  The  relation  between  cu,  and  y,  at 
the  lines  of  intersection  with  a,,  is  given  by  Eq.  (A14) 
of  Appendix  A.  As  w,  Is  scanned  from  > 2q.  to  W), 

• 21)1,  (Figs.  3 and  S),  these  Intersection  lines  scan  the 
entire  matching  half -plane  and  thus  we  can  obtain 
the  desired  wavefunction  ij  on  it  from  a knowledge  of 
the  F q,)  for  q^  In  the  range  q^  to  q„.  The  angles 
and  correspond  to  the  intersection  of  with 
the  Vj.O  and  s/2  half-plane,  respectively  (in 
OXiY^Zi  Internal  configuration  space).  From  Eq.  (AM) 
we  find  that  w,,o  s - and  • r/2.  These  values  de- 
termine the  values  of  q,,  and  q,,  of  Ftc.  3 through  Eq. 


nc.  '>>  Plat  ct  v.,  bs  asS 

mMr  w>m  . jf  aMWamr  s • >' 

■a* 

■nc  ^ - c*  ..  vj^  , 


w t 
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(S.  IS),  and  consequently  the  positions  of  P,  and  P,.  In- 
deed, by  uslnR  Eqa.  (S.  17)  and  (3. 18)  toRether  with  the 
values  of  and  <•>,,  given  above,  are  obtain  the  equa- 
tions (3, 14)  and  (3.  IS)  that  were  previously  used  in  lo- 
cating Pq  and  Pj."  One  additional  complication  In  this 
procedure  arises  when  m,»  m,  (for  the  integration  in 
arrangement  channel  X).  In  that  case,  the  angles  a,^ 
and  <»„  are  different  {see  Eq.  (A3)J  so  that  the  value 
of  for  (l.e. , e - is  different  from  wij, 
tor  fim  {w’l,  * a - o^).  In  order  to  obtain  the  wavefunc- 
tion  on  both  of  the  matching  surfaces  and  v„,  we 
modify  our  definition  of  to 

« mln(s  - o,u  V - o^) , (3. 19) 


V*(r„P,sP,,).r-‘(r.)|  , (3.20) 

where  I is  the  identity  matrix.  This  leads  to  a total  de- 
coupling of  Eqs.  (3. 6)  and  (3. 10).  For  a given  J and 
we  obtain 


where  the  superscript  (a)  refers  to  the  asymptotic  re- 
gion. This  equation  may  be  solved  by  separation  of 
variables.  The  solution  can  be  expanded  as 


«,,,  on  the  other  hand,  is  mass  independent  and  always 
equal  to  s/2  for  ttie  choice  of  matching  surfaces  given 
by  Eq.  (3. 2). 

Having  defined  the  four  regions  of  each  Pi  space 
(X‘  and  their  associated  vibration-propagation 

coordinate  systems,  we  are  ready  to  Introduce  a vibra- 
tional expansion  into  the  SchrSdinger  equations  Eq. 

(3.6)  {or  their  matrix  counterpart  Eq.  (3. 10)|,  thus  ob- 
taining the  actual  ordinary  coupled  differential  equa- 
tions to  be  Integrated.  We  shall  do  this  for  each  region 
separately,  starting  with  the  asymptotic  region. 

D.  Tbs  ooupisd  Schrodingsr  equations  in  the 
propagation  variable 

f.  Th0  atymptotie  region 

As  mentioned  above,  the  vibration  and  propagation 
variables  for  this  region  arc  and  respectively. 
The  fttiction  V‘(ri,f?i,yi)  becomes  the  isolated  diatomic 
potential  t;*(ri)  lor  R'^  and  the  potential  matrix 
V'  appearing  in  the  right  hand  side  of  Eq.  (3. 12)  be- 
comes diagonal: 


F‘;;i>(» 


.«r)0>y.*i.(«r)<;;(ri), 


(3.22) 


where  is  a vibrational  eigenfunction  with  vibra- 
tional energy  tijj’  satisfying  the  equation 


v.i/i 


'•J/lV’rill 


(3.23) 


with  boundary  conditions  ♦Ji;i(0)  * p"iJ’(r,^)  = 0. 

toe  translational  motion  associated 
with  the  propagation  variable,  R^  and  satisfies  the 
equation 


where 

(8.2S) 

is  the  square  of  the  relative  motion  wave  number  when 
the  diatom  is  in  the  vibration-rotation  state  labeled  by 
the  quantum  numbers  Equation  (3.24)  is  closely 

related  to  the  Bessel  equation,  and  Ite  general  solution 
can  be  written  as 


i.i(i*'/-i,(*J[/|^i)  tor€j[j|<£  (open  channels) 
c*n/,^V"/i(l*JlJilfli)  tor  >£  (closed  channels)  . 


(3. 26) 


The  functions  d,  and  Y,  are,  reepectlvely,  the  regular 
and  irregular  ordinary  Bessel  functions”  of  order  I and 
have  the  asymptotic  behavior 

x''*J,(x)  n^(2/e)''-cos(x-f»/2-i/4)  , (3.27a) 

x''*F,(x)  ;Js(2/i)''*sin(x-ff/2-x/4)  , (3.27b) 

whercaa  /|  and  K,  are  the  modified  Bessel  functions** 
and  have  (he  asympCoCic  behavior 

x’'*/,(x)~(2r'-''«cxp(x)  , (3.28a) 

x''*/r,(x).~(f/2)'''cxp(- x)  . (3. 28b) 

Is  Sec.  V sc  will  consW'^T  srattering  asymptotic  coo- 
■uticma  wtiico  wxj  determine  the  corscvxs  , awi 


tor  whose  elements,  labeled  by  the  I'l/,  index  pair,  are 
given  by  Eq,  (3. 26).  When  replaced  into  Eqs.  (3. 22), 
(3. 5),  arj  (2. 13),  it  furnishes  a single  y}  («„  ri,  yj), 
corresponding  to  a single  gj,  ej  column  vector  pair, 
ihe  elements  of  which  are  the  and  r^,^,  of  Eq. 

(3. 25).  In  order  to  satisfy  Condition  (c)  of  Sec.  n.  A, 
wc  will  need  a complete  set  of  linearly  Independent  so- 
lutions ot  the  SchrBdinger  equation.  The  number  of  so- 
lutions in  such  a set  is  twice  the  number  of  chan- 
nels included  in  the  expansions  of  Eqs.  (3. 22)  and  (3. 5), 
which  should  be  infinite  but  for  practical  reasons  are 
truncated  at  a finite  number  N.  (The  errors  Introduced 
by  this  truncation  will  be  discusoed  subsequently.*) 

Wc  can  assemble  the  corrrcpoDilisg  t‘J“  vectors  to 
tons  tw*?  w-^irc  matrices  of  di.'ressico  V^.V  which  we 
«**-:  lanei  *~*~.*.'  t-si  17*“  s»  each  of  rWewv 
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propagation  from  Region  I to  tV  and  those  labeled  (-) 
by  a propagation  In  the  opposite  direction.  If  we  simi- 
larly form  the  matrices  oj  and  cj  from  the  corre- 
sponding aj  and  cj  vectors,  we  can  rewrite  Eqs.  (3. 24) 
and  (3.26)  as 

-;^r-  * (3. 29) 


Btf’'(R»)'Ji(fi,)a*/«YX«.)e;f  , 
ere 

uy>,_K ^ 


,or  e«J*  > f (closed  channels)  , 

^ ( l'/.i,(*JiV^»)  for  < JfJ*  < E (open  channels) 


lo  Eqs.  (3.32)  through  (3.35)  the  subscripts  In  a matrix  element  represent  Its  row  label  and  the  superscripts  Us 
column  label.  Equations  analogous  lo  Eq,  (3. 20)  wUl  be  developed  for  each  of  the  other  three  subregions.  Equa- 
tion (3.30)  and  slmUar  equations  will  be  used  In  the  reactance  matrix  analysis  (Sec,  V). 


2.  The  week  interection  region 

In  this  region,  we  retain  the  vlbratlon-propagation 
variables  However,  since  and 

do  vary  with  R^  the  asymptotic  vibrational 
eigenfunctions  are  not  necessarily  the  best  basis 
for  expanding  the  To  optimize  a choice  o( 

basis  functlone,  we  divide  Region  n into  n\i  subregions 
Hi  (i»  1,2,  ...  ,n*i)  by  constant  R,  lines  having  Rj 
' (Rift  Ri,f'  p R^i  “ Riff’  The  rang;  of  R,  for  the  ith 
subregion  Is  Ri,.,  s R,  £ r;^.  Let  Rj,  be  a selected 
value  of  Rj  In  this  range,  such  as  Us  midpoint.  We 
choose  as  a basis  set  for  expansion  ui  this  subregion 
the  functions  <>“7,’(r.;R'j)  which  satisfy  the  eigenvalue 
equation 

f-—  — -T*K‘  (y  ■ j;»  ) I 0*~  «]8*\  ■ “.I 

(3.36) 

with  boundary  conditions  d',“7,'lO;Rl,)-'-^,“7,’(r,,;R;j) 

« 0.  The  superscript  (ic)  refers  to  the  weak  Interaction 
region.  Tj,,(r,;R?,)  is  the  value  of  a reference  poten- 
tial  Pj;, (ri,R,)  at  R»=RJ,.  It  Is,  In  principle,  arbi- 
trary, but  In  practice  must  be  chosen  so  that  the  vibra- 
tional basis  tunctlons  serve  as  an  etileient  repre- 
sentation of  the  Vj  dependence  of  the  functions  Fjj  (r, , 
R,).  Examples  of  possible  reference  potentials  arc  (a) 
the  first  cocKlctent  In  the  Fourier  expansion  lEq.  (3. 8)) 
Tf(r,,R,),  and  (b)  the  exx-f  potential  F*{R.,r„vJ  for 
a fixed  One  Important  te  t of  vibration.n!  conver- 
gence In  our  method  Is  the  In  iilance  of  the  linal  re- 


sults to  the  choice  ol  V^,.  Equation  (3. 35)  Is  the  radial 
SchrCdlnger  equation  ol  a pseudomolecule  whose  Inter- 
atomic potential  U Vjl.,(ri;Rt,),  characteristic  of  Sub- 
region  Hi,  rather  than  t>*(r,),  which  characterizes  the 
asymptotic  region,  (its  centrifugal  potential  Is,  how- 
ever, not  the  normal  y,(^*  l)>t*/2firl  one.  I The 
and  f“J‘  are  obtained  by  numerically  solving  Eq. 

(3.  36),**  subject  to  the  boundary  conditions  just  men- 
tioned. 

We  now  expand  Rj/,(r„R,)  In  terms  of  the  above  vl- 
brattonal  basts  functions; 

f i''r(ri. Ri)-ZR • <»•  S’) 

•* 

Substituting  this  into  Eq.  (3.6),  multiplying  by 
r5,)  and  Integrating  over  then  interchanging  i\and 
!>»'  and  expressing  the  resulting  coupled  equations  In  the 
matrix  form  ol  the  previous  section,  we  get 

^^^=U‘<-‘(R^R*^)By—,  (S.3gj 


. (3.39) 

The  diagonal  matrices  K*'*'*  and  O}**"’  are  defined  by 
Eqs.  (3.32)  and  (3.33),  respectively,  with  the  super- 
script (a)  replaced  by  (ir),  while  the  /-Independent  cou- 
pling "potential”  matrix  Uj'»'(«4:  Rj,)  (whose  physical 
dimension  is  that  of  the  square  of  a wave  number)  la 
given  by 


«!,)!  K, R.)-  Rj,)i «:{r,'fr.; Rj,)) 

- k * 


*»? '-i  - • * ; 
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As  long  as  the  anisotropy  of  the  potential  remains  small 
and  the  retetence  potential  provides  an  efficient  vibra- 
tional basis  set  (or  expanding  the  functions 
within  each  subregion,  the  matrix  Uj'**  should  be  near- 
ly diagonal,  and  Eqs.  (3.38)  are  only  weakly  coupled. 
The  numbei  and  site  of  the  subregions  into  which  Re- 
gion n Is  divided  depends  on  the  steepness  of  the  vari- 
ation of  the  potential  matrix  <i>J»l  with  R,. 

This  number  Is  generally  small  (l.e. , less  than  3). 


As  we  propagate  the  solutions  of  Eq.  (3. 38)  through 
Region  n towards  Regions  I or  m.  the  wavefunctions 

must  remain  continuous  and  smooth  during 
the  change  of  basis  functions  that  occurs  at  the  bound- 
aries of  neighboring  subregions.  This  requirement 
leads  to  the  followli^  relations  between  the  functions 

«!,.,)  and  their  derivatives 
at  the  boundary  of  Subregions  □,  and  net: 


(R’  R«  t -.fit.) 


(3.4U) 

(3.41b) 


where  the  overlap  malrU  S}’*’  Is  given  by 

. (3.42) 


An  Important  criterion  for  the  choice  of  the  size  of  the 
subregions  is  that  the  S)'*'  should  be  nearly  orthogonal 
matrices.  Lack  of  orthogonality  Implies  lack  of  com- 
pleteness of  the  baals  sets  and  results  In  the  loss 
of  information  about  the  wavelunctlon  as  a result  of  the 
transformation  of  Eqs.  (3.  41).  The  relations  at  the 
boundary  separating  Regions  1 and  n are  achieved  by 
setting  i»0  In  Eqs.  (3.41)  and  Interpreting  R^  to  mean 
RJ,  and  R^  to  mean  ♦IJjj’lr,). 


X Th«  arong  interaction  region 


In  this  region  we  use  the  polar  coordinates  p^,  a>x  re- 
garding tPi  as  the  prop.-igation  variable.  If  we  trans- 
form Eq.  (3. 10)  to  these  polar  coordinates  with  the  aid 
of  Eq.  (3. 16).  we  obtain  the  vector  equation 

r*'*’Fj'*’(p»,v,)vVi'‘*'Fi‘*’.£  Fj'*’  . (3.43) 


where  the  superscript  (s)  refers  to  “strong  Interaction 
region.  ” T“"  Is  given  by 


r“*’- 


*!/**  i2_  ^ 


(3.44) 


and  the  matrix  V)*'*’(p»,  s>,)  Is  simply  vy(r^ , R,)  ex- 
pressed In  the  coordinates 

Tot  a typical  reference  potential  Vj!,,  such  as  the 
VJ(rj,  Rj)  defined  by  Eq.  (3. 8b)  and  plotted  In  Fig.  3 lor 
H e H| , the  shape  of  thv  potential  as  a function  of  for 
a fixed  ^i(0s  v>w)  Is  very  much  like  that  for  a di- 
atomic molecule,  deep  potential  well  character  of 
these  cuts  at  constant  permits  one  to  use  their  bound 
state  eigenfunctions  to  efficiently  represent  the  p^  de- 
penden'e  n<  the  wavefaactaoa  ta  this  region.  Accordisg- 
ly.  we  dirWe  Rsgiow  Q1  tato  wlr;  •ubragXaw  3X,<'’  * L 
1 sfat  by  liwsw  of  rr>w<-iiw 

-i  e..  s^ 


For  each  such  subregion,  we  choose  a cut  at  a spsctflc 
value  vX,  of  ipx  (where  <fii)  to  define  our  vi- 
brational basis  functions  v*,)  tnd  energy  eigen- 

values <i^*'(^t,)  as  the  solutions  of  Ihs  Sehrodlnger 
equation: 


(3.45) 

satisfying  the  boundary  conditions  ^l5*’(pi  - 0)  • ^i|*’(p, 

• pf,)>0,  where  p^,  Is  the  value  of  p^  at  the  Intersection 
of  (he  line  with  the  R^  axis  (Fig.  3),  The  poten- 

tial  V^,(p,,  t»j,)  Is  one  of  the  reference  potentials 
V , R J defined  In  See.  m.  D.  2 expressed  In  p^ , 
coordinates.  Note  (hat  we  have  not  Included  any  y^-de- 
pendent  eentitfugal  terms  In  the  Mamiltoniiji  of  Eq. 

(3. 4S)  (all  of  trese  terms  being  Included  In  the  "propagS' 
tion  part"  of  the  Hamiltonian),  and  hence  our  eigenval- 
ues and  eigenfunctions  depend  only  or  the  vibrational 
quantum  numbs:  . This  Is  dons  for  computational 
convenience  and  does  not  seriously  decrease  the  rate  of 
convergence  of  our  coupled-channel  expansion. 

We  now  expand  the  solutions  Fy"’  of  Eq.  (3. 43)  in 
terms  of  the  pseudovibrational  funcUons 

(3.46) 

The  counterpart  of  Eq.  (3.38)  becomes 

. (3.47) 

where  the  etfeetlve  “potentlsl”  matrix  uV*’  (whose  ele- 

ments are  dtmenslontees)  can  be  written  as 

Uj‘*’-p5(S'S,)Oi'*'(tl>.:«>I,)  , (3.48) 

in  which 

Ui'**.-IC*‘*’**Uj***’  + Oi'*’  . 

The  matrix  d Is  given  by 

. (3.49) 

The  matrix  K*’***  and  the  “potential”  coupling  matrix 
11}'*’  are  quite  similar  to  (hose  In  Eqs.  (3.32)  and  (3.40) 
and  a'  '-en  by 

(«*“  I® J 

ftnd 

<^“*'(p»;  #.•,)!  F}^.j(p,.  g,,) 

(8.61) 

respectively,  but  the  centrifugal  potential  matrix  la  now 
defined  aa 


5?' 


- 
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arlaea  from  (he  rotation  of  the  diatom,  the  second  from 
rotation  of  the  atom-diatom  ayatem,  and  the  third  la  a 
paeudocentrlfugal  potential  arising  from  the  use  of  the 
Pt,  01  coordinates  and  associated  with  he  nonphysical 
swinging  motion  around  the  point  P,  of  Fig.  3 as  la 
changed.  The  centrlrugal  coupling  lEq.  (3. 92))  la  atlll 
diagonal  In  [ as  la  Its  counterpart  for  the  (a)  and  (w) 
regions)  but  no  longer  in  v^.  In  addition  to  the  usual 
potential  coupling  resulting  from  the  off-diagonal  terms 
of  Ui'*’,  we  also  hare  coupling  arising  from  the  nondl- 
agonal  matrix  which  appears  in  Eq.  (3. 48)  as  a re- 
sult of  the  swinging  motion  around  P,.  The  neglect  of 
this  latter  coupling  could  introduce  serious  errors  since 
d has  large  off-dlar,unal  elements.  Such  an  approxima- 
tion has  nevertheless  often  been  used,  t*-**  since  It  la 
one  of  the  consequences  of  the  one-vibrational-basis- 
fUnctlo  cpproKlmatton,  Note  also  that  the  effective 
potential  matrix  U/‘*’  la  not  symmetric,  but  Is  the  prod- 
uct of  two  symmetric  matrices  as  can  be  seen  from 
Eq.  (3.46).  In  Sec.  Q.  E we  discuss  the  Gordon  meth- 
od” used  to  Integrate  Eq.  (3. 47)  a.-)d  the  modifications 
of  It  which  are  required  when  dealing  with  matrices  of 
this  type. 

The  smooth  outchlng  across  the  brs'xiary  separatliyt 
any  two  neighboring  subregions  HI;  and  in,.,  Is  achieved 
through  expressions  analogous  to  Eqs.  (V.4))  In  which 
the  overlap  matrix  S)  la  given  by 

; <pI))  (v  53) 

and  has  elements  which  aru  Independent  of  y, , . Since 

the  general  eharaeterlstics  of  the  p,  dependence  of  the 
reference  potential  p,)  usually  change  quite 

rapidly  as  la  chang^.  the  number  of  subregir-ns  In 
Region  m required  to  keep  S‘  nearly  orthogon.!!  .or  a 
truncated  vibrational  basis  set  Is  generally  large  (on 
the  order  of  20-30). 

The  smooth  matching  of  the  wavefunctionx/  across 
the  boundary  between  Regions  Q and  in  is  achieved  by 
the  relations 

qV  <?!,) « p{'*  (3. 54a) 

and 

. (3.54b) 


’(p.;  v-J)!  p;l  J) ‘ 


(3.55) 


4.  Th*  nmtehine  rtgion 

As  described  In  Sec.  ULC.  the  coordinates  used  In 
thtr  region  are  the  polar  variables  {,  a,  depicted  In  Fat. 
4.  with  n,  bebat  the  proparatlon  Tartabi*.  Thr  Schr  " 
dtsg«.  eqwatloalBnehMt  rv  Is  rer^  •twilar  tw  iws  In 
Ragior  m 'ewe  Eqa.  3 43'-  7 i3  wee  a,  *. 

Z.  Tnwmtm*  : '.r  aw4  1.  Idt  wc,  mswwi  Ww 
<3%,  a a: 


where 


rM-i  •V**  * • I \ 


(S.57) 


The  euperacrlpt(m)  denotea  "matching  region,  " and 
V)*'"*(C,  7.)  la  obtained  from  Vj'(r,,  RJ  by  uaii«  Eq. 

(3, 17).  The  division  of  Region  IV  Into  subregions  la 
aivJ'Jgous  to  that  for  Regions  n and  m.  and  the  vibra- 
tional basis  functions  dJJ*’(t;  7?,)  with  sigenvalue 
'll'Hh?,)  satisfy  tbs  equation 

<>) <" • (»• »« 

with  boundary  conditions  d “"’(0)  ■ • C*)  ■ 0.  Ths 

potential  7,)  is  one  of  the  reference  potentials 

Vf,,  defined  In  Sec.  m.  D,  2 and  m.  D.  3 but  expressed 
In  C,  7|  coordinates.  Writing 

p*/i’’-f''*Sgyi;{,(7.;7;,)d”-’(c;7;,) . o.s#) 

U«  counterpart  of  Eq.  (3.47)  becomes 

where  the  effective  potential  matrix  (again  being  phya- 
IcaUy  dimensionless)  la 


Ci'”'t*(7!,)Ui‘-’(7.;7?,) 


(3.6!) 


vlttl 


oy"’(7i;  t!,).  - *0?“' 


(3.61) 

Tbe  matrix  C*(7!,)  Is  defined  analogously  to/^ot  Eq. 

(3. 49)  with  pj  replaced  by  C and  hy  %.  Tim  matrices 
X*'"**  and  ui‘“’  are  given  by  expressions  similar  to  Eqs. 

(3.50)  and  (3.51),  respectively,  with  the  superscript 
(m)  replacing  (s)  and  appropriate  coordinate  charges 
made,  while  the  centrifugal  potential  matrix  Is  given  by 

(oy'-'ch.x.ii.'JIJ 

Smooth  transformabon  between  subregtmm  In  Region 
r/  Invtdves  Eqs.  (3.41)  with  the  overlap  matrix  S}  gtven 
by 


’>?,»  . (3-  M) 

and  the  transformation  between  Regions  m and  IV  It 
achieved  with  equations 

•*/*’‘('H,;  0^,.^  ) (3.658) 


ind 


^mkirnU 

-^(7„:  7!.) -f'*  . (S.ejb) 
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E.  Integration  of  tha  Sci.rddl.igar  • lon 

We  generate  solutlont  g^  and  their  derlvatlvea  with 
respect  to  the  propagation  variable  by  choosing  at 

arbitrary  Initial  values  for  these  two  matrices  and 
itegi  atlng  numerically  Eqs.  (3.38),  (3.47),  and  (3. 60) 
from  the  beginning  of  Region  11  to  the  end  of  Region  IV. 
Similarly,  we  generate  the  g}'  solutions  and  their  de- 
itvatlves  by  choosing  arbitrary  Initial  values  for  these 
two  matrices  at  q|«i|i,  and  numerically  Integrating  these 
equaUons  from  the  end  of  Region  IV  to  the  beginning  of 
Region  K. 

Any  appropilate  numerical  procedure  may  be  em- 
ployed to  Integrate  the  coupled  equations.  The  one  we 
used,  which  l.c  well  suited  to  equaUons  of  the  type  of 
Eqs.  (3.38).  (3.47),  and  (3. 60),  Is  the  one  developed  by 
Cordon.’*  In  R'llon  n.  It  can  be  applied  without  modl- 
flcuUon,  •*  but  In  Regions  UI  and  IV,  the  nonsym-netrlc 
nature  of  the  effecUve  Interactton  potential  matrices 
(Eqs.  (3.48)  and  (3.61))  requires  a short  modlflcaUon  of 
the  method.  As  formulated  by  Gordon,  In  propagaUng  a 
system  of  coupled  equations,  a transformation  to  a rep- 
resentaUon  In  which  the  effective  potenUal  matrix  (say 
U)  becomes  diagonal  Is  required.  This  necessllates 
finding  the  eigenvalues  of  U.  In  the  special  case  where 
U Is  real  and  symmetric,  these  eigenvalues  are  real 
and  the  eigenvector  matrix  Is  orthogonal.  This  simpli- 
fies the  calculaUon  and  allows  for  an  efficient  program. 
The  effective  potenUal  matrices  of  Regions  in  and  IV 
as  given  by  Eqs.  (3.48)  and  (3.61)  ate  real  but  nonsym- 
metric  and  thus  could  have  complex  eigenvalues  and  ei- 
genvectors. These  potential  matrices  are,  however, 
equal  to  the  product  of  b.-o  symmetric  matrices,  one  ol 
which  (pj  for  Region  in  and  {'  for  Region  IV)  Is  the  ma- 
trix representaUon  of  a positive  definite  operator  (p!  or 
t')  and  hence  has  poslUve  definite  eigenvalues.  By  us- 
ing these  special  properUes  to  define  the  “square  root" 
of  p*  and  t’.  It  Is  shown  In  Appendix  B that  bot:,  the  ei- 
genvalues and  eigenvectors  of  the  effecUve  potenUal 
matrix  are  always  real  but  the  eigenvector  matrix  la 
not  generally  orthogonal.  This  allows  us  to  use  real 
variables  throughout  the  Integration,  wllh  tl,c  only 
major  program  changes  from  the  usual  Cordon  method 
being  In  the  rouUnes  needed  to  find  the  eigenvalues  and 
eigenvectors  ol  the  effecUve  potenUal  matrix,  and  In 
the  manipulation  of  the  eigenvector  matrices, 

F.  Rsttrictiofit  snd  liiritstion 

We  should  at  this  point  summarize  the  possible  lim- 
11  itlons  and  restrlctl''-s  on  the  method  other  than  those 
Inherent  In  the  numerical  procedures  Involved  or  those 
arlsln,,  from  computer  llmllallons, 

Flret,  the  choice  of  matching  surfaces  in  Eqs.  (3.  Z) 
is  largely  determined  by  the  shape  of  the  potential  en- 
ergy surface  In  Fig.  2,  and  for  many  "eartlor.s,  an  cf- 
flcient  choice  will  require  ^omewhat  different  ni.itching 
planes.  A change  In  the  VAai  i iuaiii-‘.iua,,C«l  a...  :, 
tbe  oir'rhlng  surfaces  can  significantly  affect  the  de- 
lailj  o<  the  imcgraUon  In  Region  IV  and  In  the  matching 
.a-xensuw  although  the  basic  cuncepis  will  be  pre- 
■er-awn.  In  choosing  the  matching  suriarrs  f ir  a given 
vw’.uajo  ervaary  conslderaUon  sliould  be  given  to  ob- 


taining an  efficient  representation  of  tbe  wavefuneUon  in 
tbe  vicinity  of  tbe  matching  surfaeee.  This  requires  us 
to  avoid  (00  large  a pctenUai  anisotropy  In  tbe  malchiog 
region,  for  in  that  case,  our  coupled-clunnet  solution 
will  require  many  closed  rotational  channels  (or  con- 
vergence, .41  the  same  Ume,  too  email  a ixHenUal  an- 
isotropy (rcsulUng  In  considerable  (lua  "leakage" 
thiough  >,>- 1/3  conflguraUons  In  Um  matching  region) 
can  result  In  poor  convergence  of  tbe  matching  proce- 
dorv  (as  will  be  dlscissed  In  Sec.  IV).  One  therefore 
needs  tn  be  clever  In  choosing  these  surfaces,  sod  It  Is 
possible  that  lor  certain  reacUons,  no  choice  saUsfles 
all  of  the  above  criteria  and  slmultaneoualy  leads  to  a 
matbemaUcaUy  tractable  matching  procedure. 

One  case  where  (he  choice  of  surfaces  cpeclfled  by 
Eqs.  f3.  2)  leads  to  s set  of  coupled  equaUons  in  tbe 
matching  region  (Eqs.  (3.60)),  which  la  not  easily 
solved  without  Including  a large  number  cf  closed  rota- 
tional channels.  Is  when  a,,  (or  3t/4.  (See  Eq. 
(A3)  (or  the  definiUon  of  these  angles. ) The  reason  (or 

this ut  V ben  this  inequality  Is  saUsBed,  Infegrmioo 

In  the  matemng  region  wUl  extend  Into  those  regions  of 
configuraUon  apace  (or  which  r,  (or  r,)>  0,  and  hence 
will  sample  the  very  high  po(<'nUal  energy  la  those  con- 
(iguraUona  (for  wi..ch  0 (or  t)J  whUe  possibly  sam- 
pling tow  potenUal  energy  (or  other  conllg>iratloos  (near 
rt>  t/2).  That  this  Is  the  case  can  be  verified  by  noUng 
that  during  the  IntegraUon  In  the  matching  region, 
must  scan  the  range  from  (v-  n,|)/2  to  «/4  (from  Eqs. 
(3.14),  (3.  IS),  and  (3.  .7.)  and  that  Eq.  (AS)  yields  r, • 0 
when  0 and  - 3t.  4 at  some  within  this  range. 
From  Eiqs.  (A3)  we  note  that  3v/4  ImpUcn  m,(mi 
* m^„  ao  that  this  restriction  appUea  pri- 

marily to  reacUons  with  one  slam  Jt  tbe  trlstouilc  sys- 
tem considerably  Ugbler  than  (be  otber  two.  We  shonUf 
also  point  O'j*  that  this  problem  can  be  rUmluated  by  tbe 
use  of  a different  coordinate  system  tn  the  ir  tchlng  re- 
gion or  by  the  use  of  "rotaUo.ially  adlabaUc*  rotaUonal 
basis  (unctions  (rather  than  Vji(rt)]. 

When  one  of  the  three  arrangement  chann.  s closed, 
the  method  must  be  somewhat  modified, " but  this  *a  qc4 
a cemplicaUoii.  Other  praeUcal  UmiuUon*  ti<  the 
method  occur  (or  rcaf!''<ns  where  bieuk-up  collisions 
are  allowed  or  (or  which  virtual  excitations  to  Closed 
dlasoclaUve  chumels  influence  (be  other  reacUve  and 
no.'reacUve  processci  siKnifIcanUy.  Tbe  present 
metned  It  not  capable  of  treating  any  dltsoclaUon  pro- 
ceee,  but  this  Is  not  a ecrln-is  IlmitaUon  (or  many  re- 
actions at  energies  of  chemical  Interest.  A ciure  gen- 
eral method  which  uUltzea  generalized  bypcrepherlcal 
'uncUons  Is  currently  being  developed  In  these  labura- 
torlea  for  the  purpose  cl  t,  rating  both  break-up  and  re- 
arrangement . olUrions. 

IV.  THE  MATCHING 

A.  Projection  ui  the  wwvsl unction  onto  the  mstchkig 
uirfaoe  1.  .•(  (unctions 

At  the  complellon  of  the  integration  In  arrangement 
channel  irgi  >.  we  have  generated  soluUons  which 
satisfy  the  Schrddinger  equation  In  (hat  region,  but 
vhlch  do  not.  In  ge.aera.',  match  smoothly  with  ' le  cor- 
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responding  wavclunctlons  obtained  from  the  integrations 
in  the  other  arrangement  channel  regions  v and  k.  In 
this  section  we  describe  the  procedure  for  accomplish- 
ing this  smooth  matching.  This  procedure  may  con- 
veniently be  broken  up  into  two  parts.  First,  we  con- 
sider the  projection  of  the  full  wavcfunction  and  its  de- 
rivative normal  to  the  matching  surface  onto  a set  of 
orthonormal  basis  functions  which  span  the  matching 
surfaces.  Second,  we  take  linear  combinations  of  the 
wavefunctions  in  each  arrangement  channel  region  and 
match  them  smoothly,  on  these  surfaces,  to  linear  com- 
binations of  the  corresponding  wavefunctions  in  the  other 
arrangement  channel  regions.  The  resulting  matrix 
equations  can  be  solved  to  yield  a set  of  solutions  which 
satisfy  Condition  (a)  of  Sec.  II.  A and  can  subsequently 
(see  Sec.  V.  A)  be  used  to  form  the  scattering  solutions 
satisfying  Condition  (c)  of  that  section. 


Let  us  consider  the  projection  procedure  for  the 
matching  surface  r,.,  [Fig.  2(a)|. . The  analogous  equa- 
tions for  f„  and  are  obtained  from  those  derived  be- 
low by  cyclic  permutation  of  the  indices  Xi>k.  We  first 
consider  the  wavcfunction  on  obtained  from  the  inte- 
gration in  arrangement  channel  X.  Using  Eqs.  (3.  S9), 
(3.5),  (2.13),  and  (2. 10),  we  get  the  following  expres- 
sion for  the  wavef unction  in  Region  IV  (Subregion  i): 

• ♦i’«''‘'*(e.,£,t|„y,) 


(4.1) 

Throughout  Sec.  !V  we  will  consider  superscript  (m)  of 
Sec.  in.  D.  4 to  be  present  implicitly  and  will  omit  writ- 
ing it  explicitly.  We  have,  however,  added  the  indices 
to  denote  different  linearly  independent  solutions 
obtained  by  using  different  initial  conditions  in  the  nu- 
merical solution  of  the  SchrOdinger  equation.  As  ex- 
plained in  Sec.  in.  D.  1,  if  we  truncate  the  close  cou- 
pling expansion  alter  N vibration- rotation  basis  func- 
tions, there  will  be  S sets  of  Indices  in  Eq.  (4. 1). 


The  expression  in  large  parentheses  in  Eq.  (4. 1 ) is 
expanded  in  terms  of  a different  set  of  vibrational  func- 
tions $n(£:’l\|)  for  each  subregion  f of  Region  IV.  We 
now  transform  to  a representation  in  terms  of  a single 
set  of  vibration- rotation  basis  functions  «>/,(ri)di,({) 
for  all  of  Region  IV.  The  actual  functions  ) to  be 
used  are  arbitrary,  but  for  reactions  such  as  H 4.  H| 
Which  favor  reaction  through  collinear  geometries,  the 
most  efficient  set  for  this  purpose  (as  will  be  explained 
in  more  detail  below)  are  the  functions  de- 
fined along  the  cut  and  which  will  be  denoted  by 

^\(t)  simply.  The  transformation  equations  associated 
with  the  change  in  the  vibrational  basts  set  are  given  by 
equations  similar  to  Eqs.  (3.41)  and  (3.53),  where  a 
dlflerent  overlap  matrix  will  be  generated  for  each  sub- 
region  f.  We  will  denote  the  new  'V”  function  thus  ob- 
tained  by  (hi)  (we  will  omit  the  parameter  q^). 

V.Ttli  this  change  of  vibrational  basis,  we  can  write  a 
■ingle  expression  for  W^Vl*  valid  throughout  all  of  Re- 
gion IV: 


♦i**'**  (9».  £.  1..  n) ' *“‘ ***^’ 


where 


(4.  3) 


On  the  matching  surface  and  are  related  to 

each  other  by  the  equation  [from  Eqs.  (A14)  and  (3. 1B)J 

V 3f 

cot2iij=  - coto^jcosy,,  0<  y,5  » and  -js  ri<  2t . 

^ * (4.4) 

Hence,  if  we  substitute  (y,)  as  obtained  from  Eq. 

(4.4)  into  Eqs.  (4.  2)  and  (4.  3),  we  obtain  the  desired 
wavefunction  on 


In  order  to  Insure  a smooth  matching  of  the  wavefunc- 
tions, we  need  also  to  match  the  derivative  of  the  wave- 
function  of  Eqs.  (4. 2)  and  (4. 3)  at  the  matching  sur- 
faces. Although  many  types  of  derivatives  are  possible, 
the  normal  derivative  S/Sn„,  to  the  matching  half-plane 
possesses  many  useful  mathematical  properties  (some 
of  which  are  seen  below),  and  for  this  reason  we  will 
consider  it  in  the  following  discussion.  Expressions  for 
in  terms  of  £,  q^,  and  y,  are  derived  in  Appendix 
A [Eq.  (A18)|.  Since  these  are  internal  configuration 
coordinates  (i.  e. , those  on  which  V‘  depends)  we  are 
free  to  choose  any  one  external  variable  (such  as  or 
6„)  to  hold  constant  during  the  differentiation  process. 
We  must,  however,  use  this  same  variable  in  deriving 
all  equations  concerning  the  derivative  matching  on  t,,. 
Choosing  this  external  variable  to  be  6,  and  introducing 
Eq.  (A18)  into  Eqs.  (4.2)  and  (4.  3),  and  then  using  Eq. 
(4. 4)  to  express  everything  on  the  matching  surface,  we 
obtain 


f''»(sin2q,)>'«*^  “(t.n). 


(4.5) 


where 

♦i‘’''‘‘(£.  n) 

= ^ 4>n(£)4>/,(n)(2 

♦ I'A  Slny,)g“‘'/|[q,(y,)j^ . (4. 6) 


The  derivative  dg/dij^  must  be  evaluated  by  allowing  q^ 
to  be  independent  of  y,  before  the  expression  qt  = qi(yi) 
given  by  Eq.  (4.4)  is  used. 

We  now  wish  to  expand  the  functions  and 

tne  matching  surface  in  terms  of  a set  of 
basis  functions  which  span  that  surface,  £ and  y^ 
being  the  independent  variables.  We  choose  the 
to  be 


«:*,.<£.  n)“<(£)A;j(yJ.  (4.7) 

where  the  4‘^’s  were  defined  above  [in  the  paragraph 
preceding  Eq.  (4. 2)|,  and  the  A'|(yt)  are  a set  of  rota- 
tional functions  which  we  shall  require  to  be  orthonor- 
mal and  complete  on  the  domain  y^s  Jv,  i 3t:s  y, 

< 2t.  For  convenience,  we  will  also  Impose  the  condi- 
tion that  >(“(yt)  be  real  and  that 
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Tills  Is  not  a significantly  restrictive  assumption,  and 
will  lead  to  matching  equations  involving  only  real  quan- 
tities. 

The  crucial  characteristic  In  our  choice  of  the  rota- 
tional basis  functions  A is  that  they  be  complete  for  the 
domain  Os  yjS  J»,  i3»Sy,<2».  This  contrasts  with 
the  0 to  2s  interval  over  which  the  asymptotic  rotational 
functions  are  complete.  What  we  have  actually 

done  is  to  divide  the  domain  of  into  two  equal  subdo- 
mains: (a)  0 to  {s  and  j3s  to  2s,  on  which  we  choose 
the  Srt  rotational  functions  and  (b)  Js  to  j3s, 

where  we  use  the  analogous  functions  which  span 

s,,.  The  union  of  the  two  sets  of  functions 

forms  a set  of  rotational  functions  which  spans 
(0,  2s)  and  this  allows  us  to  establish  a one-to-one  cor- 
respondence between  the  rotational  functions  >4)^  which 
span  the  pair  of  matching  surfaces  s,,,  and  s^,,  and  the 
asymptotic  functions  More  specifically,  if  we 

have  S vibration- rotation  basis  functions  asymptotical- 
ly in  arrangement  channel  X,  the  sum  of  the  number  of 
B'*  and  B**  functions  must  be  S.  For  a symmetric  re- 
action (i.  e. , one  in  which  channels  v and  ic  are  equiva- 
lent), we  must  use  A’/ 2 functions  in  each  of  these  two 
sets.  In  this  case,  the  rotational  quantum  numbers 
spanned  by  the  B^'f^  (for  each  vibrational  quantum  num- 
ber I',)  include  only  one-half  of  those  spanned  by  the 
asymptotic  functions  The  number  of  the  latter 
should  in  such  cases  be  even,  which  is  not  a severe 
constraint. 

We  now  discuss  possible  choices  for  the  functions 
>4“ . TWO  sets  of  functions  which  arc  both  orthonormal 
ani  complete  over  the  range  0 y,  ^ J i and  j 3*  « y,  < 2» 
are  (t)'''*exp(2i>,yj  and  (»)'''* exp((2>,»  l)iy,l  for;, 
^0,  1 1,  1 2,  ...  These  do  not  satisfy  the  condition  of 
Eq.  (4. 6),  but  certain  linear  combinations  of  them  do 
such  as  (a)  (x)''^‘,  (2/»)‘'“cos2y„  (2/i)‘'t6ln2y,, 
(2/t)''*cos4y„  (2/»)  ‘'*sin4y„  .. .,  and  (b)  (2/»)*"slny,, 
(2/w)''*cosy,,  (2/»)''*sin3y,,  (2/»)''*cos3y,,  ...  We 
can  also  choose  mixtures  of  (a)  and  (b)  above  such  as 
(c)  (2/1)*'* cosy,,  (2/«)*'*sin2y,,  (2/ii)‘'*cos3y,,  ... 
This  last  set  of  functions  (corresponding  to;,  - 0,  1, 

2,  . . . , respectively)  has  (he  property  that  all  its  mem- 
bers vanish  at  y,-  f/2  and  3v/2.  This  makes  these 
functions  very  efficient  for  expanding  the  wavefunctions 
(or  certain  reactions,  as  described  below.  An  alterna- 
tive to  analytical  (unctions  would  be  a numerically  de- 
termined set  such  as  the  rotational  eigenfunctions  (or 
some  approximate  potential  on  the  matching  surface. 

To  see  what  these  (unctions  might  look  like  (or  H»  H,, 
in  Fig.  8 we  plot  contours  of  Jie  Porter-Karplus  po- 
tential" on  the  two-dimensional  matching  half-plane 
s„.  The  lines  converging  at  the  origin  are  intersec- 
tlonii  of  with  y,>  constant  planes  and  correspond 
therefore  to  constant  values  of  q,.  The  figure  Indicates 
that  only  the  region  of  the  matching  surface  (or  which 
y,  la  in  (he  range  0-60*  and  3(X)"-360°  (and  q,  in  the 
range  q,^c  30'- 36. 9*)  has  a low  enough  potential  ener- 
gy to  contribute  significantly  to  the  reaction  at  energies 
less  than  1 eV.  This  implies  that  we  should  choose  a 
basis  set  B"*  which  describes  the  wavefunctlon  best  near 


(bohf) 

FIG.  6.  Plot  of  equipotendal  contours  on  the  matching  surface 
a,4  for  the  H-t  It,  reaction  in  the  Cartesian  coordinau;  system 
W,,  I'b  where  IV,^(X^ain^o,^tZ’cos’o,4l*^^  and  the  system 
-Yu  Fu  2,  is  the  one  described  in  Sec.  ill.  A.  Because  of  the 
symmetry  of  the  H,  system.  Fig.  S is  equivalent  to  the  lower 
half  of  Fig.  2(cl  since  the  Z,<0  half-plane  of  the  OF,Z,  plane 
is  for  this  system  the  same  as  the  Sn,  matching  plane.  The 
half-lines  emanating  from  the  origin  correspond  to  constant 
values  of  y,  and  q„  as  indicated.  To  each  such  half-line,  for 
which  y,=yu  there  corresponds  a symmetric  one  with  respect 
to  the  vertical  axis,  having  the  same  value  of  q,  and  a value 
oi  y,=  360'  — y,  in  the  270"  to  360*  range. 


y,=  0,  l.e.,  nearq,  = q,j.  For  this  reason,  we  previous- 
ly chose  the  vibrational  eigetif unctions  ^^(C)  to  be  solu- 
tions to  Eq.  (3.  5)  (or  q,  = q,,.  [See  paragraph  preceding 
Eq.  (4. 2)).  Although  there  is  no  single  y,-dependent 
rotational  potential  which  describes  the  rotational  mo- 
tion on  the  match'ng  surface  correctly  (or  all  {,  it 
should  be  clear  (ro.m  Fig.  6 that  rotational  functions 
which  are  numerica'iy  determined  from  the  potential  on 
the  matching  surface  (or  a fixed  C (such  as  the  t for 
which  this  potential,  at  y,^  0,  has  a minimum)  will  be 
localized  near  y,=  0 and  must  be  close  to  zero  near  y, 
c t/2  and  3v/2.  For  this  reason,  (he  analytical  set  (c) 
should  be  efficient  (or  expanding  the  wavefunctlon  on 
Finally,  we  should  mention  that  an  important  test 
of  the  correctness  of  the  method  is  to  demonstrate  the 
Invariance  of  the  final  converged  results  with  respect  to 
the  choice  of  Aj^. 

We  now  expand  the  (unctions  ♦J’**‘*  and  ♦/*'***  [de- 
fined by  Eqs.  (4. 3)  and  (4. 6)j  in  terms  of  the  matching 
surface  functions  B|l^f,  as  follows; 


•ih 


Whereas  the  indices  assume  iV  values,  I’J,  assume 
(ewer  values  than  that,  in  view  of  our  previous  discus- 
sion, Af/2  is  a convenient  choice  for  this  number  (or 
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the  Mghly  symmetric  Hj  system.  The  coeHlcients 

"'“y  found  by  equating  Eq.  (4.  3)  on 
with  Eq.  (4.9),  and  Eq.  (4. 6)  with  Eq.  (4.10),  mul- 
tiplying the  resulting  expressions  by  ..  and  inte- 
grating them  over  { and  y,.  Using  the  ort^onormality 
of  the  functions  on  the  matching  surface  and  Eq. 
(4.8),  and  interchanging  in  the  end  the  i'"J"  indices  with 
the  I’^j^ones,  we  get 

■ J\  5 /; 

(4.11) 

"7S' 

/cosi»r,\  r , /C08(;'/»  l)yA 

H-  • » 01  * „ ,v  ) 

\isln;;'yK/  L VismOi**UY»/ 

(4.12) 

where  the  upper  term  in  the  large  parentheses  is  to  be 
used  (or  eveny\,  and  the  lower  for  odd  and  use  was 
made  of  Eq.  (4. 8). 

We  non>  must  consider  t expansion  of  the  wavefunc- 
tlon  obtained  from  the  lr‘  ration  in  channel  v,  in  the 
same  matching  surface  basis  functions  of  Eq. 

(4. 7).  To  do  this  we  first  express  the  wavefunction  and 
its  normal  derivative  in  a form  analogous  to  Eqs.  (4. 2), 
(4.  3),  (4.  5),  and  (4. 6).  For  the  wavefunction  we  get 

I.,  r.) . {*.  13) 


T ■ «•  >4) 

*9*¥ 

The  vibrational  basis  (unction  ) is  defined  in  a man- 
ner similar  to  0^  ({)  and,  in  fact,  may  be  identical  to  it 
(for  i’,  = Vt)  if  (he  reference  potentials  are  defined  ap- 
propriately. In  terms  of  the  v arrangement  channel 
coordinates,  the  relation  between  q,  and  y„  on  the  match- 
ing surface  is  given  by 

cot2i7,s  color,, Cosr„  J»Sy,sJ3».  (4.15) 

This  Is  easily  derived  from  Eq.  (4. 4),  using  the  rela- 
tions (A12)  and  (Ai5)  of  the  Appendix  and  Eq.  (3. 18). 

In  calculating  the  normal  derivative  of  the  wavefunc- 


tion of  Eq.  (4. 13)  on  the  matching  surface  we  must 
remember  (hat  9,  must  be  held  constant  during  the  dif- 
ferentiation. It  is  therefore  desirable  to  express  8,  in 
terms  of  9,, 

9,  = 9,«4„,  (4.16) 

where  a,,  is  a function  of  the  internal  variables  f?„  r 
y,  only  as  seen  in  Eqs.  (A9)  of  the  Appendix.  If  we  ex- 
press those  two  equations  in  terms  of  the  variables  C, 
It,,  and  y,,  then  find  the  normal  derivative  of  A,,  using 
Eq.  (AIS)  and  finally  use  Eq.  (4.4)  to  express  all  quan- 
tities on  the  matching  surface  t,,,  we  obtain  the  very 
useful  equation  valid  only  on  this  surface: 

= (4,17) 

As  a consequence  of  this  simplification,  we  can  express 
the  normal  derivative  of  the  wavefunction  in  arrange- 
ment channel  v on  by 

■■  t«^  (sln2q.7^ *'  <*- 

where 

/,r,  ' ' ' ai), 

- C0to„(i  cosy,  ♦i),siny,)g/,''^n.(y.>!]  • 

(4. 19) 

it’e  now  expand  the  functions  and  in 

terms  of  the  matching  surface  (unctions  Yu)* 

Note  that  we  use  the  X arrangement  channel  variables 
to  express  the  v arrangement  channel  wavefunction* 
using  the  transformal  Yn  equations  (A12),  (AH)*  and 
<3. 16)  to  relate  the  X and  v sets  of  variables.  The  re- 
sulting expansions  are 

n) « L . n.  20 

. z fi n) . (4. 21) 

»»ir 

where  the  expansion  coefficients  are  given  by 

= (-i)’'s;‘,.,.A;,‘(n) 

sinj;,y.)  ’ 
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.4611 


where 

• «-2<) 

As  before,  the  upper  term  in  the  large  parentheses  is 
used  for  even  and  the  lower  for  odd 


B.  The  matching  equations 

With  the  wavefunctions  from  the  integrations  in  both 
channels  v and  X expressed  in  terms  of  the  basis  set 

on  we  can  now  take  the  appropriate  lin- 
ear combinations  of  these  solutions  to  yield  solutions  to 
the  full  Schrodinger  equation  which  are  continuous  and 
smooth  throughout  all  of  configuration  space.  Let  us 
denote  the  fully  matched  solutions  thus  obtained  by 

There  are  S sets  of  indices  vj,  and  the  super- 
script (i)  can  have  the  values  1,  2,  or  3.  The  full  set 
of  indices  (i)vj  thus  scans  3^  values,  and  we  will  there- 
fore obtain  3A*  linearly  independent  solutions  to  the 
Schrodinger  equation.’^ 

We  now  write  in  terms  of  the  solutions  ♦y”*^** 
and  also  in  terms  of  the 


•wi 

= (4.25) 


and 


zIjL — - V I 

»««  .f:;-'  8"m  ■'*•>'»  8n« 


The  coelficients  and  are  to  bo  determined 

by  applying  these  two  sets  ol  equations  on  (and  simi- 
lar equations  on  ».„  and  r^,),  and  by  imposing  the  scat- 
tering solution  boundary  conditions  as  explained  in  Sec. 
V.A.  Equations  (4.25)  and  (4.26),  when  evaluated  on 
conhprise  the  smooth  matching  conditions. 


^ //p^/^  ^^pp; 


.Kl  • 


(4.28) 


with  the  anal^ous  equation  (or  derivatives  obtained  by 
using  %'  and  /'  instead  ol  h and  / above.  The  matrix 
is  defined  by 


{if  AJ*>4;*cosJA„dy,  for/,  even 

(4.20) 

or,  by  the  expression  (which  is  only  equivalent  to  it  (or 
a complete  set  of  (unctions  fl**) 


S'.expffc/A’*) 


(4.30) 


where 

. (4.31) 

As  should  be  evident  from  Eqs.  (4.30)  and  (4.31),  the  ma- 
trix is  unitary  since  A,,  is  real,  and  therefore  A"' 
is  Hermitian. 

By  examining  the  definitions  given  in  Eqs.  (4.11), 
(4.12),  (4.22),  (4.23),  and  (4. 29)  for  the  various  sym- 
bols used  in  Eq.  (4.28)  and  its  equivalent  for  the  deriva- 
tives, we  find  that  the  latter  set  of  equations  involve 
either  purely  real  terms  or  purely  Imaginary  terms. 

Let  us  omit  the  (actor  i appearing  in  Eqs.  (4.11),  (4.12), 
(4.22),  and  (4.23)  and  replace  it  in  Eq.  (4.29)  by  (-1)'.. 
We  denote  all  of  the  real  coefficients  thus  obtained  by 
removing  the  bars  which  previousiy  appeared  above 
their  symbols.  Equation  (4.28)  and  its  normal  deriva- 
tive counterpart  continue  to  be  valid  for  the  unbarred 
quantities,  which  permits  all  of  the  calculations  associ- 
ated with  the  matching  to  be  performed  using  real  num- 
ber ariihm.etic,  a considerable  computational  simplifica- 
tion. Regarding  the  '•'a!  coefficients  appearing  in  these 
equations  as  e'ements  of  matrices,  we  can  rewrite 
them  as 

h‘/CiV  ♦h*/CiV*si{(7CiV'*»rCiV}  (4.32) 


By  substituting  Eqs.  (4.2),  (4.13),  and  (4.16)  into 
Eqs.  (4.25),  we  obtain  the  following  expression: 


» («p/* 


;).  (4.27) 


The  analogous  expression  for  the  normal  derivatives  Is 
obtained  from  Eq.  (4.27)  by  replacing  the  ^ by  the  in 
that  equation.  If  we  now  substitute  the  expansions  given 
by  Eqs.  (4.0),  (4.10),  (4.20),  and  (4.21)  into  Eq.  (4.27) 
and  into  its  equivalent  for  the  normal  derivatives,  then 
multiply  through  by  and  integrate  over  C 

and  Ta,  we  obtain  the  following  system  of  linear  alge- 
braic equations: 


U)pJ-  \ 


and 

ii;“civ.h>-civ=s;.((;'*cjt’**f;'-civ) . (4.33) 

The/matrix  Is  related  to  by  the  unitary  transfor- 
mation T’ii  I,  where  I is  the  unitary  diagonal  matrix 
whose  diagonal  elements  alternate  between  1 and  i. 
Therefore,  if  the  B*'  form  a complete  set,  is  unitary, 
and  since  it  is  realdt  is  also  orthogonal.  As  shown  in 
the  previous  section,  the  number  of  basis  (unctions 
used  to  expand  tlie  wavefunction  on  **  N/i, 
where  N is  the  total  number  of  vibration- rotation  func- 
tions used  in  the  coupled-channel  expansion.  This  im- 
plies that  there  should  only  be  N/i  rows  In  the  matrices 
1*5^.  There  are,  however,  S columns  because  the  differ- 
ent columns  denote  the  S linearly  independent  solutions 
propagated  in  either  the  forward  (.)  or  backwards  (-) 
integrations.  Summarizing,  the  dimensions  of  the  vari- 
ous matrices  in  Eqs.  (4.32)  or  (4.33)  are  symbolically 
represented  as  follows; 
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(/V/2  X M CV  X JV)  ♦ tV/2  X S)  (.V  K AT) 


* tN/2  X a72)1  (AV2  X ,V)  (AT  X A-)  ♦ (A72  x A')  CV  x A'))  . 

(4.34) 

We  can  combine  Eqs.  (4.32)  and  (4.33)  into  a single  ex- 
pression which  contains  only  square  ATxA’  matrices  by 
defining  the  argumenled  A'xA'  matrices  h“,  ?",  and 

si  as 


(4.35) 

(4.36) 

O 

II 

(4.37) 

Where  0 denotes  an  (A’  ‘2xA'/2)  matrix  of  zeros.  The 
resulting  matching  equation  on  becomes 


hy  ciV* . fiy  c'A'- = si  (?  7 ciV  ♦ 8^'  c'A’-)  . (4.38) 


In  order  to  solve  for  the  unknown  coefficient  matrices 
ClV“,cyj*  (and  CV,'*),  we  must  couple  Eq.  (4.301  with 
the  corresponding  equations  obtained  from  the  matching 
on  r.y  and  Using  the  same  notation  as  in  Eq.  (4. 38), 
the  matching  equations  on  these  two  additional  surfaces 
are 


h7ciV  *i>7ciV'=i.i(T;'c‘/.‘-  ►irciV) 


(4  3Si 


and 


S7ci'.”*fi7cir=i'.(f*i*ciV.i7c'A-)  (4.40) 


We  can  now  combine  Eqs.  (4.38),  (4.39),  and  (4.40)  in: 
the  foiiowing  single  matrix  equation  which  involves 
square  matrices  of  dimension  3.Vx3A''. 

n;c;*n;c;  = 0 . (4.4i) 


where 


-as/  j . (4  «) 

S'/  / 


(4.43) 


and  the  0 stands  (or  a matrix  of  zeros  of  the  appropriate 
dimensionality.  L.et  us  rearrange  Eq.  (4.41)  to  the  (oim 

c*,(c;)'‘  = -(m',)-'m;  . (4.44) 

Equation  (4.44)  is  the  essential  result  of  the  smooth 
matching  procedure.  It  expresses  the  unknown  coeffi- 
cients C/  in  terms  oi  the  known  NJ  and  thus  determines 
which  linear  combination  of  the  solutions  obtatn-id  from 
the  Integrations  In  each  arrangement  channel  region 
will  produce  smoothly  matched  wavefunctlons.  Of 
course,  Eq.  (4.44)  supplies  only  one  3.VxXV  matrix 


equation  for  the  two  3A'xXV  unknown  matrices  Cj  . This 
tells  us  that  our  matched  solutions  are  not  completely 
unique,  which  is  not  unexpected  since  we  have  not  yet 
specified  the  asymptotic  conditions  which  our  matched 
wavefunctlons  must  satisfy.  We  wilt  do  so  in  the  next 
section,  and  when  these  additional  conditions  arc  com- 
bined with  Eq.  (4.44),  we  will  obtain  unique  expressions 
(or  the  coefficient  matrices  Cj. 


V.  ASYMPTOTIC  ANALYSIS 

A.  The  reactance  and  scattering  mauicet 


Wo  will  now  describe  how  lo  obtain  the  reactance 
(R,)  and  scattering  (S/)  matrices  from  the  asymptotic 
values  of  the  primitive  (but  S!''oothly  matched)  solutio.is 
*7 described  in  the  previous  section.  These  (unc- 
tions are  defined  in  Ihc  entire  configuration  space.  • 
Their  asymptotic  behavior  in  each  of  the  three  arrange- 
ment channels  A =o,  d,  y can  be  obtained  from  Eqs. 
(3.22),  (3.5),  (2.13),  (2.10),  and  (4 . 25)  and  is 


• 4r^li  ^ 


I E (« -(Ki) 1 g ■ (Hi) c;-;..) 


(5.1) 


where  we  have  dropped  the  superscript  (a)  as  it  will  be 
implicit  throughout  Sec.  V.  The  product  (unctions 
r^‘^*^5,^(>v)<^i,^,,^(r^)are  the  asymptotic  vibration- rota- 
tion wavefunctlons  of  the  diatomic  molecule  correspond- 
ing to  the  A arrangement  channel.  vVe  note  that 
vanishes  in  the  asymptotic  regions  of  arrangement 
channels  e and  x because  **  in  these  regions.  As  a 
result,  Eq.  (S.  1)  can  be  rewritten  as 


, (5.2) 

wherr 


III.)  - 3- / -‘’i''!'"  \ (5  3) 


and  the  A summation  extends  over  arrangement  channels 
a,  d,  and  > . The  analogous  expression  for  the  (unction 
Hj'^*(*/*H,)(/<y**7’"i  is  obtain^  from  Eqs.  (5.2)  and 
(5,3)  by  replacing  ''^H,  in  the  latter. 

We  now  define  the  reactance  and  scattering  matrix 
solutions  (or  each  partial  wave  J.  In  analogy  with  their 
corresiKinding  ihrce-dimensional  multichannel  dellnl- 
ttons,  ’*■’*  and  using  the  asymptotic  behavior  of  the  co- 
planar  solutions  given  In  Eqs.  (3.26),  we  define  the  re- 
actance and  scattering  solutions  and  the  corresponding 
matrices  as  follows; 


Sl'^v  /(»,) 

E O'-  . (5-<) 

where,  for  the  R,  matrix  solution, 
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‘he  open  channels) 

(for  the  closed  channels)  , 

and  (or  the  matrix  solution 

( H?\Ku  «*>  C-'v 'ho  OPO"  channels) 

ff»)S^74\. /».  'ho  closed  channels). 


and  the  Hankel  (unctions  H,  are  related  to  the  Dessel 
(unctions  J,,  Ki  by 

. (5.7) 

The  asymptotic  sign  In  Eq.  (5.4)  signUies  that  (or 
each  X in  the  summation  the  corresponding  goes 
to  ifiiinity.  The  and  S/  matrices  dedned  in 
Eqs.  (5. 5)  and  (5. 6)  have  dimension  3.V  x 3A'  and  in- 
clude both  open  and  closed  channel  initial  and  (inal 
states.  Only  the  open  - open  transitions  have  direct 
physical  signilicance,  and  we  will  label  the  submatrices 
(ormed  by  the  corresponding  matrix  elements  by  the 
symbols  R*  and  S’ . It  is  these  open  channel  matrices 
R°  and  S°  which  obey  the  usual  properties  that  R°  is 
real  and  symmetric  aiid  S“  is  unitary  and  symmetric.** 
as  a result  ol  the  time  reversai  invarn-ince  and  conser- 
vation o(  (lux  properties  o(  the  SchrSdinger  equation. 
Actually,  Eqs.  (5.4)-(5.7)  are  expressed  in  terms  o( 
the  mass-scaled  variables  r^,  R,  o(  Eqs.  (2.2a)  and 
(2.2b),  whereas  the  reactive  and  scattering  matrices 
we  are  interested  in  are  detincd  in  terms  ol  equivalent 
expressions  involving  the  unsealed  f,,  R,.  However, 

Eq.  (5.4)  and  its  unsealed  variable  counterpart  are  pro- 
portional to  one  a.'nther,  and  as  a result  R,  and  are 
invariant  under  the  r„  R,-  f„  R^  trans(ormation;  this 
permits  us  to  use  di''ectly  the  unbarred  variable  results 
to  calculate  these  matrices.  From  Eqs.  (5.7),  Eqs. 
(5.5)  and  (5.6),  we  can  obtain  the  (ollowing  relation  be- 
tween the  open  channel  subblocks  o(  the  reactance  and 
scattering  matrices,  analogous  to  the  one  valid  (or 
three  dimensions**’”: 

Si  = (l-iR})(l*iR;)‘'  • (5.8) 

where  I is  the  Identity  matrix.  We  wilt  discuss  the 
physical  stgnidcance  ol  the  scattering  matrix  at  the  end 
o(  this  section. 

Let  us  Indicate  how  R^  can  be  obtained  (rom  th?  nu- 
merically determined  solutions  We  rewrite  Eqs. 

(5.3)  and  (5.5)  in  3Wx3A/  matrix  (orm  as 

•/ ••‘/Ci  liJC;  (5.8) 


bv-V''*U,«Y,R,)  , 


• ' (5.12b) 

X (open  channels) 

) (|*iiij |Ra)  (closed  channels)  , 

X (open  channels) 

0*.a/aIRa)  (closed  channels) , 

and  Ry  is  Iho  transpose  of  . The  elements  of  the  •/ 
and  b,  matrices  are  the  and  respec- 

tively. In  all  these  matrix  elements,  the  subscripts 
other  than  J denote  the  row  and  the  superscripts  the 
column  to  which  they  belong.  The  reactance  matrix 
solution  if/  (/i|  can  be  obtained  from  our  numerical- 
ly determined  solutions  4»/ by  taking  linear  combina- 
tions of  the  latter: 

= . (5.15) 

As  was  mentioned  at  the  end  ol  Sec.  IV,  the  matching 
equation  (Eq.  (4.44)|  determines  (C})'‘  but  not  Cj 
or  C}  individually.  To  complete  their  evaluation  we 
choose  tn  E<1-  (5.15),  which  is  equiv- 

alent to  requiring  that  the  CJ  produce  solutions  which 
are  not  only  smoothly  matched,  but  satis(y  the  reac- 
tance asymptotic  conditions  as  well.  (It  will  soon  be- 
come apparent  that  there  are  enough  degrees  o(  (reedom 
te(t  over  to  permit  this  condition  to  be  Imposed. ) We 
then  substitute  Eqs.  (5. 2)  and  (5.4)  into  Eq.  (5.15)  and 
equate  coeKicients  ol  terms  having  the  same  arrange- 
ment channel  X and  vibration-rotation  basis  (unctions 
r:'**v>,,(y,)d’:j,j(rj).  Expressing  the  resulting  equations 
In  matrix  (orm  and  using  Eqs.  (5.8)  and  (5.10),  we  ob- 
tain 

(B:c;*9;c;)-v-'"(j,Ar,,R.,)  . (5.16) 

The  analogous  equation  for  the  derivative 
»R,)[(/<a)‘'**/[r11  Is 

(9/'c:*9;'c:)»v'**u;  AYik,) , (5.17) 

where  prime  denotes  di((erentlation  with  respect  (o 
with  X»o,  8,  y as  appropriate.  These  last  two  equa- 
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tions  and  Eq.  (4.44)  can  then  be  simultaneously  solved 
to  yield  the  tollowing  expression  lor  hj  : 

R.,  = - V''‘  w;' ((j;  B/')  (Ml)''  M;  - (J/b:  - J.,  b;')I 

b1  - Vy  ol')  (Ml)'*  NJ  - (Y;  B 1 - Y,  bV I"'  •»/  V'* 

(5.18) 

where 


=y;j,-j1y. 


(5.19) 


is  the  diagonal  matrix  whose  diagonal  elements  are  the 
Wronsklans  of  the  regular  and  irregular  ordinal'}'  or 
modified  Bessel  functions.”  None  of  the  matii.es 
whose  Inverses  appear  in  Eq.  (5.18)  are  in  general 
singular.  Transposition  of  Eq.  (5. 18)  gives  R.,,  and 
Eqs.  (5. 18)  and  (4.44)  when  substituted  into  Eqs.  (5. 16) 
or  (5.17)  permit  an  explicit  and  unique  determination 
of  Cl  and  C}. 

The  procedure  just  described  furnished  the  full  Ry 
matrix.  Its  closed  channel  parts  may  now  be  discarded 
and  the  open  channel  part  of  the  scattering  matr>x  S° 
may  then  be  used  to  calculate  the  nrebability 


be  considered  in  Sec.  VI.  D.  As  mentioned  in  Sec. 

11.  C,  the  total  angular  momentum  is  simply  equal  to  the 
algebraic  sum  of  the  rotational  and  orbital  angular  mo- 
menta, i.e.,  which  allows  us  to  re-express 

in  terms  of  initial  and  final  orbital  angular  mo- 
menta f,  and  1^, , This  has  a useful  semlclassical  in- 
terpretation .since  the  initial  orbital  angular  momentum 
quantum  number  I,  is  related  to  the  classical  Impact 
parameter  ft,  through  the  relation 

= . (5.21) 

where  is  the  wave  number  in  the  R,,  r,  coordinate 
system  (defined  in  Sec.  If.  B) 


(5.22) 


B.  Distinguishable-atom  scattering  amplitudes 
and  cross  sections 


may  i 

of  transition  from  a given  initial  arra'ngement  channel 
ft  and  Internal  state  r,.  (for  a given  total  angular  mo- 
mentum quantum  number  J)  through  the  relation 


(5.20) 


Note  that  this  is  a dlstlngutshable-atom  transition  prob- 
ability, Effects  of  indtstlngulshability  of  particles  will 


In  this  section  we  define  a coplanar  dimensionless  dis- 
tinguishable-atom scattering  amplitude  and  give  its  re- 
lation to  the  coplanar  scattering  matrix  and  differential 
and  integral  cross  sections. 

Let  4'*^f»[p)  be  a “physical”  solution  to  the  SchrS- 
dlnger  equation  (2. 4),  involving  the  mass-scaled  co- 
ordinates r,,  Rj,  which  behaves  asymptotically  at 
large  R,,  R,,  and  R.  as 


Vtf  I 


>»•»»' j (S,,,)!-;;  (r,,)  . 


(5.23) 


This  solution  describes  a collision  between  atom  A, 
and  molecule  A,  A,  in  internal  vioratlonai-rotational 
state  with  the  relative  initial  velocity  of  colliding 
partners,  In  scaled  coordinates,  being  . The  di- 
rection of  relative  approach  of  the  colliding  partners 
is  the  X axis  of  Fig,  1,  The  scaled  coordinate  relative 
motion  wave  number  Is  real  positive  for.  open 
channels  and  imaginary  positive  for  closed  ones.  The 
first  and  second  R,. -dependent  terms  in  Eq.  (5, 23)  rep- 
resent, respectively,  the  incident  relative  motion  line 
wave  and  the  scattered  circular  wave,  which  can  be  non- 
reactive (ft'  = ft)  or  reactive  (ft' eft).  These  are  the  2D 
analogues  of  the  3D  Incident  plane  wave  and  scattered 
spherical  waves.  The  factoroutside  the  square  brackets 
Is  the  planar-motion  vibrational-rotational  wavefunction 
of  the  isolated  A^  Af  molecule  in  state  v,. , in 
scaled  coordinates. 

Equation  (5. 23)  defines  a set  of  dimensionless  dis- 
tinguishable atom  scattering  amplitudes 7(8,.).  The  dif- 
ferential cross  section  for  the  ftt',.f  ,~ft'i’,.A'  process 
(assuming  that  both  these  states  are  open  at  the  total 
energy  £ being  considered)  is  related  to  the  correspond- 
ing/ by 

(5.24) 


I 

where  is  the  unsealed  initial  relative  motion  wave 
number  of  the  colliding  particles.  For  either  reactive 
or  nonreactive  collisions,  8,.  is  the  angle  between  the 
Initial  and  final  velocity  vectors  of  the  atom  with  re- 
spect to  the  diatom  in  the  center  of  mass  system  Oxy  of 
Fig.  1.  The  integral  cross  section  lor  the  same  pro- 
cess is 


(5.25) 


a and  Q have  dimensions  of  a length  per  unit  angle  and 
of  a length,  respectively. 

We  now  relate  the  scattering  amplitudes  to  the  scat- 
tering matrix.  To  do  this,  we  expand  the  physical 
solution  Eq.  (5. 23)  in  terms  of  the  scattering  matrix 
solution  [Eqs.  (5. 4)  and  (5, 6))  using  an  equation  anal- 
ogous to  (2. 1 2): 


(5.26) 


*•»/« 


To  find  expressions  for  the  coefficients  and  the 
scattering  amplitudes  wo  first  expand  the  8,.- 

dependent  portions  of  Eq.  (5.23)  In  terms  of  the  eigen- 
functions «’/(8,.),  then  express  the  R,.-aependent  por- 
tions of  Eqs,  (5. 23)  and  (5.6)  In  their  asymptotic  forms 
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[Eq.  (3. 27)  J involving  exponentials.  We  finally  equate 
the  coefficients  of  the  corresponding  Ri.  exponentials, 
and  rotation-vibration  basis  functions  In  both 
sides  of  Eq.  (S.  26)  and  solve  the  resulting  equations 
for  ci”**  and  for  the  coefficients  of  the  expansion  of 
in  the  «>/(»>.). 

The  expansion  for  the  line  wave  is'° 


+ (-  l)V'*^-'‘'**'e‘<"‘']t^(e.,) 
(5.27) 

As  a result  of  the  relation  between  y,,  fl,,  and  9,^ 
given  alter  Eq.  (2.1),  and  of  Eq.  (2.9),  we  have 

«’/,.<».»)  = {2»)''Vy,,(9.,)v>,,,(y..)  . (5. 28) 

Using  Eqs.  (5. 26)-(5.  ^8)  and  following  the  procedure 
outlined  above,  we  get 

d‘P‘'  = {^y\xp[HJ-j,)ir,\  (5. 29) 

and,  for  the  dimensionless  scattering  amplitudes  to 
open  channels, 


*»•>  ®*pI'  - a - i)i  »1 


VI.  APPLICATION  TO  PLANAR  H ♦ H, 

A.  The  integration,  matching , and  distinguishable-atom 
asymptotic  analysis 

In  the  application  of  the  methods  described  in  Sec. 
ni  and  rv  to  the  H « exchange  reaction,  a consider- 
able reduction  in  computation  time  can  be  realized  by 
utilizing  two  important  symmetry  properties  of  this 
collision  system.  The  first  is  the  invariance  of  the 
collision  system  and  associated  coordinate  systems 
with  respect  to  a cyclic  permutation  of  the  three  atoms. 
Mathematically  this  means  that  all  equations  derived 
in  Secs.  ni-V  are  Invariant  to  a cyclic  permutation  of 
the  indices  Xvk,  which  implies  (1)  that  we  need  to  in- 
tegrate the  Schrddinger  equation  in  only  one  of  the 
three  arrangement  channel  regions  depicted  In  F!g.  2, 

(2)  that  we  need  only  calculate  the  projection  coeffi- 
cients ff,  K', /,  and/' defined  in  Eqs.  (4.11),  (4.12), 

(4. 22),  and  (4. 23)  on  one  of  the  three  matching  sur- 
faces (such  as  t,i),  and  (3)  that  the  X-v,  v-k,  and 
X - X distinguishable-atom  scattering  amplitudes  are 
all  Identical,  as  are  v-A,  X-«,  k-v,  andX-X,  r 
-v,  x-x,  so  we  may  restrict  ourselves  to  a calcula- 
tlun  of  the  X - X,  X-v,  and  X-x  scattering  amplitudes 
only.  The  second  symmetry  property  is  related  to  the 
invariance  of  the  collision  system  (but  not  the  associated 
coordinate  systems)  with  respect  to  an  interchange  of 
any  two  of  the  three  atoms.  This  results  in  a potential 
function  V*(r,,  R,,  y,)  which  Is  symmetric  about  y,  = x/ 

2 and  3r/2; 


X A9v)  . (5. 30) 


*'‘(»'»,  «i.  for0<yj<x,  jg  jj 

v*(*'»,  3i-yj)=  V'{ri,  R^,  yj  for  f<y,<2f  . 


Equation  (5. 30)  differs  from  that  obtained  by  Walker  and 
Wyatt*'  only  by  the  phase  factor  cxp(-  Sub- 

stitution of  Eq.  (5. 30)  into  (5. 24)  and  of  the  result  into 
Eq.  (5. 25)  leads  to  the  following  rather  simple  expres- 
sion for  the  integral  cross  section: 


Equations  (5. 35)  and  (5. 36)  may  be  written  in  terms  of  a 
sum  over  J from  0 to  «>  by  using  the  relation 


(5.32) 


This  expression  is  a consequence  of  the  symmetry  of 
the  Hamiltonian  with  respect  to  reflection  through  the 
plane  of  motion.  Additional  symmetry  relations  which 
follow  from  Eq.  (5. 32)  are 

/,!!;?, 7'*'(2»  - «..)  = (5-  3») 


and 


(5.34) 


Equations  (5. 32),  through  (5. 34)  are  valid  for  any  planar 
atom  plus  diatomic  molecule  collision  process.  For 
reactions  of  higher  symmetry  such  as  H -f  H] , there 
exist  additional  relationships,  some  of  which  wUi  be 
discussed  in  the  next  section. 


To  a large  extent,  tne  consequences  of  this  property 
depend  on  the  coordinate  system  being  used,  for  while 
Eq.  (6. 1)  Is  valid  in  all  regions  of  configuration  apace, 
the  X arrangement  channel  coordinates  r,,  ff,,  y,  are 
not  the  most  convenient  coordinates  to  use  in  all  three 
arrangement  channel  regions.  In  arrangement  channel 
region  X,  Eq.  (6.1)  has  the  immediate  effect  of  de- 
coupling rotational  states  of  even  and  odd  quantum  num- 
bers A ■ This  means  that  the  integration  In  arrangement 
channel  region  X can  be  done  In  two  separate  steps,  one 
for  even  and  one  for  odd  . In  each  of  these  steps  the 
total  number  of  basis  functions  required  is  on'v  about 
half  of  that  needed  In  the  absence  of  this  decoupling. 
Since  the  computation  time  varies  as  S',  where  S Is 
the  number  of  states  be::ng  Integrated  and  a Is  2 for 
Af<  10  and  3 for  S>  20,  we  see  that  a saving  of  factors 
of  2 to  4 in  computation  time  may  be  realized  by  this 
decoupling.  In  a similar  manner,  the  calculation  of  the 
matching  surface  coefficients  of  Eqs.  (4.11),  (4.12), 

(4. 22),  and  (4. 23)  may  be  done  In  two  separate  steps, 
one  for  even  and  one  for  odd  J^,  and  the  coefficient 
matrices  f,  and  f"*  may  be  obtained  from  and  k/* 
by  using  the  simple  relations 

(/T*)^^ = - (-  • (6-  a>) 

We  must  note,  however,  that  the  number  of  matching 
surface  functions  fs  still  S/2,  where  S Is  the  total 
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number  of  even  plus  odd>t  states.  The  niairhini;  pro- 
cedure ultimately  couples  the  even  and  odd  rotational 
states  [throufdt  Eq.  (4.44)|  so  that  deroupllnit  beyond 
that  point  is  lost.  However,  symmetry  of  the  system 
about  v/2  and  3v/2  [Eq.  (6. 1)|  may  be  used  to  relate 
the  X—v  and  X — x scattering  amplitudes  according  to 

(-I)'"'/.?;''.  (6-3) 

as  is  shown  in  Appendix  C.  Equation  (6. 3)  may  be  used 
to  reduce  the  work  Involved  in  the  asymptotic  analysis 
to  the  calculation  of  only  the  X - x and  \ - v scattering 
amplitudes.  An  additional  consequence  of  Eq.  (6. 1) 
valid  only  for  the  X - X scattering  amplitudes  (i.e. , the 
nonreactive  transitions)  is  the  familiar  relation  (also 
derived  in  Appendix  C) 

7,V;''  = 0 lorJ-/  = odd.  (6.4) 

and  the  incorporation  of  this  relation  into  the  asymptotic 
analysis  can  also  result  in  a reduction  of  computational 
effort.  We  should  note,  ho«’cver,  that  the  two  sym- 
metries given  by  Eqs,  (6.  3)  and  (6.4)  deiiend  on  our 
use  of  a complete  basis  set  for  expanding  the  wave- 
function  on  the  matching  surface  and  therefore  may  be 
used  as  a test  of  the  convergence  of  the  method  pro- 
vided these  symmetries  arc  not  built  into  the  calcula- 
tions. 

8.  Postantisymmetrization 

Up  to  this  point,  we  have  considered  the  three  .atoms 
to  be  distinguishable.  However,  to  c.^lculate  physically 
measurable  quantities  such  as  cross  sections  for  re- 
actions like  H*  Hj,  we  must  include  for  effects  due  to 
indisUnguishabllity  of  the  three  atoms  and  the  Pauli 
principle.  This  means  that  the  physically  meaningful 
solutions  to  the  Schrfidinger  equation  must  be  antisym- 
metric with  respect  to  interchange  of  hydrogen  nuclei 
(which  have  spin  j).  Some  conceptual  difficulties  arc 
occasionally  encountered  when  using  time-independent 
solutions,  since  antisymmetrization  seems  to  imply 
Incoming  waves  in  all  three  arrangement  channels 
asymptotically,  A consideration  of  the  time-dependent 
wavepacket  generated  from  the  time-independent  solu- 
tions resolves  this,  however.  As  Taylor  has  shown, 
the  asymptotic  indistinguishable-atom  wave  packet  is 
Identical  to  its  distinguishable-atom  counterpart,  so  that 
at  any  given  time  before  the  collision,  the  Incoming 
wave  Is  localized  in  a single  distinguishable-atom  ar- 
rangement channel.  Once  the  collision  begins,  such 
localization  is  lost  and  the  concept  of  distinguishable- 
atom  arrangement  channels  becomes  meaningless. 

There  is  actually  a number  of  ways  by  which  indls- 
tingulshable-atom  scattering  amplitudes  may  be  obtained 
from  time-independent  wavefunctions; 

1.  We  can  pieantlsyrnmetrlze  the  wavefunctlon,  and 
solve  the  coupled  integrodifferential  equations  generated 
when  this  wavefunctlon  is  substituted  into  the  Schrii- 
dlnger  equation.  Such  a procedure  was  used  by  Wolken 
and  Karplus"  and  the  resulting  solutions  yield  directly 
the  Indistinguishable-atom  scattering  amplitudes. 

2.  We  can  solve  the  Schrfidinger  equation  using  the 


method  outlined  in  this  patier  for  distinguishable  parti- 
cles, antlsymmctrize  Die  resultant  primitive  wave- 
functions,  and  use  the  asymptotic  form  of  these  anti- 
symmetrized  wavefunctions  to  obtain  the  indistinguish- 
able-atom scattering  amplitudes.  A related  procedure 
was  considered  by  Truhlar  and  Abdallah*’  in  their  meth- 
od for  studying  rearrangement  collisions. 

3.  We  may  use  the  distinguishable-atom  primitive 
wavefunctions  geoerated  in  (2)  to  determine  the  dis- 
tlnguishable-alom  scattering  amplitudes.  These  am- 
plitudes may  then  be  linearly  combined  to  yield  the  cor- 
responding indistinguishablr-alom  amplitudes.  This 
is  the  usual  procedure  of  postantisymmetrization” 
which  we  have  used  and  whicu  is  described  for  the  case 
of  hydrogen  atom  exchange  in  Appendix  O, 

If  exact  solutions  to  the  Schrddinger  equation  are 
used,  then  all  three  melhods  should  give  the  same  re- 
sults, but  the  use  of  approximate  solutions  can  lead  to 
different  results  even  when  comparing  methods  (2)  and 
(3)  where  the  same  distin,nJishable-atom  primitive 
wavefunctions  are  used.  An  example  of  this  arises 
when  dlstir.guishable-alom  solutions  that  do  not  obey 
microscopic  reversibility  are  considered.  In  this  case 
the  process  of  antisymmetrization  of  the  wavefunctlon 
Is  not  lnterch.angrable  with  that  of  extracting  the  asymp- 
totic form  of  the  wavefunctlon,  thus  leading  to  dif- 
ferent results  when  methods  (2)  and  (3)  are  applied. 
Since  the  numerical  method  described  in  this  paper  is 
designed  to  provide  accurate  solutions  to  the  SchrC- 
dinger  equation  for  distinguishable  atoms,  the  dif- 
ferences between  methods  (2)  and  (3)  are  of  secondary 
imporiance  and  we  sh.all  restrict  ourselves  to  con- 
sidering method  (3)  for  the  remainder  of  this  paper. 

The  resulting  expressions  for  the  tndistlnguishable- 
parliclc  transition  amplitudes  in  terms  of  their  dis- 
tinguishable-atom counterparts,  as  described  in  Ap- 
pendix D and  also  by  Doll,  George,  and  Miller,  *'  are 
summarized  below  (where  the  direct  and  exchange  am- 
plitudes t\  and  /]  of  that  Appendix  are  relabeled  as 
/Jland/J,  respectively): 

(a)  para  - para: 

= jr  I . (6. 

(b)  para  - ortho; 

(6.5b) 

(c)  ortho -para: 

<''(»)=  fT- 1 A7;''(0)|‘.  (8.5c) 

(d)  ortho -ortho: 

c;''(fl) = ^ [ I av;''(s)4  A7;’'(«)i* 

♦3|A7:''(»>i‘i.  (6.5d) 

Note  that  there  Is  no  reference  to  arrangement  channel 
on  the  left  sides  of  Eqs.  (6. 5)  since  this  distinction  has 
no  meaning  after  the  effect  of  the  Pauli  principle  Is 
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Included,  The  corresponding  Integral  cross  sections  are 

(a)  para -para: 

onr-fT  r (e.ea) 

(b)  para -ortho: 


(c)  ortho  • para: 

o-’r.-L  y I s?7,7' I ‘ . (6. 6c) 

*t/  /••• 

(d)  ortho -ortho: 

^ £ ( iw-  »:■/■* s^:/T^  2i--?s:n‘) . 

(6.6d) 

As  expected,  the  para  — ortho  and  ortho  — para  cross 
sections  are  simply  proportional  to  the  distinguishable- 
atom  reactive  cross  sections  since  only  exchange  scat- 
tering amplitudes  contribute  to  them.  These  cross  sec- 
tions furnish  direct  information  on  the  reactive  pro- 
cess atone.  The  para -para  and  ortho -ortho  cross 
sections  will  show  effects  due  to  the  inteiference  be- 
tween the  reactive  and  nonreactive  (1.  e, , direct  and  ex- 
change) scattering  amplitudes.  The  interference 'effects 
should  be  most  Important  when  these  two  amplitudes 
have  comparable  magnitudes.  We  will  discuss  this 
Interference  phenomenon  in  more  detail  when  presenting 
our  results  lor  planar  H ♦ H, . ” As  pointed  out  In 
Appendix  D,  Eqs.  (6.  5)  above  are  also  valid  for  the 
three-dimensional  H « H,  reaction  once  the  quantum 
numbers  ntf  are  added  to  the  i>  and  j ones  and  EJ.  is 
replaced  by  (EJ^)*. 
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APPENDIX  A:  THE  X - v TRANSFORMATION 
EQUATIONS  AND  RELATIONS  ON  THE  MATCHING 
SURFACES 

In  this  Appendix  we  derive  the  important  relations 
between  the  mass-scaled  coordinates  H, , r,  (\  = a,  0,  y) 
defined  by  Eqs.  (2. 2),  They  permit  us  to  change  from 
coordinates  appropriate  tor  one  arrangement  channel 
to  those  appropriate  for  another  one.  We  also  examine 
the  simplifications  that  occur  when  these  relationships 
are  evaluated  on  the  matching  surfaces  defined  by  Eq. 

{3. 2).  This  will  allow  us  to  prove  that  these  surfaces 
are  half-planes  whose  edge  Is  the  OF,  axis  In  the 
OJf,  F,Z,  space  introduced  in  Sec.  in.  A.  We  will  con- 
sider only  (he  relationships  between  (he  arrangement 


channel  coordinates  R,,  r,  and  R,,  r,  explicitly.  The 
corresponding  relationships  between  R,,  r,  and  R,,  r,, 
and  between  R,,  r,  and  R,,  r,  may  be  obtained  by  cyclic 
permutation  of  the  Indices  Xvx. 

The  following  relations  between  the  vectors  R, , r, 
and  R,,  F,,  valid  (or  any  configuration  of  the  three 
atoms,  follows  from  Fig.  1: 

R,«-r, 


r,»R, ' — r, . 

* m,*m,  * 

From  these  and  Eqs.  (2.  2)  we  get 


0-0  ■ 


where  M is  (he  2x2  orthogonal  matrix 
/cosa,,-8lna,,  \ 

M=(  '*)  . (A2) 

\sina,,  COSO,,/ 

a„  being  the  angle  between  r/2  and  t determined  by 

(m,m,  . . 

(m,*m.)K*m.)j 
and 

. / >n..M  V"  , . . 

From  these  expressions  we  can  get  the  equations  for 
the*,,  R;,  r,,  y,  - 8, , R, , r, , y,  transformation.  In- 
deed, from  Eqs.  (Al)  and  (A2)  and  (he  definition  of  y, 
following  Eq.  (2.1)  we  get 

RJ  * R,  • R,  • eos*o„Rl  ♦ sln'o,,  - sin2a„  r,  R,  cosy, , 

(A4; 

yj  = r,  • r,  = sln*a,,  Rj  ♦ cos'o,,  r\  ♦ sln2o,,  r,R,cosy,  , 

(A5) 

and  therefore 

(A6) 

which  is  a manll'estatlon  of  the  orthogonality  of  M.  In 
addition,  it  follows  from  Eqs.  (Al ) and  (A2)  that  the 
cross  products  fl,xr,  and  R,xr,  are  equal  and  therefore 
that 

R,r,slny,  = R,r,slny, . (A7a) 

Since  y,  is  in  the  range  0-2»,  In  order  to  have  it  com- 
pletely specified  we  should  obtain  its  cosine.  Also  from 
Eqs.  (A4)  and  (AS)  we  get 


• [isln2o,,(Rj-rf)4C082o„cosy,R,r,]  . 

(A7b) 

Equations  (A4),  (A5),  and  (A7)  complete'y  describe  the 
^i.  y, -R,,  r,,  y,  transformation.  To  complete  the 
X - V transformation  we  define  the  angle  A,,, 

A„»9,-8,,  (A8) 
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and  express  it  in  terms  of  the  X coordinates.  We  can 
write 

Rt-fit(cos9ta'»8tn9;^y) , 

r,  = r,[cos(8,  + r,)x+sin(9,  + y,)yl , 

where  x and  y are  the  unit  vectors  along  the  laboratory- 
fixed  axis  depicted  in  Fig.  1,  From  these  expressions, 
their  V counterpart  and  Eqs.  (At)  and  (A2)  we  can  easily 
obtain  the  following  expressions  which  determine 
modulo  2t: 


cotui  > - cota,t  coaxt  0 « < r/2  and  3r/2  « y,  < 2f 

(A14) 

for  the  equition  of  x,,  in  spherical  polar  coordina'es. 

In  addition,  from  Eqs.  (3.1biand(Ai0iwe  have,  on  t,|, 

. (A1 S) 

To  display  the  geometrical  character  of  we  switch 
from  polar  ■'oordinalrs  C,  uii,  hi  to  Cartesian  ones 
f'x  Equation  (A14)  then  becomes 

Zx=-cota,xXx  0 *y, « t/2  and  3i/2  <y,<2i.  (A16) 


A,cosA,j  = /ij,cosa„-y,sinar,tCosyi , (A9a) 

fl,sind,)i  = -rtsinar,isinyi.  (A9b) 

We  see  that  is  independent  of  9,  and  a function  of 
*■),,  and  yj  only.  This  is  due  to  the  fact  that  these 
three  variables  uniquely  determine  the  internal  config- 
uration of  the  triatomic  system  and  hence  the  angle 
A,,  between  B,  and  R„  (see  Fig.  1 ). 

Equations  (A4),  (AS),  and  (A7)-(A9)  completely  de- 
scribe the  X-v  transformation.  It  is  useful  to  obtain 
the  expressions  they  reduce  to  on  the  x,,,  surface  defined 
by  Eq.  (3. 2a).  In  view  of  this  definition  and  of  Eq. 

(A6)  we  have,  on  this  surface, 

rv=r, , (AlOa) 

R,  = R, . (AlOb) 

From  these  and  Eq,  (A4)  we  get  the  very  useful  relation 
Rj/rj  = - cotot^cosy,+  (1  + cot*®,,  cosVj)' (All) 

between  R,/r,  and  y,  on  this  surface.  Other  important 
relations  among  the  internal  variables  are  obtained  by 
substituting  Eqs.  (AlO)  and  (All)  into  (A7).  We  find 

slny,  = slny, 

and,  after  some  algebraic  effort, 
cosy,=:-cosy, , 
which  imply  that 

y,=  x-y,  mod2x  . (A12) 

Since  0 « y,  « x/2  or  3x/2  « y,<  2x,  we  see  that  x/2  « y, 
*3x/2  on  x,,. 

From  Eqs.  (A10)-(A12)  plus  the  expressions  result- 
ing from  replacing  those  equations  in  (A9),  the  X-v 
transformation  equations  on  the  x„  matching  surface 
are  completely  specified.  In  addition,  since  from 
Eqs.  (A9)  and  (AlO) 

cos  A„  r cosa,,  - slna„  cosy,(r,  //I,)  (A1 3a) 

and 

slnA„s  - (r,/fl,)sinOrtSlny, , (A13b) 

and  since  from  Eq.  (All),  r,/R,  is  a function  of  y, 
only  (on  x,,),  so  is  . 

We  shall  now  show  that  Eq.  (All)  when  evaluated 
over  the  range  0 « y,  < x/2  and  3x/2  « y,  < 2x  represents 
a half-plane  whose  edge  Is  the  OV,  axis  in  the  O.Y,  y,Z, 
apace  defined  in  Sec.  III.  A and  illustrated  In  Fig.  2. 
From  Eqs.  (3. 1)  and  (All),  we  obtain  the  simple  ex- 
pression 


This  is  the  equation  of  a half- plane  whose  edge  Is  the 
F,  axis  and  which  makes  an  angle  x - o,,  with  the  OZ, 
axis  (measured  counter  clockwise  from  OE,  to  x,,  as 
viewed  from  OF,). 


Another  quantity  of  considerable  importance  in  the 
matching  procedure  is  the  derivative  operator  9/Sn,, 
normal  to  the  surface  x„  in  the  direction  of  increasing 
u,  (Sec.  IV.  A).  Since  this  surface  is  a half-plane,  this 
operator  is  easily  found  by  using  the  standard  expres- 
sion 

= (A17) 

where  n,,  is  a unit  vector  normal  to  x,,  in  the  direction 
of  increasing  u,,  and  V is  the  gradient  operator  in 
X,  F,  2,  coordinates.  Expressing  Eq.  (A17)  in  the 
spherical  polar  coordinates  C,  u,,  and  y,  we  find 


8 lslno^|-/.x  1 

8n,,  t sin:e,  !.\  9w,A,.{  \»n 

= i (sln*®,,^  co8*a„cos*y,)''*[(5^) 

.coe®,..lny,(5l-)^  J 


(A18) 


and  the  indicated  differentiations  must  be  done  on  the 
full  wavefunction  with  t,  a>,  (or  q,)  and  y,  considered 
as  IndeiKndent  variables  before  the  relation  between 
u,  (or  q,)  and  y,  describing  r,,  is  used.  The  third  line 
of  Eq.  (A18)  results  from  the  use  of  q,  rather  than  u, 
as  discussed  in  Sec.  III.  B.  Equation  (A17)  can  also  be 
evaluated  in  terms  of  v arrangement  ch.innel  coordi- 
nates, in  which  case  we  find 


_eoto„slny,^^)  1 

8n,,  c slow,  \»n/»,,cj 

- = - i 'sln*art+cos*a„cos*y,)‘'*p^^^ 

- cot®,,  slny. 


'V' 


1 stn®,| 


C 8ln2q, 


[UsI:).,.-'""-”"’- 


(aj 

felJ- 


(A19) 


APPENOI X B:  EIGENVALUES  OF  A MATRIX  OF  THE 
FORMU-p*V 

In  this  Appendix  we  show  that  the  potential  matrices 
in  the  strong  Interaction  and  matching  regions  [Eqs. 
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(3,48)  and  (3.61)J  always  have  real  eiftenvalues  even 
though  they  are  not  syniMetrlc.  These  matrices  have 
the  general  form 

0=p*V,  (PI) 

where  the  real  matrix  p*  is  the  matrix  representation 
of  a positive  definitive  operator  [Eq.  (3. 46)|  and  there- 
fore has  positive  real  eigenvalues.  V is  a rea’  sym- 
metric matrix  whose  eigenvalues  may  be  pooitive, 
negative,  or  zero. 

The  first  step  in  finding  the  eigenvalues  of  U involves 
a diagonalization  of  p\ 

Kp*K  = A,  (B2) 

where  A Is  a diagonal  matrix  whose  «»lements  are  the 
(positive)  eigenvalues  of  p\  and  K is  the  real  orthogo- 
nal matrix  of  el^nvectors  of  p^  We  now  form  the  real 
symmetric  matrix  p by 

p = KA*'*K,  (D3) 

where  the  diagonal  matrix  has  diagonal  elements 
which  are  the  square  roots  of  those  of  A.  p behaves  as 
If  It  were  the  “square  root"  of  p*  in  many  applications, 
since,  from  Eqs.  (B2)  and  (D3), 

PP*p'.  (DO 

Next,  we  define  the  real  matrix  W as 

W = p*'Op  = pVp , (B5) 

where  the  second  equality  in  Eq.  (B5)  follows  from  Eq. 
(Bl).  From  Eq  (B5),  it  is  obvious  that  W is  real  sym- 
metriCf  and  it  may  tlicrefore  bo  diagonalized  by  a real 


orthogonal  matrix  which  we  denote  by  T: 

fwT  = E.  (B6) 

The  diagonal  matrix  E contains  the  real  eigenvalues  of 

M. 

Etnally,  If  we  define  the  nonorthogonal,  nonsymmetric, 
but  real  matrix  S by 

S=pT  , (B7) 

we  obtain,  from  Eqs,  (B5)  and  (B6), 

S''US=E,  (B8) 

which  proves  'hat  the  matrix  S diagonalizes  U with  the 
resulting  real  eigenvalues  contained  in  E. 

appendix  C:  RELATIONS  BETWEEN 
DISTINGUISHABLE  ATOM  SCATTERING  AMPLIT  JOES 
FOR  ATOM-DIATOM  REACTIONS  INVOLVING 
HOMONUCLEAR  DIATOMIC  MOLECULES 

In  this  Appendix  we  Invesligale  the  consequences  of 
iwo-atom  permuialional  symmetry  (as  discussed  in  Sec. 
VI.  a)  on  the  distinguishable-atom  scatlsring  ampll- 
ludcs.  We  show  that  in  collisions  (or  which  Eq.  (6. 1) 

Is  valid  (i.c. , collisions  of  an  atom  with  a homonuclear 
diatomic  molecule),  the  resultant  scattering  amplitudes 
and/”/''  arc  related  by  Eq.  (6.  3)  and  that  /i"/'' 
obeys  Eq.  (6.4).  (The  circumflex  on/ of  Eq.  (5.28) 
will  be  omitted  in  this  Appendix.  | 

We  first  rewrite  the  asymptotic  behavior  of  the  scat- 
tering solution  Eq.  (5.  23)  as 

I 


(Cl) 


If  the  diatomic  target  in  the  Incident  channel  is  homonuclcar,  the  physical  system  should  be  Invariant  to  the  op- 
erator which  Ifiterchanges  the  (wo  identical  afoms  and  A,  Involved.  If  wc  perform  (his  interchange,  the  co- 
ordinates which  define  the  system  In  each  arrangement  channel  become  (by  ln8|)ectlon  of  Fig.  1) 

(R„rJ-(R„-r.),  (R,.  r,)- (R.,  - r.),  (R.,  r.)- (R,,  - rj  , (C2) 

which  is  equivalent  to 

(R.. «,)-(«,.  8.).  (r,,  8,,)- (r.,  «,,♦»),  (R„  8,)- (R.,  9.), 

(r..8,,)-(r..9,^.»),  (R.. 9.)- (R,. 9,).  (r.,ej~  n)  . 

If  we  make  these  substitutions  into  Eq.  (Cl)  rcal'zinp  that  V>(,(8,^*  «)=  (-  l)'>y.,(8,,),  and  appropriately  relabel  the 
quantum  numbers  which  serve  as  summation  Indices,  wc  obtain 

(-  »V>  r‘*v/.~-»V.,,(8,.)  Z (-  lVi^^^^/i1y'/(8.V,;(8,^) 

, ?L 


(C3) 
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The  line-wave  part  of  (C3)  differs  only  by  a factor  of 
(-  lV»  from  the  corresponding  pari  of  (Cl).  Since  the 
scattering  solulior.s  are  unique  (except  for  a normaliza- 
tion constant),  this  Implies  that  this  proportionality  re- 
lation must  hold  over  the  entire  cordigurz'iun  space, 

1.  e. , that 

= (-  1 )*•<*•*'»( />!  (C4) 

everywhere.  Replacement  of  Eqs.  (Cl)  and  (C3)  into 
(C4)  and  identification  of  the  corresponding  outgoing 
wave  parts  in  channel  x immediately  yields 

which  Is  equivalent  to  Eq.  (6.4).  In  oro'er  to  compare 
the  outgoing  wave  solutions  in  channels  r and  ic,  we  first 
must  realize  that  the  (r,)  (and  of  Eq.  (C3), 
and  the  (and  Jt"  y ^ of  Eq.  tCl)  are  identical  since 

these  represent  vibrational  wavefunctions  in  the  two 
product  arrangement  channels  and  A^A^^  both  of 
which  are  the  same  for  a homonuclear  target  This 

allows  us  to  compare  the  outgoing  wave  solutions  in 
channels  v and  k bi  Eq.  (C4),  obtaining 

<C6) 

in  both  cases.  Equation  (CS)  is  identical  to  Eq.  (6.3). 


APPENDIX  D;  POSTANTISYMMETRIZATION  FOR 
THEH  + H,  EXCHANGE  REACTION 

Although  correct  expressions  (or  the  indistii^uishable 
(aniisymmctrized)  cross  sections  in  terms  of  the  dis- 
tinguishable atom  reactive  and  nonreactive  amplitudes 
have  been  listed  by  Doll,  George,  and  Miller,”  who 
have  oblaliied  their  results  using  the  integrodifferential 
equation  approach  deacribed  by  Miller,”  there  seems 
to  be  confusion  in  the  jse  of  these  expressions  so  we 
shall  derive  them  here  in  order  to  clarify  their  mean- 
ings. We  will  follow  the  poslanlisymmelrizalion  pro- 
cedure outlined  by  SchiSl*’  which  is  somewhat  more 
transparent  than  Miller’s.  In  all  of  our  treatment  be- 
low we  assume  Hut  the  interaction  polentlal  is  not  spin 
dependent  .ind  that  there  are  no  external  magnetic  fields 
present. 

We  stal  l by  rewriting  the  asymptotic  physical  solu- 
tion |Eq.  (S.  23)|  for  distinguishable-atom  scattering  (in 
the  mass-scaled  coordinate  system).  To  simplify  the 
notation  we  omit  the  symbol  (p]  (which  will  be  implied 
Uiroughoul  this  Appendix)  and  replace  the  labels  (o, d.y) 
by  (1,2, 3).  Therefore,  (xi/x)  will  stand  for  one  of  the 
cyclic  permutations  (1,2,  3),  (2,3,1),  and  (3,1,2). 
Choosing  the  first  of  these  we  get 


If  atoms  Ai  and  A,  are  identical,  a derivation  similar 


to  that  of  (C4)  leads  to 

= (-  , (C7) 

and  if  and  A,  are  identical  we  get 

fu**V>{f>l  = (-  l)'.K,».<»l/>) . (C8) 

From  Eq.  |C7)  results 

• fc9) 

/i'5'ir=(-»>'*''‘/i:%’  . (CIO) 

rills'; . (cn) 

and  analogous  expressions  stem  from  Eq.  (C8): 

. (C12) 

. (cis) 

. (CU) 


If  all  three  atoms  are  identical,  Eqs.  (C4)-(C14)  arc 
all  valid,  as  well  as  expressions  resulting  from  cyclic 
permutations  of  indices  x,  v,  x. 

For  reactions  in  three  dimensions,  Eqs.  (C2)  are  still 
valid.  The  rotational  diatomic  wavefunctions  v’yj(6,,) 
are  replaced  ty  the  spherical  harmonics  I'ii-, 
where  are  the  spherical  polar  angles  of  r,,  and 

Ai  ”*^1  Ihc  diatom’s  angular  momcnium  quantum 
numbers.  Replaeemeni  of  r,  by  - r.  is  equivalent  to  re- 
placing those  polar  angles  by  ’-K,  and  . v,  respec- 
tively. The  relation  Ti,.,(v-  ♦»)=(-  1)'» 

, ^,^),  which  is  analogous  to  the  relation 
t?/,(fl,j  + v).  (-  l)'*v>,^(S,J  used  to  derive  Eq.  (C4).  As  a 
result,  that  equation,  as  well  as  Eqs.  (CS)-(C14)  are 
also  valid  m three  dimensions,  as  long  as  the  quantum 
numbers  i-Ji  (and  their  v and  x counterparts)  are  aug- 
mented by  the  diatomic  rotational  angular  momentum 
projection  quantum  number 


*■'>'1(1, 2,  3)  •i|i;\„(2,3) 

***•  **^1  * 

~ E (1,  2)c;»'.;‘'y.(s,)  , 

•Vi  Hj  II 


(Dl) 


where 


c:*“ 


(02) 


(D3) 


Note  that  we  have  used  the  numbers  1,  2,  and  3 as  both 
an  arrangement  channel  l.abel  md  a particle  label.  Pro- 
vided that  we  always  permute  particles  in  a cyclic  way 
in  our  arrangement  channel  labeling,  the  two  designa- 
tions are  identical  and  we  will  consider  this  lo  be  the 
case  here.  Thi.s  means  that  the  coordinate  r,  is  tho  in- 
lemuclear  vector  Irom  particle  2 lo  particle  3 (in  the 
Hi,r,  coordinate  system),  and  therefore  the  2,3  ■'iatom- 
Ic  molecule  wavefunction  is  a (unction  of  r,.  For  H . H,, 
the  separated  arrangement  cha.nnel  quantum  states  are 
all  identical,  so  the  labels  r,Jt,  r,j„  and  r,>,  are  es- 
sentially dummy  indices  and  do  not  imply,  (or  example, 
(hat  differs  in  its  functional  form  Irom  or 
when  )x  =■>,«>!  and  r,=  r,.  r,.  As  a result,  we 
may  drop  the  subscrlpls  x of  the  quantum  numbers 
and  the  constants  C,  as  well  as  the  superscript  in  the 
W,  k,  and  V.  Using  Eq.  (C4)  for  the  cyclic  permuta- 
tion (x,  v,x)»  (1,2,3),  we  get 

Pn  » '”(1 . 3, 2)  - (1 , 2, 3) . (-  1 V (1 , S,  2) , (D4a) 
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TABLE  1.  Antisymmetrised  scaUering  amplitudes  fWM]**  wl  their  relation  to  the  distinKuisbable 
atom  amplitudes/}*/^*  and/]^/''*.* 


*rhe  indices  vj  and  v*y  on  the /|*/^*  and /|v/^*  are  omitted. 


which  is  valid  in  all  of  configuration  space.  In  addition, 
using  the  cyclic  permutation  (x,  t', a)- (2, 3, 1),  Eq.  (C7) 
furnishes 


3, 1)  = (-  iy^^''M3, 1. 2)  . 


(D4b) 


Let  us  now  consider  the  spin  wavefunctions  o(  the 
separated  atom  plus  diatom  system  in  arrangement 
channel  1.  Since  the  three  hydrogen  atoms  have  spin 
there  are  eight  such  wavefunctions  which  can  be  chosen 
to  be 


The  total  separated  atom  plus  diatom  wavefunctions  (in- 
cluding space  and  spin  coordinates)  are  then 

*'"''’(l,2,3)=*''"(l,2,3)i,(l,2,3)  1=1-8,  (D7) 

where  (>)  designates  the  spin  state  of  the  system.  Since 
*‘''<1.2,  3)  must  be  antisymmetric  with  respect  to  pe*- 
mutation  ol  particles  2 and  3,  we  hr.ve  the  requirements 
[in  view  of  Eqs.  (D4)  and  (D6)]  that 


i ,(1,2,3)=Q!(1)o(2)<i(3)  , 

(D5a) 

1,(1, 2,  3)=6(l)a(2)a(3)  , 

(D5b) 

l■,(l,2,3)=  -La(l)la(2)3(3)*<l(2)o(3)|  , 

V 2 

(D5c) 

r, (1,2,3)=  -^6(l)(o(2)6(3)t/3(2:a(3)|  , 

V 2 

(05d) 

l■,(l,2, 3)=o(l)0(2)6(3)  , 

(D5e) 

l■,(l,2,3)=0(l)0(2)6(3)  , 

(05f) 

l•,(l,2,3)=  -^a(l)[o(2)3(3)-6(2)o(3))  , 
v2 

(D6g) 

l•,(l,2,3)»  4:;6(1)((i(2)3(3)-6(2)o(3)1  . 
V 2 

(DSh) 

ey  are  orthonormal  eigenfunctions  of  S,  1 
1 have  the  symmetry  property 

but  not  of  5* 

e,(l,S,2)-|'''**’*’®’ 

|-l',(l,2,3)  f = 7,8. 

(D6) 

1 

{odd  for  i=  1-6  (ortho  stales) 
even  for  i = 7, 8 (para  states) 


(D8) 


We  now  form  the  completely  antisymmetric  wavefunc- 
tion  ♦*’'"’(1,2,3)  by  taking  the  symmetric  linear  com- 
bination of  the  partly  antisymmetric  wavefunctions 
♦*"(xi/k)  for  the  three  cyclic  permutations  of  (1,2,3) 
having  the  same  initial  ly: 

♦ *""’  = ’(1,2,  3) . *‘""’(2, 3, 1).  ’(3, 1, 2) 

f=l-8.  (D9) 

Equations  (D4),  (06),  and  (08)  can  be  used  to  ptiovc  that 
♦*""’  is  antisymmetric  under  a permutation  of  any  two 
of  the  three  particles  in  the  system.  This  then  is  the 
correct  scattering  solution,  and  Its  asymptotic  behavior 
can  be  used  to  determine  the  correct  antisymmetrized 
scatterbig  amplitudes.  This  asymptotic  behavior  can 
be  determined  by  evaluating  ♦*''"'  at  large  values  of 
Kt  (or  /}|  or  ft,),  which  yields 


♦*""’(1,2,3)  ~ f'V  •iw„(:,3)i,(l,2,3) 


V ^'^^H','.,.(2,3)C’-''(/£’;''r,(l,2,3)  + /i-;'V,(2,3,l)./iV'V,(3,l,2))  . 
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This  has  the  term  ot  a physical  scattering  solution,  but 
the  expression  In  large  parentheses  must  be  re-ex- 
pressed In  terms  o(  the  ■',(!, 2, 3)  spin  lunctlons  of  the 
final  separated  atom-diatom  Ct  = l-8).  Accordingly, 
we  write 

(1,2,3)  + 'i.,  (2, 3, 1 ) + 7i" " 'i , (3, 1 , 2) 

= i/,^':,’''''t.(1.2,3),  (Dll) 

where is  the  antisymmetrized  scattering  ampli- 
tude lor  scattering  from  initial  state  (tliy  (spin  state  i) 
to  final  state  (Ji)v'j'  [where  Eq.  (D8)  must  be  satisfied 
for  both  of  these  states].  We  can  solve  for  the 
by  multiplying  Eq.  (Dll)  by  r,(l,2,3),  integrating  over 
all  spin  variables  and  then  replacing  the  index  / by  Jr  in 
the  result.  The  resulting  expressions  lor  /,^{5j;j'>  in 
terms  of  the  distinguishable-atom  scattering  ampli- 
tudes are  given  in  Table  I.  The  expressions  in  that 
table  have  been  simplified  by  the  use  of  the  relation  [see 
Eqs,  (6.3)]: 

/ij-''=(-l)'-^-/iV''  . (D12) 

In  the  notation  of  Doll,  George,  and  Miller,**  is 
the  direct  while is  the  exchange  scattering  ampli- 
tude. 

The  state-to-state  cross  sections  are  [from  Eq.  (5. 24)1 

oS!:;''=ri;s!:;''r . (m3) 

*•1 

and  (he  cross  sections  of  E().  (6+  5)  are  obtained  by  sum- 
ming Eq.  (D13)  over  final  spin  states  and  averaging  over 
initial  ones.  As  an  example,  the  para-to-ortho  cross 
section  (Eq.  (6.  Sb))  Is  given  by  (dropping  the  ty,  vY  in- 
dices but  retaining  the  spin  labels) 

oj  = 5 (a{  + oj  + <7?  + a}  + o}  + o?  + + a{  + oj  + oj  + aj  + oj) 


The  derivation  of  the  antisymmetrized  scattering  am- 
plitudes of  Table  I was  based  on  the  validity  of  Eqs.  (D4) 
and  (D6).  The  latter  comes  from  the  properties  of  the 
spin  states  of  Eq.  (D5)  which  are  the  correct  ones  for 
the  three-dimensional  world.  Equations  (iMa)  and 
(D4b)  came  from  Eqs.  (C4)  and  (C7),  respectively, 
which  as  pointed  out  at  (he  end  of  Appendix  C,  are  also 
valid  In  three  dimensions  after  Including  the  projection 
quantum  numbers  m,.  The  other  characteristics  of  Eq. 
(D1)  which  change  in  going  from  20  to  3D  arc  irrelevant 
for  the  derivation  of  the  antisymmetrized  scattering 
amplitudes.  As  a result,  the  formulas  of  Table  I are 
also  valid  in  three  dimensions  when  augmented  by  the 
quantum  numbers  m,.  A similar  statement  Is  valid  for 
Eqs.  (6.5)  If  klj  is  replaced  by 
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many  others,  but  they  do  not  display  all  of  the  convenient 
properties  of  the  cooniias'ies  of  Eq.  (2.2). 

*Thls  is  true  becsuse  the  Incident  plano-(i.c.,  tine-)  wsve  so- 
tuttOQ  discussed  In  Sec.  V.D  contains  a whole  spectrum  of  to- 
tal angular  momenta  (corrc8pon<iing  classically  to  a range  of 
Impact  parameters),  matv>’  of  which  contribute  to  the  reaction. 

^he  angles  and  0]^  differ  by  an  angle  which  is  a function 
of  and  only  as  seen  in  Eqs.  (AH)  and  (A9>.  In  addi- 

tion, Eqs.  (A7)  show  that  also  depr nds  on  (hose  three 
vsriablos  only.  Therefore.  tfijiB,)  is  also  an  eigenfunction 
of  with  the  same  eigenvalue  Jh,  The  quantum 

number  J is,  as  a result,  independent  of  iho  arrangement 
channel  A used  to  obtain  It. 

*(a)  A.  Kuppermann,  Chem.  Phya.  Lett.  32,  374  (1975)^  (b) 
ibid,  J.  Chom.  Phys.  (to  be  published). 

N.  Porter  and  M.  Karplus,  J.  Chem.  Phys.  40,  1103 
(1964). 

^Actually,  values  of  W),  smaller  than  *— n,.^  and  of  greater 
than  t/2  are  also  permissible  but  are  not  needed  to  determine 
the  wavefunction  on  the  matching  half-plane 

^Handbook  cf  Matkematieat  runcitons,  edited  by  M.  Abram<^ 
Witz  and  1.  A.  Stegun  (National  Bureau  of  Standards.  Washing- 
ton, D.C.,  1964),  Chap.  9. 

^O.  G.  Truhlar,  dissertation,  California  institute  of  Tech- 
noloQT,  1970,  Appendix  4. 

Gordon.  J.  Chem.  Phys.  61,  14  (1969). 
used  s version  of  Cordon's  method  developed  by  A.  Wsg- 
ner  for  inelastic  stom-distom  collisions.  See  A.  Wagner  and 
V.  McKoy,  J.  Chem.  Phys.  58,  5561  (1973). 

*^70  clsnfy  this  concept,  let  us  consider  s scslterlng  solution 
consisting  of  an  incoming  wave  In  arrangement  channel  A and 
outgoing  waves  alt  three  arrangement  channels.  A,  v,  k. 


There  will,  in  general,  be  ^of  these  Mnds  of  scattering  solu- 
tions which  are  linearly  independent  (for  a coupled-channel 
expansion  truncated  at  N terms  in  each  arrangement  channel), 
along  with  N having  incoming  waves  in  channel  v and  N vitb 
Incomlrg  waves  In  channel  k for  s total  of  3Af  solutions.  The 
IsUer  two  sets  of  solutions  will  have  only  outgoing  waves  In 
channel  A and,  in  the  absence  of  the  inclusion  of  dlssocisied 
states.  It  will  be  Impossible  to  linearly  combine  these  latter 
2S  solutions  to  gs.'^erste  the  N sets  of  solutions  which  Lsvo 
Incoming  wsves  In  channel  A.  Therefore  we  have  3N  scatter- 
ing solutions  which  are  tlnesrly  IndepcndenUhen  the  entire 
configuration  apace  is  considered,  although  only  2N  of  them 
are  liulependent  in  any  ooe  asymptotic  arrangement  channel. 

**N.  S.  F.  Molt  and  H.  S.  W.  Massey,  Tka  Tktory  of  Atomic 
CoiJisfons  (Clarendon.  Oxfoid,  1956).  3rded.,  Chapa,  14  sod 
15. 

^ote  that  there  are  a few  differences  In  phases  and  signs  be- 
tween the  formulas  which  describe  copisnsr  scstteiing  sod 
those  for  3D.^  These  changes  result  from  the  differences  be- 
tween the  phases  of  the  cylindrical  and  spherical  Bessel  func- 
tions^ and,  course,  have  no  physical  slgnlficsoce. 

*^This  expression  is  obtained  from  Ref,  33,  p.  351,  Eq.  9.1.41 
by  setting  f exp(i0|i*). 

**R.  B.  Walker  and  R.  E.  Wyatt,  J.  Chem.  Phys.  61,  4839 
(1974). 

**J.  R.  Taylor,  Scattarif^  Tkaory  (WUey,  Now  York,  1972), 
Chap.  22. 

^De  G.  Truhlar  and  J.  Abdallah,  Phys.  Rev.  A 9,  297 
(1974). 

D.  Doll,  T.  F.  George,  and  W.  H.  Miller,  J.  Chem. 

Phys.  68,  1343  (1973). 

If.  Miller,  J.  Chem.  Phy-.  50,  407  (1969). 


Quantum  mechanical  reactive  scattering  for  planar  atom 
plus  diatom  systems.  II.  Accurate  cross  sections  for 

H+Hj* 
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Tbc  reuilu  of  en  KCuratc  quantum  mechantcal  treatment  of  the  planar  11  t-Hj  exchange  reactirtn  on  a 
realistic  potential  energy  surface  are  presented  Kull  vihration-rotalion  convergence  was  achieved  m the 
calculations,  and  this,  together  with  a large  number  of  auxiliary  convergence  and  invanance  lesis.  indicates 
that  the  cross  sections  are  accurate  to  5‘>  or  heller  The  reaclise  differenlial  cross  seclicms  arc  always 
backward  peaked  over  the  range  of  tttlal  energies  from  0 3 to  0 65  eV.  Nonreaclive  y = 0 to  J'  = 2 cross 
sections  are  backward  peaked  at  low  energy  10  4 eVl  shifting  ur  sidewards  peaking  for  /r>  0 5 eV-  Ouanlum 
symmetry  interference  oscillations  arc  very  signifwant  in  the  ) 0 to  j'  ~ 2 para-to-para  cross  seettons 

for  E^O.b  eV.  Reactive  inicgral  cross  scclirms  show  two  distinct  kinds  of  energy  dependence.  Al  low 
energy  ( <0.5  eV).  barrier  tunneling  gives  them  a largely  exponential  energy  dependence  while  above  0.5  eV 
(the  effective  threshold  energy)  ihe  cross  sections  vary  nearly  linearly.  Comparison  of  colltnear  and 
copbnar  transition  prohabililies  indicates  similar  ID  and  2D  energy  dependence  bul  with  a shift  in  energy 
from  ID  to  2D  due  to  bending  motions  in  the  transition  stale.  An  analysis  of  rotational  distributions 
indicates  surprisingly  good  coaespondence  with  lemperalurelike  distributions.  The  results  of  a one* 
vibration-approximalirHi  calculation  are  examined,  and  errors  of  as  much  as  three  orders  of  magntiude  are 
found  at  some  energies.  Shapes  of  angular  distributions  are.  however,  accurately  predicted  by  this 
approximate  method.  Arldilional  analyses  include  comparisons  with  previous  distorted  wave  and  coupled* 
cbannel  results,  and  calculations  of  thermal  rate  constants. 


I.  INTRODUCTION 

A reaction  of  fundamental  InleresI  In  the  field  of 
chemical  dynamics  Is  the  H + Hj  hydropen  atom  exchanpe 
reaction.  This  simplest  of  chemical  reactions  has 
been  the  subject  of  numerous  dynamical  studies  by 
quasiclassical,  '•*  semiclassical,  and  quantum  me- 
chanical**'* methods  and  has  been  the  focal  point  for 
the  development  of  many  approximate  reaction  rate 
theories.  ” In  addition,  this  system  provides  the  funda- 
mental example  for  characterizing  quantum  effects  in 
chemical  reactions  and  dctcrniinlng  their  importance  on 
experimental  observables.  For  these  reasons,  the  cal- 
culation of  accurate  quantum  mechanical  cross  sections 
for  H « H,  Is  of  great  importance.  Unfortunately,  until 
recently  there  existed  neither  the  proper  methods  for 
efficiently  solving  the  SchrSdinper  equation  lor  this  sys- 
tem nor  adequately  powerful  computers  to  handle  the 
computations  involved  without  the  introduction  of  ap- 
proximations of  unknown  accuracy. 

In  the  preceding  paper'*  (hereafter  referred  to  as  I) 
we  presented  a method  lor  accurately  and  efficiently 
solving  the  Schrfidinger  equation  for  reactive  collisions 
of  an  atom  with  a diatomic  molecule  moving  on  a fixed 
plane.  The  planar  motion  restriction  was  introduced 
for  computational  simplicity  only,  with  no  fundamental 
limitations  Involved  In  applying  a similar  procedure 
to  three-dimensional  collisions  as  well.  In  this  paper, 
we  present  the  results  of  an  application  of  this  method 
to  planar  H . H,  on  a realistic  potential  energy  sur- 
face. '*  The  results  to  be  discussed  Include  reactive 
and  nonrcactive  transition  probabilities,  differential 
cross  sections  and  Integral  cross  sections,  product  ro- 
tational state  distributions,  and  rate  constants.  In  a 


preliminary  communication,  " we  examined  the  impor- 
tance of  closed  vibralion.ll  channels  In  a vibration- 
rotation  coupled-channel  (i.e.,  close-coupllnR)“  ex- 
pansion and  found  that  the  errors  associated  with  an 
early  truncation  of  the  vibrational  basis  set  expansion 
could  be  very  serious  in  many  cases  although  qualita- 
tive trends  obtained  with  the  truncated  basis  were  often 
properly  described.  We  will  examine  the  one  vlbra- 
tion.Tl  basis  function  approximation  in  somewhat  greater 
detail  in  this  paper,  and  will.  In  addition,  compare 
our  results  with  the  approximate  results  of  others  in 
which  different  methods,  types  of  approximations,  and 
potential  surfaces  were  used. 

As  pointed  out  in  Paper  I,  the  method  we  have  de- 
veloped for  solving  the  Schrodlnger  equation  for  planar 
atom  plus  diatomic  molecule  collisions  can  be  extended 
to  3D  systems  without  significant  conceptual  changes, 

BO  an  additional  reason  (or  undertaking  the  current  cal- 
culations was  to  test  the  feasibility  of  the  method  in 
preparation  (or  its  application  to  3D  reactive  systems. 
The  calculations  for  the  3D  II.  H|  system  have  now  been 
completed  and  are  presented  in  detail  in  Ihe  following 
two  papers."  A preliminary  communication  ol  the 
results  of  this  3D  work  and  its  relationship  with  some 
of  the  coplanar  results  presented  here  has  already  been 
published.  '* 

In  Sec.  II  we  describe  the  reactive  scattering  calcula- 
tions, Including  convergence  tests  and  computational 
considerations,  and  the  representation  of  the  potential 
enerior  surface.  The  results  ol  ttie  calculations  are 
presented  and  discussed  in  Sec.  III.  Section  IV  con- 
tains a general  summary  and  discussion. 
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II.  QUANTUM  MECHANICAL  CALCULATIONS  FOR 
PLANAR  REACTIVE  H + H, 

A.  General  description  of  the  method 

The  method  used  to  solve  the  Schrfidinger  equation 
for  planar  reactive  and  nonreactlve  H r collisions 
has  been  extensively  described  In  Paper  I.  As  out- 
lined there,  the  procedure  (or  obtaining  the  full  set 
of  primitive  solutions  to  the  partial-wave  SchrSdlnger 
equation  Is  divided  into  two  stages.  In  the  first  one,  a 
coupled-  channel*’  method  Is  used  to  generate  solutions 
to  the  SchrSdlnger  equation  In  each  of  the  three  arrange- 
ment channel  regions  of  internal  configuration  space. 
These  solutions  are  then  smoothly  matched  to  one  an- 
other in  the  second  stage,  and  the  resulting  primitive 
solutions,  which  are  everywhere  smoothly  continuous, 
are  then  linearly  combined  to  yield  the  appropriate  re- 
actance and  scattering  matrix  solutions.  This  proce- 
dure is  then  repeated  for  a sufficient  number  of  partial 
waves  to  obtain  converged  reactive,  inelastic,  and  (if 
desired)  elastic  cross  sections.  The  potential  energy 
surface  used  in  all  the  calculations  was  the  semi- 
emplrlcal  ground  electronic  state  H3  surface  of  Porter 
and  Karplus'*  (all  coupling  to  excited  electronic  sur- 
faces being  neglected).  In  solving  the  SchrSdinger  equa- 
tion for  these  reactive  collision  systems,  great  care 
must  be  exercised  to  insure  adequate  invariance  of  the 
results  with  respect  to  a change  in  (a)  the  number  of 
vibration- rotation  basis  functions  used,  (b)  the  refer- 


ence potential  used  to  generate  these  functions,  (c) 
the  representation  of  the  potential  surface  (see  Sec. 
n.  B),  and  (d)  the  nature  of  the  functions  used  to  repre- 
sent the  wavefunction  on  the  matching  surface  (i.e.,  the 
“matching  surface  basis  functions”  of  Paper  I). 

As  discussed  in  Paper  I,  a number  of  symmetry 
properties  inherent  in  H * H|  and  similar  systems  may 
be  utilized  to  reduce  the  computation  time  involved  in 
doing  these  calculations.  Most  significant  In  this  re- 
spect are  (a)  cyclic  permutatlonal  symmetry  of  the 
three-atom  system  which  allows  one  to  consider  only 
one  arrangement  channel  region  in  doing  all  calcula- 
tions, and  (b)  two-atom  permutational  symmetry,  which 
allows  one  to  decouple  the  even  and  odd  rotational 
states  throughout  most  of  the  calculatiun.  These  same 
symmetry  properties  allow  us  to  reduce  the  number  of 
different  distinguishable  atom  scattering  amplitudes 
between  a given  initial  vibration-rotation  state  of  the 
reagent  H,  and  a given  final  state  of  the  product  to 
just  two;  one  reactive  and  one  nonreactive  amplitude. 
We  shall  denote  the  reagent  diatomic  states  by  the  vi- 
bration-rotation quantum  numbers  ij  and  the  product 
ones  by  v'j'.  Distinguishable-atom  reactive  transi- 
tions will  be  designated  by  the  superscript  H,  non- 
reactive ones  by  N,  and  (indistinguishable)  antisym- 
metrized  ones  by  A.  In  this  notation,  the  relation  be- 
tween the  antisymmetrized  differential  cross  sections 
and  the  distinguishable-atom  dimensionless  scattering 
amplitudes  [Eqs.  (6,  S)  of  Paper  I]  is 


^ 0,  f'even,  para-para) 

T-  = j'  para-ortho) 

kw-.*/'  1*  = ®?/-.'/-  O'  odd,  even,  ortho  - para) 

^ 0,  odd,  ortho-ortho). 


(2.1) 


where  Is  the  (unsealed)  wave  number  (S,,  of  Paper  1), 
•'"‘l/w-.'i*  denoted  by and/,7/'', 

respectively.  In  Paper  I,  For  planar  systems,  the  di- 
atom rotational  quantum  number  ; Is  an  algebraic  In- 
teger and  may  be  either  positive,  negative,  or  zero. 

For  j*0,  the  two  states  j and  - J arc  degenerate  and 
said  to  have  different  polarizations.  Differential  cross 
sections  which  have  been  summed  over  final  rotational 
^larizatlons  and  averaged  over  Initial  ones  will  be 
Indicated  by  the  symbol  and  the  corresponding 

Integral  cross  sections_by  For  example,  the 

Integral  cross  section  is  idven  by 

• (^* 

In  Sec.  V,  B of  Paper  I we  found  that  the  symmetry  of 
the  Hamiltonian  with  respect  to  reflection  through  the 
triatom  plane  leads  to  the  fcllowing  relations  between 
cross  sections  within  the  same  rotational  manifolds 


(— 

(valid  for  R,  N,  or  A transitions); 

®./.^y(«)  = o.,-/-^../-(2ir-9) 

(2.3) 

and 

(2.4) 

As  defined  in  Paper  I,  the  scattering  angle  B is  the 
angle  between  the  directions  of  motion  of  the  final  and 
initial  H atoms  In  the  center  of  mass  system  and 
spans  the  range  OsSs  2».  For  rractiiv  differential 
cross  sections,  the  more  customary  angle  to  use  Is 
the  angle  tf  of  the  d^i-ection  of  the  product  H,  with  re- 
spect to  the  direction  of  the  Incident  H,  and  is  related 
to  g by 

(modZx).  (2.S) 

Therefore,  the  backward  reactive  scattering  direction 
corresponds  to  g«  > * and  S > 0. 
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B.  Rapresantation  of  tha  potential  energy  surface 

In  setting  up  the  coupled  differential  equations  which 
must  be  solved  in  each  arrangement  channel  region 
A = or,  ^ y,  the  potential  energy  surface  V*(r4,  yj 
is  expanded  (see  definitions  in  Paper  IJ  in  a cosine 
Fourier  series  of  the  angle  y^  [Eq,  (3.8a)  of  Paper  l|: 

«».  n)=  Z *'>».  «,)cos<rn.  (2.6) 

>-o 

In  the  case  of  the  H + H,  reaction.  I’*(r, , R,.  Is 
symmetric  about  = »/2  and  3i/2  [Eq.  (6. 1)  of  Paper 
I),  so  only  even  k terms  need  be  included  in  Eq.  (2. 6). 
Once  the  coefficients  V'J(r, , if,)  are  determined,  the 
rotational  coupling  in  the  Schrfidinger  equation  can  be 
analytically  evaluated  [as  In  Eq.  (3.  9)  of  Paper  Ij;  this 
greatly  facilitates  the  determination  of  the  potential 
matrix  elements  needed  in  the  integration  procedure. 
Unfortunately,  in  general,  the  Vjir,.  if,)  must  be  cal- 
culated numerically  from  the  relation 


" <uhr>  1' • 


and  the  effort  involved  in  computing  this  integral 
negates  the  advantage  of  using  an  expression  which  is 
analytical  in  y,  suet,  as  Eq.  (2. 6).  However,  for  the 
Porter- Karplas  potential  surface'*  (and  for  many  others 
as  well),  in  the  regions  of  internal  configuration  space 
sampled  in  the  calculation,  the  expansion  Eq.  (2. 6)  con- 
verges very  rapidly  (after  only  three  or  four  terms). 

We  can  then  redefine  the  f'J  by  requiring  that,  instead 
of  satisfying  Eq.  (2. 7),  they  lorce  Eq.  (2. 6),  with  a 
finite  number  n of  even  terms,  to  be  satisfied  exactly 
at  n values  of  y, . For  example,  if  three  terms  are 
included,  then  we  can  find  f'J,  V{,  and  Vj  by  solving 
the  three  algebraic  equations  obtained  when  Eq.  (2. 6), 
truncated  after  three  even  terms,  is  evaluated  at  > = 0, 
»/4,  and  i/2.  The  result  is 


V5(r,.  R.) 
R,) 

V}(r..  R,) 


V*(r„R„y,=  0) 
V*(r,,  R,,  y,  = ii/4) 
‘'V,.  R„  n=»/2) 


For  a small  number  of  terms  in  the  potential  function 
expansion,  the  above  interpolative  procedure  yields  a 
representation  of  the  full  potential  function  f'*(r,,  R,, 
y,)  which  Is  computationally  more  efficient  but  has 
about  the  same  accuracy  as  the  one  generated  using 
Eq.  (2. 7).  Of  course,  the  goodness  of  this  procedure 
depends  very  significantly  on  the  nature  of  the  potential 
energy  surface  being  considered,  but  for  the  Porter- 
Karplus  H,  surface,  it  allows  an  adequate  representa- 
tion of  the  potential  while  requiring  an  exact  evaluation 
of  V*  at  only  three  or  four  values  of  y,  (and  the  use  of 
Eq.  (2.6)  for  all  others].  In  Fig.  2,  of  Paper  l"  wc 
depicted  equlpotential  contours  of  the  potential  energy 
surface  at  y,  = 0,  »/4,  and  v/2,  the  values  required  in 
the  evaluation  of  Eq.  (2. 8). 

C.  Convergence  and  accuracy  tests 

It  is  of  crucial  Importance  in  coupled-channel  cal- 
culations to  establish  that  the  resulting  reaction  prob- 
abilities and  cross  sections  have  converged  adequate- 
ly. Indeed,  we  shall  see  later  that  premature  trunca- 
tion of  the  vibration- rotation  basis  set  expansion  can 
result  in  errors  In  the  final  integral  cross  sections  by 
several  orders  of  magnitude,  even  though  other  tests, 
such  as  conservation  of  flux,  may  be  approximatety 
sattsfied.  Furthermore,  many  approximation  quantum 
methods  Involve  various  kinds  of  truncations  and/or 
other  approximations,  and  it  is  highly  desirable  to  ob- 
tain fully  converged  results  which  are  of  sufficient  ac- 
curacy to  assess  the  validity  of  those  methods. 

The  most  obvious  criteria  which  must  be  satisfied 
by  the  results  of  an  accurate  quantum  calculation  are 
conservation  of  flux  and  time  reversal  invariance. 

These  two  principles  require  that  the  scattering  matrix 


be  unitary  and  symmetric  for  each  total  angular 
momentum  quantum  number  J and  therefore  that  the 
corresponding  probability  matrix  P,  [defined  by  Eq. 

(5. 20)  of  Paper  I ] be  symmetric  and  that  the  sum  of  the 
Clements  of  each  of  its  rows  (or  columns)  should  equal 
unity.  These  criteria  are  necessary  but  not  sufficient 
to  Insure  accurate  results. 

In  the  results  to  be  discussed  in  detail  in  Sec.  Ill, 
wc  consider  a range  of  total  energies  E from  0. 30  to 
0.75  eV  (translational  energies  relative  to  the  r = 0, 

7 = 0 reagent  H,  state  of  0. 03-0. 48  cV).  Flux  conserva- 
tion and  microscopic  reversibility  were  checked  in 
each  calculation,  and  for  £s0.60  eV,  deviations  from 
flux  conservation  were  never  worse  than  1%  and  from 
symmetry  less  thar  about  5%  (for  nonnegllgible  transi- 
tion probabUiMes).  For  0. 60  eV  < £ s 0. 75  eV,  devia- 
tions from  flux  conservation  were  less  than  3%  and 
from  symmetry  less  than  10%,  In  order  to  Insure  satis- 
factory convergence  (belter  than  5%)  In  the  calculation, 
vibration-rotation  basis  sets  Including  40-60  terms 
(channels)  were  required.  For  energies  less  than  0.  50 
eV,  a 40  channel  basis  consisting  of  5 vibrational 
wavelunctions  combined  with  10,  10,  8,  6,  and  6 rota- 
tional wavefunctlons  for  c = 0,  1,  2,  3,  and  4,  respec- 
tively, were  used  in  general.  In  the  0. 50-0.60  eV 
range,  a 48  channel  basis  set  of  4 vibrations  and  12 
rotations  per  vibration  was  adequate,  while  for  energies 
above  0,60  eV,  a 60  channel  basis  of  5 vibrations  and 
12  rotations  per  vibration  was  used.  Typical  probabili- 
ty matrices  from  these  calculations  (for  a 48  channel 
calculation  at  0.  55  cV)  arc  given  in  Table  I.  Both  the 
leacttve  and  nonreactlve  transition  probability  ma- 
trices are  highly  symmetric,  and  the  sums  of  the  prob- 
abilities in  each  row  or  column  differs  from  unity  by  a 
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TAHLE  1.  NonrcmcUvc  (Nl  and  reactive  IKI  probability  matrices  for  £ = 0.55  eV,  2.* 


tlj) 

(v'i')  = (00) 

(01) 

*0,-1) 

(02) 

N 

(0.-2) 

(03) 

(0,-3) 

(00) 

0.0186 

0.2C3(-8) 

0.113(-6) 

0.404 

0.276 

0.3701-7) 

0.248(-7) 

(01) 

0.287(-7) 

0.0134 

0.477 

O.G89(-7) 

0.l01(-7) 

0.199 

0.0629 

(O.-l) 

0.337(-7) 

0.477 

0.0899 

0.897(-7) 

0.112(-7) 

0.129 

0.140 

(02) 

0.406 

0.204(-7) 

0.228(-7) 

0.240 

0.172 

0.289(-7) 

0.108(-7) 

(0.-2) 

0.277 

0.630(-B) 

0.298(-7) 

0.171 

0.474 

0.287(-8) 

0.496(-8) 

(03) 

0.633(-8) 

0.199 

0.129 

0.126(-8) 

0.343(-8) 

0.636 

0.631(-2) 

(0,-3) 

0.&27i-8) 

0.0624 

0.140 

0.327(-8) 

0.4G8(-8) 

0.633(-  2) 

0.785 

R 


(00) 

0.0436 

0.0380 

0.0265 

0.0167 

0.0803(-1) 

0.0347(-1) 

0.911(-3) 

(01) 

0.0380 

0.0357 

0.0219 

0.0178 

0.05G7(-1) 

0.0378(-l) 

O.G21(-3) 

(0,-1) 

0.0261 

0.0220 

0.0167 

0.0980(-l) 

0.0502(-l) 

0.0181(-1) 

0.664  (-3) 

(02) 

0.0174 

0.0175 

0.0961(-1) 

0.0857(— 1) 

0.0246(-l) 

0.0211(-1) 

0.232(-3) 

(0,-2) 

0.0774(-l) 

0.05tlti(-l) 

0.0518  (-1) 

0.0232(-  2) 

o.oiso(-l) 

0.412<-3) 

0.243(-3) 

(03) 

0.0356(— 1) 

0.0373(-l) 

O.Olbtl-l) 

0.020G(-  1) 

0.412t-3) 

0.500(-3) 

0.407(-4) 

(0,-3) 

0.879i-3) 

0.619(-3) 

0.655(-3) 

0.2371-3) 

0.234i-3) 

0.398(-4) 

0.386(-4) 

Stuns^ 

1.0014 

0.9997 

1.0003 

0.9980 

l.OOOl 

0.9999 

1.0005 

*Not  all  allowed  transitions  are  shown.  Nuniliers  in  parentheses  indicate  {lowers  of  10  by  which  numbers  pre* 
cedin^i  them  should  be  mulli{>lied. 

^Suin  of  probabilities  from  a given  initial  state o\'er all  (Xissible  final  sutes  and  arrangement  channels. 
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very  small  amount  in  every  case.  In  Table  11  we  exam- 
ine the  convergence  behavior  of  the  transition  prob- 
abilities both  as  the  number  of  vibrations  per  rotation 
is  increased  and  as  the  number  of  rotations  per  vibra- 
tion is  increased  (all  at  0.6  eV).  In  Part  A of  that  table 
we  see  tliat  the  results  change  by  less  than  5(1  in  going 
from  12  to  14  rotations  per  vibration  and  liy  somewhat 
larger  amounts  in  going  from  10  to  14.  With  fewer 
than  10  rotations,  errors  of  10%  to  nearly  100%  are  ob- 
served in  certain  transition  prob.abilitics.  When  vibra- 
tional convergence  is  examined  (I’art  13)  of  Table  II), 
we  find  that  2%  convergence  is  attained  with  4 vibra- 
tions and  th.at  the  use  of  fewer  than  that  number  can 
lead  to  errors  as  large  as  50%  along  with  poor  flux 
conservation. 

Another  important  accuracy  test  In  these  ealculations 
is  the  invariance  of  the  results  to  changes  in  the  char- 
acter of  the  vibration-rotation  basis  set.  There  are 
two  Important  ways  to  test  this.  First,  one  should  be 
able  to  change  the  number  of  rotations  per  vibration  or 
the  number  of  vibrations  per  rotation  without  chan0ng 
the  results  as  long  as  convergence  has  been  attained. 
Second,  the  results  should  be  independent  of  the  ref- 
erence potential  H,)  (Eq.  (3. 36)  of  Paper  I ) 

which  serves  to  define  the  vibration-!  basis  functions 
as  long  as  l'„,  becomes  equal  to  the  correct  diatomic 
potential  i’(r,)  in  the  limit  /!,-«.  In  Table  III  we  pre- 
sent the  results  of  these  two  kinds  of  tests.  The  first 
column  tabulates  representative  nonreactive  and  re- 
active transition  probabilities  for  E = 0.  50  eV,  •/  - 0 
calculations  with  a 48  channel  basis  (4  vibrations,  12 
rotatlons/vibratlon)  and  a reference  ixileiitial 
= V(rj,  R,,  yj  = 0)  (the  one  actually  used  in  most  of  the 
calculations).  In  the  second  column  we  give  the  corre- 
sponding probabilities  obtained  when  the  reference  po- 
tential V„,=  V5(ri,  R,)  is  used  [Eqs.  (2.6)  and  (2.8)|. 
Finally,  in  the  last  column  we  give  the  transition  prob- 


abilities obtained  with  the  l'5(r,,  R,)  reference  poten- 
tial and  a 50  channel  basis  (5  vibrations,  12,  12,  10,  8, 
and  8 rotations  in  I' = 0,  1,  2,  3,  and  4,  respectively). 
The  deviations  between  the  corresponding  probabilities 
is  less  than  5%.  This  result  is  typical  of  the  accuracy 
for  energies  EsO.  60  eV.  Somewhat  larger  changes 
are  found  for  0, 6 eV  < £ £ 0. 75  eV,  but  usually  less  than 
10%. 

Two  additional  accuracy  tests  are  (a)  convergence  of 
the  results  with  respect  to  the  number  of  terms  in  the 
expansion  of  the  potential  [Eq.  (2.6)^  and  (b)  invariance 


TABLE  II.  Rotational  and  xdliraUunal  convergence  of  coplanar 
transition  {irobabilities  itEnO.SOeV, 


.V 

v‘ 

P«i-C-I 

P-HI 

Oi-O-I 

A. 

Hotulional  convcrt'cncc  (with  4 vibrations  and  S 
per  vibration) 

rotations 

6 

1.035 

0.293 

0.435 

0.0738 

0.0667 

0.0J56 

8 

1.020 

0.-76 

0.339 

0.0743 

0.0525 

0.0380 

10 

1.010 

0.202 

0.257 

0.0840 

0.0706 

0.0416 

12 

1.00? 

0.194 

0.230 

0.0829 

0.0645 

0.0396 

14 

l.(V2 

0.189 

0.221 

0.0821 

0.0673 

0.0397 

11. 

Vibrational  convcrKencc  (with  M vibrationa  and 
per  vibration) 

12  routloni 

1* 

1.003 

0.259 

0.260 

0.0404 

0.0372 

0.0295 

2 

1.063 

0.161 

0.204 

0.0895 

0.0738 

0.0477 

3 

1.063 

0.238 

0.315 

0.0749 

0.0578 

0.0329 

4 

1.004 

0.194 

0.230 

0.0829 

0.0645 

0.0396 

5 

1.007 

0.195 

0.233 

0.0832 

0.0646 

0.0396 

*t/  imlicatcB  the  sum  of  all  transition  probabiliUes  from  a 
S|iecific  r)  slate  which  differs  by  the  largest  amount  from 
unity  and  hence  Is  a conservaUve  measure  of  deviations  from 
Dux  conservaUon. 

Vhe  one  vibration  results  were  calculated  according  to  the  pro- 
cedure miUtned  in  Sec.  Il.D. 


J 


J.  Chem.  Phyt..  Vol.  86.  No.  11.  1 December  1976 


I 

V 


i 


46^ 


G.  C.  SchaU  and  A.  Kupermann:  Planar  quantum  mechanical  reactive  scattering.  II 


TABLE  111.  Nonreactive  and  reacdve  transition  probabilities 
for  £ = 0.50  eV,  J»0. 


N-48.  W,* 

A,-=50,  l',‘ 

Pit, 

0.180 

O.IHU 

0.183 

0.383 

0.383 

0.383 

0.207 

0.207 

0.211 

0.583 

0.582 

0.560 

^•0-00 

0.787x10'’ 

0.787x10'’ 

0.755x10'’ 

0.580^10“' 

0.578x10'’ 

0.557x10'’ 

*I 

0.122x10'’ 

0.119x10'’ 

0.101  X 10'’ 

0.413x10'’ 

0.110x10'’ 

0.395x10'’ 

418  channels  (t'  = 0— 3;  12  rotations/ vibration).  Vr,f-  Kcou 
= Vlr^  Rju  >4=0). 

^48  channels  if  = 0'-3i  12  rotatlons/vibratlon),  Vg^r^,  A*). 

*50  channels  = 12.  12.  10.  8.  8 vibrations  for  0.1. 

2,  3.  4,  respectively).  V„f=  V'Jtri,  AJ. 

of  the  results  with  resp^t  to  a change  in  thi  matching 
surface  basis  functions  [Eq.  (4.7)  of  Paper  l].  We 
find  that  the  reaction  probabilities  change  by  less  than 
5%  In  going  from  three  to  four  terms  In  Eq,  (2.6)  [with 
the  coefficients  calculated  as  described  before  Eq. 

(2.8))  and  virtually  not  at  all  in  going  from  four  to  five 
terms.  All  calculations  reported  In  this  paper  were 
done  with  three  terms  in  Eq.  (2.6)  and  using  Eq,  (2,8) 
to  calculate  V,,  and  Vg.  The  effects  of  complete- 
ness of  the  expansion  of  the  wavcfunction  on  the  match- 
ing surface  were  studied  in  two  ways.  First,  several 
different  choices  of  matching  surface  basis  functions 
were  used  [different  sine  and  cosine  combinations 
(see  Paper  I)  and  Legendre  polynomials]  and  invariance 
of  the  results  to  within  2fc  was  found.  Best  unitarity  of 
was  obtained  with  the  basis  set  (c)  of  Sec.  IV.  A of  > 
Paper  1,  and  this  choice  was  used  in  all  further  cal- 
culations. Second,  the  degree  of  completeness  of  the 
matching  surface  basis  functions  determines  the 
degree  of  orthogonality  of  the  matrix  of  Eq.  (4.32)  of 
Paper  I which  transforms  the  solution  in  v coordinates 
to  that  in  coordinates  X.  This  property  of  3/4  determines 
the  unitarity  property  of  the  scattering  matrix  to  a 
certain  extent  but  it  is  also  necessary  if  the  nonreactive 
transiilon  probabilities  between  even  and  odd  rotational 
states  are  to  vanish  as  required  by  the  symmetry  of  the 
H|  system  [see  Eq.  (6.4)  of  Paper  I).  Examples  of  the 
effects  of  a nonorthogonal  s/^  are  seen  in  Table  I,  where 
the  nonreactive  ortho  to  para  t*ansition  probabilities 
typically  have  magnitudes  of  10  rather  than 
which  is  more  typically  the  case^  when  the  orthogonality 
is  built  in  through  the  use  of  Eq.  (4. 30)  of  Paper  I.  In 
that  equation,  the  matrix  s/|  (the  complex  counterpart  of 
s/^)  is  related  to  a real  symmetric  matrix  A"'  via 

. <2.») 

This  expression  is  Inherently  unitary  even  when  a 
truncated  basis  is  used  to  calculate  It  should  be 
apparent  that  this  error  is  of  negligible  importance  for 
the  example  given  in  Table  1,  but  as  J increases,  the 
deviations  from  orthogunality  of  s/j  also  increase. 
Fortunately,  the  reaction  probabilities  decrease  rapidly 


as  this  happens  and  since  a nonorthogonal  matching 
procedure  has  no  effect  on  Inelastic  transition  probabili- 
ties in  the  absence  of  reaction,  “ the  problem  with  com- 
pleteness of  the  matching  surface  functions  disappears 
at  higher  J,  No  artificial  orthogonallzatlon  procedures 
were  introduced  in  the  calculation  (such  as  were  used  by 
Saxon  and  Light*),  and  therefore  unitarity  of  S/  and 
zeroness  of  the  cven-to-odd  reactive  transition  prob- 
abilities are  tests  of  the  completeness  of 

We  conclude  this  section  by  quoting  some  computa- 
tion times  for  these  calculations.  Both  the  integration 
and  matching  times  vary  roughly  as  for  N>  20, 
where  .V  is  the  number  of  channels.  For  48  channel 
calculations  using  an  IBM  370-158  computer,  about  22 
min  of  computation  time  per  partial  wave  J was  re- 
quired, of  which  17  min  was  spent  in  the  integration  of 
the  coupled  equations  and  the  rest  in  the  matching  and 
asymptotic  analysis.  About  13  partial  waves  (J  = 0-12) 
were  required  for  convergence  of  the  reactive  cross 
sections  and  30  partial  waves  (.7  = 0-29)  for  conver- 
gence of  the  inelastic  nonreactive  cross  sections  at 
energies  near  £ = 0.  50  eV. 


D.  The  one-vibrational'basis-function  approximation 
(OVA) 

An  often  used*'"’^  (but  seldom  justified)  approximation 
in  quantum  calculations  has  been  the  neglect  of  closed 
vibrational  channels  In  the  vibration-rotation  coupled- 
channel  expansion.  For  H + at  low  energies,  only 
the  ground  vibrational  level  is  open,  so  this  approxi- 
mation involves  the  use  of  only  one  vibrational  basis 
function  plus  a complete  set  of  rotational  functions  for 
that  vibration.  The  main  reason  for  using  this  approxi- 
mation is  the  large  reduction  in  computation  time  (by 
1-2  orders  of  magnitude  for  H + H*)  compared  to  a vlbra- 
tionally  converged  calculation.  One  of  the  objectives 
of  this  paper  is  to  examine  the  accuracy  of  this  approxi- 
mation by  comparing  the  results  of  its  application  with 
the  fully  converged  ones. 

The  procedure  tl.-at  we  have  used  to  perform  these 
one-vibration-approximation  (OVA)  calculations  is  al- 
most identical  to  the  fully  converged  one  outlined  in 
Paper  I.  The  following  modifications  are,  however, 
needed: 

(a)  The  overlap  matrix  5}  between  the  vibration-ro- 
tation basis  sets  in  subregions  1 and  14  1 [Eq.  (3.42)  of 
Paper  I)  is  orthogonalized  according  to  the  Schmidt 
procedure.*^  This  is  required  because  otherwise  the 
strongly  nonorthogonal  overlap  matrix  associated  with 
this  severe  truncation  of  the  vibrational  expansion  re- 
sults In  an  excessive  lack  of  flux  conservation. 


(b)  The  effective  potential  matrix  in  the  strong  in- 
teraction region  (and  analogously  in  the  matching  re- 
gion) is  modified  to  [see  Eq.  (3.46)  of  Paper  I] 


Jirii. 


2(i 


_ J, 


((»'»,- ft  POPVi)*  * W»,-ftsln«)i)* 
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FIG.  1.  Convenged  coplanar  reaction  probability  (for 

the  v = 0.  > = 0— e'=0,  >'  = 1 transition)  as  a function  of  the  total 
angular  momentum  quantum  number  J for  £ = 0.30  eV  (crosses). 
0.3S  eV  (triangles).  0.40  eV  (squares),  and  0.45  eV .(circles). 
Smooth  curves  have  been  drawn  through  the  points. 


where  the  only  allowed  values  of  I'J  and  are  zero.  For 
a complete  vibration-rotation  basis  set  expansion,  this 
expression  is  identical  to  that  in  Eq.  (3. 48)  of  Paper  1. 
but  In  the  OVA  they  differ,  the  above  expression  being 
the  more  consistent  one.” 

Even  with  these  modifications,  there  are  still  many 
ambiguities  in  the  application  of  this  procedure.  The 
most  serious  of  these  is  the  lack  of  invariance  of  the 
results  to  our  choice  of  /?„).  In  Sec.  ni  we 

shall  examine  results  for  V'„,  = V{ri,  R,,  y,  = 0)  and 

R,),  with  the  hope  that  the  range  of  results 
provided  by  these  two  calculations  is  representative  of 
what  can  generally  be  obtained  in  this  approximation. 


FIG.  2.  Reactfon  ptobablllty  as  a function  of  the  total 

angular  momentum  quantum  number  J analogous  to  Fig.  1 but 
at  total  energies  of  0.50  eV  (crosses).  0.55  eV  (tnsngles). 
0.60  eV  (squares),  and  0.65  eV  (circles). 


FIG.  3.  Converged  coplanar  reaction  probability'  ss 

a function  of  the  total  angular  momentum  quantum  number  J. 
Symbols  correspond  to  same  values  of  energy  £ as  in  Fig.  2. 


III.  RESULTS  FOR  COPLANAR  H + H, 

A.  Transition  probabilities 

In  this  section  we  shall  examine  the  J dependence  of 
the  distinguishable-atom  reactive  and  inelastic  non- 
reactive transition  probabilities.  The  reactive  prob- 
abil.ties  Pj.oo.oi  ffof  l^e  t’  = 0.  j = 0~v'  = 0,  j'  = l 
transition)  are  plotted  in  Figs.  1 and  2 for  several  en- 
ergies as  a function  of  J.  The  probabilities  for  negative 
J are  obtained  from  those  for  positive  J through  the  use 
of  the  relation  [resulting  from  Eqs.  (3. 20)  and  (5. 32) 
of  Paper  I and  valid  for  R and  S probabilities] 

• (3.1) 

Figures  1 and  2 indicate  that  P7.oo.Gt  bas  a maximum 
near  J=0  for  small  E with  the  peak  gradually  shifting 
to  small  positive  J as  £ is  incr'iased.  Furthermore, 
the  number  of  values  of  J which  must  be  Included,  in  or- 
der that  the  differential  reaction  cross  sections  [see 
Eq.  (5.30)  of  Paper  I]  should  have  converged  to  within 
approximately  2%,  increases  with  £ from  about  0 at 
£ = 0.30  eV  (l.e.,  IJI  s4)  to  about  23  at  £ = 0.65  eV 
(IJI  '=11).  The  maximum  in  the  reaction  probabilities 
at  small  J.  indicates  that  only  small  impact  parameter 
collisions  contribute  significantly  to  the  reaction  cross 
section,  Tiie  semlc’ issical  relation  between  the  impact 
parameter  6 and  the  orbital  angular  momentum  I [as 
given  by  Eq,  (5. 21)  of  1]  is 

b-l/k„,  (3.2) 

where  we  define  the  sign  of  5 to  be  the  same  as  that  of 
f,  and  is  the  wave  number  associated  with  the  inci- 
dent state.  Since  f = i/-j,  and  j = 0 for  the  transitions 
considered  in  Figs.  1 and  2,  we  see  that  fr  is  propor- 
tional to  J,  and  thus  the  range  of  Impact  parameters 
which  contribute  significantly  to  the  reaction  cross  sec- 
tion Increases  with  £ in  those  figures  (from  IfrI  s 1. 74 
bohr  at  0.45  cV  to  Ibl  s 2. 22  bohr  at  0.65  eV).  In  Fig. 

3 we  plot  the  reaction  probabilities  vs  J at  several  en- 
ergies for  the  transition  e = 0,  j = 0 — o'  = 0,  j' •0, 
Equation  (3. 1)  indicates  that  this  transition  probability 
should  be  symmetric  about  .1  = 0,  tsit  aside  from  that 
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FIG.  4.  Coplanar  reactioo  probability  for  £ = 0.60  eV 

(tranalatloaal  energy  £9  = 0.33  eV)  vs  the  total  angular  momen- 
tum quantum  number  J.  Squares  indicate  the  coovergod  re- 
sult while  circles  indicate  the  OVA  probability  (or  the  coUlnoar 
reference  potential  (Ve«ii  = V(r^  >^>=0)1. 


restriction,  we  find  that  the  curves  In  that  figure  are 
otherwise  very  similar  in  appearance  to  those  in  Fig, 
2.  This  conclusion  applies  quite  generally  to  the  re- 
action probability  vs  J plots  obtained  for  most  other 
reactive  transitions.  A discussion  of  the  energy  de- 
pendence of  the  reaction  probabilities  will  be  given  in 
Sec.  m.D. 


I 
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FIG.  6.  Schematic  representation  of  dominant  colUsions  con- 
tributing to  the>  = 0 — >0  colUslonal  (nonreactive)  enrl tattoo 
process.  Shown  arc  (a)  the  initial  af^roach  of  the  collisioo 
partners  in  the  center  of  mass  coordinate  system,  (b)  the  colli- 
sion itself  with  the  dircctiori  of  the  rotadooaJ  polaxizatloo  In- 
dicated by  curved  arrows,  and  (c)  the  recoding  scattered  pani- 
cles. Collision  1 considers  I (and  hence  6)  initially  poaldve 
(relative  to  the  coordinate  system  shown).  Collisioo  n coo- 
slders  negative  initial  / and  A,  Note  that  the  diatomic  rotor 
with  ) = 0 is  classically  motionless  with  equal  probability  for 
any  rotational  phase.  The  partcular  phase  chosen  was  that 
believed  to  give  significant  rotational  excitation  for  each  situa- 
tion pictured. 


In  Fig.  4 we  compare  the  converged  reaction  prob- 
abilities P/,00,00  with  the  corresponding  OVA  results 
for  a coUinear  reference  potential  V^ir^,  Ri, 

y^sO)  at  an  energy  of  0.60  eV.  We  see  that  the  OVA  re- 
sult has  the  correct  functional  dependence  on  J but  that 
the  magnitudes  of  the  probabilities  at  each  J are  nearly 
a factor  of  2 too  small.  OVA  calculations  using 


FIG.  5.  Copluiu*  coeverffed  Inelastic  probability  aa  a 

ftioctlOD  ot  J tor  tola]  enentlee  F.0.40  eV  Idaah^lotl,  0,50  eV 
(daahMU,  0.60  aV  Isolldl,  and  0.70  eV  (aolld). 


= V5(i',,  H,)  yield  probabilities  which  are  only  slightly 
dllferent  from  the  OVA  results  In  Fig.  4.  (For  ex- 
ample, the  V„,  - VJ  OVA  reaction  probability  lor  J=0 
Is  0. 0397  compared  to  0. 0420  In  Fig.  4).  The  analo- 
gous comparison  at  other  energies  between  0. 3 and 
0.6  eV  indicates  that  the  OVA  probabilities  lor  the  two 
choices  ol  V„,  always  .have  values  within  30%  ot  one 
another.  More  Important,  the  OVA  probabilities  and 
converged  results  are  generally  in  good  agreement 
in  their  J dependence,  but  in  very  poor  agreement  in 
energy  dependence,  dlllering  by  several  orders  ol 
magnitude  at  low  energies.  This  diUerence  in  energy 
dependence  has  a dominant  inlluence  on  the  behavior 
ol  the  reaction  cross  sections,  as  will  be  discussed  in 
Sec.  m.  C. 

In  Fig.  S we  plot  the  Inelastic  nonreactive  probabili- 
ties lor  the  transition  u = 0,  j = 0 - 1/  = 0,  > ' = 2 vs  .1  lor 
several  energies  E.  The  inelastic  probabilities  are 
seen  to  span  a much  larger  range  ol  J'a  than  the  re- 
active ones.  Indicating  that  larger  'mpact  parameter 
collisions  can  contribute  signtlicantly  to  the  inelastic 
processes.  At  all  energies  in  Fig.  6,  the  maximum 
rotational  excitation  probability  occurs  lor  J positive 
(although  a smaller  magnitude  negative  J peak  does 
appear  at  the  higher  energies).  The  Increased  likeli- 
hood ol  exciting  a positive  rotational  sublevel  In  a non- 
reactive collision  with  J inillally  positive  is  In  agree- 
ment with  the  classical  picture  ol  the  collision  shown  In 
Fig.  6 (Collision  1)  In  which  the  incident  atom  having  a 
positive  Impact  parameter  [see  Eq.  (3. 2)]  impulsively 
strikes  the  "bottom"  atom  ot  the  diatomic  molecule  in 
Fig.  6,  1(a),  thus  exerting  positive  torque  on  that 
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FIG.  7.  Converged  coplanar  roaedve  differential  cross  eee- 
tlanoJ«.,l  vs  the  scattering  angle  for  total  energies  £ = 0.30, 
0.33,  0.40,  and  0.43  eV. 

molecule  and  exciting  It  into  a rotational  state  with 
positive  j'.  For  this  collision,  one  would  expect  the 
dominant  scattering  angle  S to  lie  between  180°  and  360° 
relative  to  the  y axis  of  Fig.  6,  In  the  next  section  we 
shall  see  that  this  is  precisely  what  the  differential 
cross  sections  indicate.  Still  unexplained,  however, 
are  the  double-peaked  distributions  at  the  higher  ener- 
gies in  Fig.  S.  Intuitively,  one  would  expect  that  the 
positive  J peak  results  from  the  mechanism  described 
above  (Collision  I in  Fig.  6).  The  negative  J peak  must 
arise  from  a different  collision  mechanism,  quite  pos- 
sibly that  pictured  In  Collision  II  of  Fig.  6,  in  which  the 
incident  atom,  having  small  negative  Impact  parameter, 
still  strikes  the  bottom  atom  of  the  diatom  in  Fig.  6, 
na,  but  rebounds  into  the  0°s8sl80°  hemisphere. 

8.  Differential  cross  sections 

Figures  7,  8,  and  9 depict  the  differential  re.active 
cross  sections  corresponding  to  the  same  transitions 
and  I 'crgy  ranges  as  were  used  for  the  reaction  prob- 


FTG.  S.  Converged  coplanar  reactive  differential  cross  sec- 
tIoD  OM.QI  as  a function  of  the  scattering  angle  9s  analogous  to 
rig.  7 but  at  total  energies  £>0.30,  0.33,  O.CO,  and  0.63  eV. 


FIG.  9.  Converged  coplanar  reactive  di0erenttal  cross  sec- 
tion o^.  M vs  scattering  angle  Sg  at  same  energies  as  In  Fig,  8. 
These  curves  arc  symmetric  about  0,1  = 160*. 


abilities  In  Figs.  1,  2,  and  3,  respectively.  Thei;  = 0, 

= >'al  distinRulshable-atora  reactive  cross 
sections  of  FIrs.  7 and  8 can  be  trivially  converted  to 
the  corresponding  antlsymmetrlzed  para  — ortho  quanti- 
ties by  multiplication  by  3 [see  (Eq.  2. 1)],  Because  of 
Eq.  (2.  3),  the  curves  In  Fig.  9 are  exactly  symmetric 
about  180'’.  We  see  that  all  reactive  differential 
cross  sections  are  strongly  backward  peaked.  This  Is 
In  agreement  with  the  results  of  three-  and  two-di- 
mensional quasiclasslcal  calculations'**  and  with  the 
results  of  experiments  on  D*  H|**  and  Hi-  Tt,  **  and  Is 
consistent  with  a rebound-type  collision  mechanism. 

The  magnitudes  of  the  differential  cross  sections  near 
are  all  sufficiently  small  to  allow  us  to  conclude 
that  forward  scattering  contributions  to  the  reactive 
angular  distributions  are  negligible.  The  small-arapll- 
tude  oscillations  in  some  of  the  higher  energy  differen- 
tial cross  sections  in  Figs.  8 and  9 are  very  likely 
spurious  since  they  typically  result  from  incomplete 
interference  between  different  partial  waves.  This  type 
of  oscillatory  behavior  can  be  caused  by  as  little  as  a 
5%  relative  er-or  in  the  matrix  elements  of  for  a 
single  partial  wave»  thus  pointing  out  that  equally  ac* 
curate  calculations  for  each  partial  wave  (even  those 
contributing  relatively  little  to  the  integral  cross  sec- 
tions) are  necessary  If  spurious  effects  of  this  type  are 
to  be  avoided.  Of  course,  if  there  were  rotational  reso- 
nances in  certain  partial  waves,  then  we  would  properly 
expect  to  see  some  form  of  oscillatory  behavior  in  the 
angular  distributions.  Rotational  resonances  have  in- 
deed been  observed  in  calculations  on  nonreactlve  atom 
diatom  scattering,  but  these  resonances  have  always 
been  associated  with  attractive  wells  in  the  potential 
surfaces  used.**  In  the  case  of  the  purely  repulsive 
Porter- Karpius'*  potential,  such  wells  do  not  exist, 
and  thus  purely  rotational  resonances  are  unlikely.** 

The  fuU-wldth  at  half-maximum  (FWHM)  of  the  back- 
ward-scattered peak  in  the  differential  cross  section 
remains  relatively  constant  over  the  energy  range 
studied  and  roughly  equal  to  70*  (l.e.,  145* s 215*) 
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FIG,  10.  Vtbrationally  converged  and  OVA  differential  cross 
section  Oh*su  as  a functlor.  of  scattering  angle  at  £ = 0.C0  cV 
CEii^O.SS  eV),  The  OVA  cross  section  was  computed  with  a 
enUinear  reference  potential  IVj^|  = Vtr,,Rj,y,  = 0)|.  The 
cross  sectiop  for  this  transition  is  symmetric  about  6^  c 180  *. 


In  Fig.  9.  Some  broadening  docs,  however,  occur  at 
the  higher  energies. 


6 (degrees) 


FIG.  12,  Nonreactive  (solid),  reactive  (dashed),  and  antisym- 
metrized (dash-dot)  differential  cross  sections  as  a funcUon  of 
scattering  angle  lor  the  coplanar  er=0,  y = 0 — n'  = 0,  ly'|=2 
transition  (summed  over  final  r'tauonal  polarlraUons)  at£ 

= 0 . 50  eV  (£fl  c 0 , 23  eV) , Note  th'  I the  scattering  angle  used  is 
8 and  8 = 0 corresponds,  for  reactive  scattering,  to  8^  = 180  • 
(see  Eq.  (2.5);. 


The  angular  distributions  for  the  OVA  results  pre- 
viously considered  in  Fig.  4 are  plotted  in  Fig.  10.  As 
in  Fig,  4,  we  see  that  the  shape  of  the  converged  curve 
is  qualitatively  well  approximated  by  (hat  of  the  OVA 
one,  but  there  is  about  a (actor  of  2 difi'erence  in  the 
magnitudes  of  the  cross  sections.  This  similarity  in 
shape  continues  to  exist  at  other  energies  as  welt,  but 
the  differences  in  magnitude  can  become  much  larger, 
as  discussed  in  Sec.  in.  C. 

Ill  Fig.  11  we  plot  the  distinguishable  atom  nonreac- 
tlve  Inelastic  differential  cross  sections  a*  ^ 

= 0.40,  0.50,  0.60,  and  0.70  eV.  These  angular  dis- 


FIG.  11.  Inelastic  nonrcactive  (converged)  dlffe.onUal  cross 
section  for  the  coplanar  v = 0,  f = 0— 1''=0,  >'  = 2 tran- 
sttiaQ  as  a (unction  of  scattering  angle  at  total  energies  £ = 0.40 
eV  (dash-dot),  0.50  eV  (dashed),  0.60  eV  (solll),  and  0.70  eV 
(solid). 


tributions  clearly  reflect  the  one-  or  two-peaked  nature 
of  the  nonreactive  probability  plots  of  Fig.  S and  show 
predominantly  backward  to  sidewards  peaking  with  the 
position  of  the  maximum  shifting  gradually  to  a more 
forward  direction  with  increasing  energy.  The  maxi- 
mum value  of  always  occurs  (or  180°£6£360°, 
in  agreement  with  our  qualitative  classical  ideas  of 
Sec.  ni.  A.  At  higher  energies  we  see  double-peaked 
distributions,  possibly  corresponding  to  the  two  mech- 
anisms pictured  in  Fig.  6.  There  is  little  evidence  of 
any  high  frequency  oscillations  in  any  of  the  cross  sec- 
tions plotted  in  Fig.  11,  which  indicates  that  the  col- 
lision process  is  predominantly  direct  (nonresonant). 

The  small-amplitude  oscillations  occurring  at  8 <100° 
for  E = 0. 60  and  0,70  eV  are  probably  spurious  and  of 
same  origin  as  those  (or  the  reactive  cross  sections  in 
Figs.  8 and  0. 

Since  the  e = 0,  y = 0 — v'  = 0,  j'  = 2 transition  considered 
In  Fig.  11  corresponds  to  a para-to-para  transition 
which  can  occur  by  both  nonreactive  and  reactive  mech- 
anisms, the  correct  physically  measurable  quantity  (in 
a 2D  world)  to  consider  is  the  antisymmetrized  para- 
to-para  cross  sections  which  can  be  obtained  through  the 
use  of  Eq,  (2.1).  In  Figs.  12,  13,  and  14  we  plot  the 
resulting  antisymmetrized  angular  distributions 
(summed  over  degenerate  product  rotational  polariza- 
tions) for  total  energies  of  0. 5,  0. 6,  and  0. 7 eV,  re- 
spectively. Also  plotted  for  comparison  arc  the  cor- 
responding d'otlnguishable-atom  nonreactlve  and  re- 
active cross  sections  where,  (or  consistency,  the  angle 
8 rather  than  8„  [see  Eq.  (2. 51]  is  tised  for  plotting  the 
reactive  differential  cross  sections.  In  terms  of  8,  the 
reactive  cross  section  Is  forward  peaked  (I.e.,  back- 
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FIG.  13.  Nofireactive,  reactive,  and  antiaymmetiited  differ- 
ential cross  sections  analogous  to  Fig.  12  at  £-0.60  eV  (£o 
bO.33  eV).  See  remark  about  0 in  the  caption  fer  that  figure. 


ward  peaked  in  terms  of  while  the  nonreactive  one 
Is  backward  peaked  at  0.  5 cV  shifting  to  sidewards 
peaking  at  the  higher  energies.  At  0.  50  cV  (Fig.  12), 
the  reactive  cross  section  has  a maximum  value  of 
0.0045  bohr/rad,  which  is  over  200  times  smaller  than 
the  maximum  value  of  the  nonrcactivc  one,  0.92  bohr/ 
rad.  This  implies  that/', In  Eq.  (2. 1)  has  a much 
larger  absolute  value  than so  that  the  antisym- 
metrlzed  and  nonrcaciive  differential  cioss  sections  are 


FIG.  14.  NonrescUvs.  reactive,  and  sntisymmetrlzcd  dlffcr- 
•atlsl  cross  sections  soslogous  to  Fig.  12  st  £«0.70  eV  (£f 
■ 0.43  eV).  See  remark  about  0 in  the  caption  of  that  figure. 


Eo(eV) 


01  0 2 0 3 0.4 


FIG.  15.  Converged  integral  reactive  croaa  aecUons 
Oio  -o>.  *’“1  Vm-ss  (Bummod  over  final  rotaUonal  po'ariratiooa) 
vs  total  energy  £ and  tranalational  energy  £.:  ta)  limicar  scale. 
Ibl  acmilugariUimlc  scale. 


nearly  Identical.  Some  small  amplitude  oscillations  are 
seen  In  ffa.ot  small  $ in  the  neighborhood  of  the  region 
where  the  reactive  cross  section  has  a maximum. 

These  oscillalions  a^e  real  and  result  Irom  Interference 
between  the  direct  and  exchange  contributions  to  the 
antisymmetrized  cross  section.  They  are  similar  in 
origin  to  the  quantum  symmetry  oscillations  which 
have  been  observed  in  atom-atom  elastic  and  inelastic 
scattering. As  the  energy  is  '.nereased,  tlie  reactive 
cross  sections  Increase  much  more  rapidly  than  do  the 
nonreactive  ones  (at  all  scattering  angles),  and  (as  is 
Indicated  in  Figs.  13  and  14)  the  oscillations  In  the  anti- 
symmctrlzed  differential  cross  sections  for  9 <60°  be- 
come quite  pronounced  in  the  forward  9 (backward  9,) 
direction.  (The  oscillations  In  the  antisym.nctrlzed 
curve  of  Fig.  14  at  9>  80°  correlate  with  those  in  the 
reac.lve  curve.  As  for  Figs.  8 and  0,  the  latter  are 
probably  spurious,  and  therefore  the  former  should 
not  be  considered  to  be  real  either. ) A small  increase 
in  the  oscillation  frequency  w'.  . increasing  energy  is 
also  apparent  from  the  figures. 

C.  Inta^il  cron  tactions 

In  Fig.  15  we  plot  the  reactive  Integral  cross  sec- 
tions VSuo,.  9oo.o3.  “xd  Qoo.ot  (summed  over  (Inal  ro- 
tational polarizations)  as  a function  of  the  total  energy 
E and  initial  translational  energy  E,.  Both  linear  and 
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FIG.  W.  tategtel  nacUve  cioas  sectton  tsummDil  over 
all  accessible  Qnal  states)  vs  total  enerf^  E and  relative 
energy  £|.  Circles  represent  vlbratlonally  converged  results 
and  squares  the  OVA  ones  using  a collinear  reference  poten- 
tial: (a)  linear  scale,  (b)  semilogarithmlc  scale. 


suit  [using  Vir,,  /*».  )'r  = 0)J.  As  mentioned  In 
Sec.  ni.  A,  the  results  obtained  using 
have  almost  the  same  energy  dependence.  It  is  ap- 
parent from  the  figure  that  the  vlbratlonally  converged 
Integral  cross  section  differs  quite  significantly  from 
the  OVA  result  over  much  of  the  enerify  range  con- 
sidered, the  difference  being  about  3 orders  of  mig-j. 
tude  for  total  energies  bclo*  0.  jo  eV.  The  two  curves 
do  cross  near  £ = 0. 52  eV,  which  is  quite  interesting, 
since  a previous  analysis  of  the  collinear  He H|  system 
(on  a slightly  different  potential  surface)  indicated  that 
this  reaction  Is  very  nearly  vlbratlonally  adiabatic  at 
this  energy . ’*  Since,  as  we  shall  see  in  the  next  sec- 
tion, collinear  and  coplanar  calculations  can  be  re- 
lated in  a reasonably  accurate  manner,  one  might  be 
able  to  assess  the  accuracy  of  OVA  calculations  in  two 
and  three  dimensions  by  analyzing  the  extent  of  vibra- 
tional adiabaticity  In  the  corresponding  collinear  sys- 
tems. 

In  Fig.  17  we  compare  the  nonrcactlve  and  antisym- 
metrized integral  cross  sections  <?oo.a  snd  9k.  n as  a 
function  of  E and  £,.  The  rotationally  inelastic  cross 
sections  have  much  larger  magnitudes  than  the  reactive 
ones  of  Figs.  IS  and  16  with  a peak  value  of  3.76  bohr 
near  E = 0. 54  eV.  Since  the  n'  = 0,  - 2 state  of  H, 

becomes  energetically  accessible  at  E = 0. 30  eV,  we  see 
that  there  is  essentially  zero  threshold  energy  for  the 
nonreactive  process  so  that  coincides  alnmst  ex- 
actly with  its  distinguishable-atom  counterpart 
at  all  energies  below  0.  50  eV.  Thereafter,  be- 
comes progressively  larger  than  Qoo-ta  apparent 

oscillatory  behavior  as  a function  of  energy  resulting, 
in  contrast  to  the  angular  distributions  of  Figs.  12-14. 


semilogarithmlc  scales  are  used  to  show  the  functional 
dependence  of  these  cross  sections  over  a wide  range 
of  energies.  If  we  define  the  effective  threshold  energy 
for  a process  as  being  that  value  of  E for  which  the  cor- 
responding integral  cross  section  is  0. 01  bohr,  then  the 
threshold  energies  for  95,.  „,  QJLqj,  and  9 J,.,,  are 
0.49eV,  0, 55eV,  and  >0.75  eV,  respectively.  A dis- 
cussion of  the  significance  of  the  effective  threshold 
energies  will  be  deferred  to  Sec.  III.  D,  where  we  also 
compare  the  coplanar  results  with  those  of  collinear 
calculations  on  th^same  potential  ener(7  surface. 

Above  threshold,  9ja.«  rises  In  a nearly  linear  manner 
with  F up  to  about  0.65  eV  and  achieves  a maximum 
value  of  0. 31  bohr  at  about  £ = 0. 70  eV.  9oo.a  And 
QtLm  increase  monotonically  In  the  energy  range 
spanned  by  this  figure  but  may  level  off  at  higher  en- 
ergies. At  very  low  energies,  the  integral  cross  sec- 
tions exhibit  approximate  exponential  dependence  on 
E.  A characterization  of  the  product  rotational  state 
distribution  implicit  in  Fig.  15  is  given  in  Sec.  HI.  E. 
We  should  finally  note  that  the  reactive  cross  sections 
In  Fig.  15  can  be  converted  to  the  corresponding  oara 
-ortho  quantities  by  multiplication  by  3. 

In  Fig.  16  we  compare  the  reactive  cross  section 
9&  (summed  over  all  product  slates)  with  the  OVA  re- 


I 


Eo(eVl 


E(eV) 


FIOe_17s  iDeluUc  Donreactive  Integral  croaa  MCttona 
and  (aummed  over  final  polarlsaUona)  va  the  total 

eaergy  £ and  relative  tranalational  energy  £|. 
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D.  Comparison  of  planar  and  coilinear  results 

Because  planar  cross  sections  have  the  dimensions 
of  length  while  coilinear  ones  are  dimensionless  (i.c,, 
the  coilinear  cross  section  is  equal  to  the  coilinear  re- 
action probability),  a direct  comparison  of  these  quanti- 
ties is  not  possible.  One  could  devise  models  for  con- 
verting coilinear  results  into  planar  ones  by  assigning 
a model  Impact  parameter  dependence  to  the  coilinear 
reaction  probabilities.  A more  straightforward  com- 
parison can  be  effected  instead  by  examining  the  be- 
havior of  the  corresponding  coilinear’*'”  and  planar 
reaction  probabilities  (the  latter  for  J-0)  as  are  plotted 
in  Fig.  18.  Probabilities  for  other  J's  or  different 
initial  vj  states  could  have  been  used,  but  those  for 
J = 0 and  i’=y  =0  were  chosen  for  this  comparison  be- 
cause they  correspond  more  closely  to  the  coilinear 
conditions.  This  choice  is  furthermore  Justified  by  the 
fact  that  the  form  of  the  energy  dependence  of  the  planar 
probabilities  for  different  J or  j (for  re.asonably  small 
values  of  these  quantum  numbers)  is  essentially  the 
same  as  that  of  Pjo  iJ  = 0),  as  is  demonstrated  in  Fig. 

19  [where  Pj,  tf  = 0),  Pj,  (d  = 4),  and  Pf,  (J  = 0)  are 
plotted).  The  Pj[,(d)  curves,  ford^l,  2,  3,  would  all 
lie  between  the  corresponding  curves  for  J = 0 and  J = i, 
Figure  18  indicates  that  the  coilinear  and  coplanar  re- 
sults have  nearly  the  same  enerf^  dependence,  the  en- 
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FIG.  18.  Total  reaction  prohablUUea  P^ilD)  (coilinear)  and 
P^iZDt  J"0)  (coplanar,  v *^0,  f'-O  and  summed  over  all 

floal  atataa)  va  the  total  enenor  B and  tranalalonal  energy  B^: 

(a)  linear  scale,  with  the  coilinear  results  multiplied  by  0.6; 

(b)  semilogarlthmlc  scale. 
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FIG.  19.  Coplanar  total  rcactloo  probabilities (dr- 
clcB,  solid  curve),  Uriangles,  da^h^otted  curve), 

and  (J  = 0)  (squares,  dotted  curve)  summed  over  all  final 
states  vs  total  encrg>'  E and  translational  energy  E^:  (a)  linear 
scale,  (b)  logarithmic  scale. 


ergy  sc.ale  being  shifted  upwards  by  about  0.055  eV  in 
going  from  the  coilinear  tu  the  coplanar  curves.  In  ad> 
dition,  the  ma.Kimum  value  of  the  coilinear  reaction 
probability  is  1.0,  whereas  that  of  the  coplanar  one  is 
about  0. 6.  Doth  the  energy  shift  and  the  difference  in 
the  maximum  probability  are  explainable  In  terms  of 
relatively  simple  concepts.  To  understand  the  energy 
shift,  we  examine  the  nature  of  the  trlatomic  sys- 
tem In  its  transition  state.  In  the  linear  case,  this  trl- 
atomic  pseudomolccule  has  two  vibrational  degrees  of 
freedom:  an  asymmetric  stretch  mode,  which  it  un- 
stable and  leads  to  motion  along  the  reaction  coordinate, 
and  a stable  symmetric  stretch  mode.  When  the  reac- 
tion occurs  and  the  system  posses  through  the  transi- 
tion state  region,  the  total  energy  partitions  itself  be- 
tween these  two  vibrational  modes.  Energy  in  the  sym- 
metric stretch  mode  ts  not  easily  converted  into  the 
asymmetric  stretch  mode  making  it  unavailable  to  over- 
come the  potential  surface  barrier.  This  Is  a partial 
physical  interpretation  of  the  fact  that  the  coilinear 
threshold  energy  (the  v.'Uue  of  £ at  which  the  reaction 
probability  Is  0.01)  ts  0.4^  eV,  which  Is  somewhat 
larger  than  the  0.306  eV  Dorter-Karplus  surface  bar- 
rier height.  Coilinear  threshold  phenomena  such  as 
this  have  been  analyzed  in  detail  elsewhere.^'*  In  going 
from  a linear  to  a planar  transition  state  we  add  one 
bending  degree  of  freedom  to  the  internal  motion  of  the 
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FIG,  20,  Converged  coplanar  Intcfrral  reaction  cross  sections 
vs  the  final  rotational  energy  at  total  energies  £ = 0.50 
aV  (triangles),  0,55  eV  (triangles),  0,60  eV  (squares),  and 
0,65  eV  (eireles),  Tlie  arrows  In  lower  and  upper  alx'lssa  Indi* 
cate  (he  Ej,  rotational  energies.  The  curves  are  drawn 
smoothly  through  the  points. 

transition  state  which  also  does  not  contribute  effective- 
ly to  motion  along  the  reaction  coordinate  and  which  will 
also  tie  up  sone  of  the  energy  needed  to  overcome  the 
activation  barrier.  This  additional  enerty  in  the  bend- 
ing motion  is  a plausible  explanation  for  the  0. 055  eV 
upward  energy  shift  observed  in  Fig.  18  and  is  approxi- 
mately equal  to  the  zero  point  bending  energy  of  about 
0, 06  eV  for  the  surface  used.  **  Much  of  the  above  ex- 
planation has  Its  basts  on  an  approximate  statistical 
theory  proposed  by  Marcus.  ” The  difference  in  the 
maximum  probabilities  attained  by  the  coll  inear  and 
coplanar  results  can  be  understood  by  examining  the 
orientation  dependence  of  the  reaction  probability.  In 
the  planar  case  with  y = 0 Initially,  the  diatomic  mole- 
cule does  not  rotate  and  has  equal  probability  of  being 
in  any  orientation  with  respect  to  the  direction  of  ap- 
proach of  the  Incident  atom.  Since  the  barrier  height  of 
the  potential  energy  surface  Is  0. 396  eV  for  colllncar 
collisions  and  increases  to  2. 8 eV  for  perpendicular 
ones,  we  would  expect  that  In  tiie  energy  range  being 
considered,  the  reaction  probability  should  be  greater 
for  linear  collisions  and  decrease  to  zero  for  perpendic- 
ular ones.  The  coplanar  probability  should  represent 
an  average  over  all  Initial  orientations  and  if  we  assume 
unit  reaction  probability  for  0sy,s  54°  and  306* svi 
s 380°  and,  by  symmetry,  tor  1 180°  - y,  I s 54  ° and  zero 


probability  elsewhere,  we  obtain  a coplanar  reaction 
probability  of  0,60  in  agreement  with  Fig,  18.  The  54° 
cut-off  angle  Is  in  reasonable  agreement  with  previous 
estimates  of  the  orientation  dependence  of  the  reaction 
probability  obtained  from  distorted  wave  results'*  and 
from  classical  trajectory  results. ' 

E.  Product  stats  rotational  distributions 

In  Fig.  20  we  plot  the  integral  cross  sections  (?oLoi> 
(summed  over  final  t-otatlonal  polarizations)  as  a func- 
tion of  the  production  rotational  energy  and  quantum 
number  for  several  total  energies  E.  We  see  from  the 
figure  that  only  small  j'  rotational  states  are  apprecia- 
bly excited  in  these  reactive  collisions.  The  relative 
population  of  final  rotational  states  is  not  strongly  de- 
pendent on  total  energy  although  some  broadening  of  the 
distribution  docs  occur  at  higher  £.  Not  shown  in  the 
figure  are  the  fin.al  rotational  stale  distributions  from 
initial  states  j *0,  The  qualitative  shapes  of  these  dis- 
tributions are  not  strongly  dependent  on  j and  look  very 
much  like  those  for^;  = 0 in  Fig.  20.  However,  the 
moipiituiles  of  the  (?of.e/'  decrease  monolonically  with 
increasing  > for  a given  y'.** 

To  a large  extent,  the  distributions  in  Fig.  20  re- 
semble rotational  Doltzman-like  distributions  with  a 
single  temperature  parameter.  Distributions  of  this 
type,  for  a planar  system,  may  be  expected  to  have  the 
form” 

/,.(£)  = /l(£:)(2-«,.,)e-»/- '**•'*' , (3.3) 

where  AiE)  and  r(£)  are  energy  dependent  constants 
and  2-  5,,o  Is  a degeneracy  factor.  In  Fig.  21  we  plot 
(2/(2-  6,.o)|9oo.o/'  as  a function  of  the  product  rota- 
tional energy  on  a loga.  ithmic  ordinate  scale.  The  re- 
sulting curves  for  different  E are  approximately  linear 
(most  nearly  so  at  the  higher  energies)  in  agreement 
with  the  predictions  of  Eq.  (3.3),  with  temperature 
parameters  T(E)  in  the  neighborhood  of  250-400  K. 

We  should  point  out  that  although  the  rotational  distri- 
butions are  temporaturelike,  we  find  no  evidence  of 
long  lived  compound  state  (i.  e.,  complex)  formation  in 
this  reaction  at  the  energies  being  considered.**  The 
rotational  distributions  seem  to  be  determined  to  a 
large  extent  by  the  shape  of  the  potential  energy  s.T- 
face  in  the  transition  state  region  of  configuration  space 
(sec  lower  half  of  Fig.  2(c)  of  Piper  l).  In  this  transi- 
tion state,  the  asymptotic  free  rotational  motion  has 
become  a seriously  restricted  bending  motion.  This 
bending  motion  becomes  again  a free  rotational  motion 
after  the  reaction,  and,  at  least  qualitatively,  the  dis- 
tribution of  different  product  rotational  states  appears 
to  be  determined  by  the  overlap  of  this  bending  wave- 
function  and  the  asymptotic  free  rotor  wavcfunctlon.  If 
this  reasoning  Is  correct,  the  resemblance  of  the  ro- 
tational distribution  in  Figs.  20  and  21  to  thermal  dis- 
tributions is  at  least  partially  coincidental.  This  phe- 
nomenon should,  however,  be  quite  common  since  re- 
stricted bending  motion  in  the  transition  state  region  is 
a common  feature  of  the  potential  energy  surfaces  for 
many  reactions. 

In  Fig.  22  we  plot  the  OVA  cross  sections  In  a man- 
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FIG.  21.  Semllogarithmlc  plot  of  the  iDtegral  reactive  croaa 
•ecttoQ  {x2/<2*6j*o>|  V*  ^ rotaUooal  eoeixy  at 

total  energies  FbO. SO,  O.SS,  0.60,  and  0.65  eV  (symbols 
analogous  to  those  of  Fig.  20).  Straight  lines  sre  drawn  con- 
necting the  low  >'  points.  The  arrows  are  as  In  Fla.  20. 


FIG.  22.  Semllogarlthmlc  plot  of  the  OVA  reactive  cross  sec- 
ttOB  2/(2  — 6^  «i))  as  a function  of  the  final  rc'atlonal 

energy  at  energies  £«0.50,  0.55,  and  0.60  eV.  The  straight 
lines  drawn  connect  the  low  points.  The  arrows  are  aa  In 
Fig.  20. 


Eo  (eV) 

0^0  O.SO  0.40  0.50 
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riG.  23.  Integral  cross  section  vs  total  energy  A‘  and 

translational  energy  Fq  for  severs!  exact  and  approximate  c(^ 
planar  calculadons.  ^.<ilSK)  refers  to  the  present  converged 
results,  <SK,OVA)  sre  the  present  one-vlbrstlon-sp- 

proxlmstioo  results,  for  a colllnear  obUlnnl  a.  drsciibed 
In  Sec.  II. D,  0.?n,(\VW.  WE)  u)d  Cj*,.,,(WW,  SE)  »re  the  re- 
sults of  distorted  wave  calculations  of  Ref.  IS,  and  Om..!  (AL) 
la  the  OVA  result  ton  a different  (totentlsl  surface  vid  ualni;  a 
method  somewhat  different  from  ours)  of  Kef.  10. 


ner  analoffous  to  that  done  for  the  conver|;ed  cross  sec- 
tions In  Fig.  21.  Figure  22  Indicates  that  the  OVA  ro- 
tational distritnilions  fit  (he  temperaturelilce  distribu- 
tion given  In  Eq.  (3. 3)  to  about  the  same  accuracy  aa 
the  converged  results.  However,  the  OV A terafera- 
ture  parameters  are  somewhat  higher  (450-620  K),  In- 
dicating that  this  approximate  procedure  predicts  ro- 
tational distributions  which  are  much  broader  than  the 
converged  ones, 

F.  Compwisoni  with  other  ooplanar  csiculationt 

In  Fig.  23  we  plot  our  converged  (SK)  and  the 

corresponding  one-vlbration-approxlmation  results 
9£.(i  (SK,  OVA)  using  a colllnear  reference  function 
(see  Sec.  U.  D),  along  with  the  results  of  two  other 
studies  on  coplanar  H.  H,.  9m.oi  (WW,  SE)  and 
(WW,  WE)  come  trom  two  different  appltcattons  of  the 
distorted  wave  approximation  by  Walker  and  Wyatt"  on 
the  Porter-Karplus  surface.  SE  and  WE  refer,  re- 
snectlvely,  to  the  strong  and  weak  expansion  path 
choices  of  the  nonreactive  reference  potential  used  to 
generate  the  distorted  wavefunctlons.  (AL)  Is  the 

coupled-channel  result  (using  one  variation  o(  the  OVA) 
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FIG.  24.  Reaction  probabilities  and  and  differ' 

cnUal  cross  sections  e«-eo  and  e«-si  as  a function  of  rcacbvc 
scalterlnfi  angle  Ij,.  WW  refers  totheSE  results  of  Ref.  15 
with  long  dashed  curves  referring  to  00  — 00  transitions  and 
dash-dot  curves  to  00  — 01  ones.  SK  refers  to  the  results  of 
this  paper  (Figs.  2,  3,  8,  and  91  with  solid  curves  for  00-00 
and  short  dashod  for  OC— 01  transitions.  \VW  results  are  at 
8s  = 0,34  eV  t£«  0.61  cV),  while  SK  results  are  at  0.33  eV 
(£=0.60  eV). 


23  rannot  be  quantitatively  compared  with  ours  because 
of  the  difference  In  potential  rneri;y  surfaces  used  in  the 
two  calculations,  but  sonic  qualitative  observations  are 
nevertheless  approprUate.  First,  (he  effective  threshold 
energies  (defined  in  Sec.  III.  C)  of  the  integral  cross 
sections  arc  about  0.  50  eV  for  the  converged  <^J).oi(SK), 
0.49  eV  tor  the  <J5,.oi(SK,  OVA),  and  0. 53  eV  lor 
95)ji(AL).  The  difference  of  0.04  cV  between  these 
last  two  numbers  is  approximately  equal  to  the  0. 03 
eV  difference  between  the  heights  of  the  respective 
potential  barriers  (0.396  cV  and  0.425  eV)  in  the  sur- 
faces used  in  the  calculations.  Since  the  properties  of 
the  saddle  point  regions  of  these  surfaces  are  similar,  * 
one  might  expect  that  a small  change  in  barrier  height 
should  indeed  result  in  a correspondingly  small  change 
in  effective  threshold  energy  as  observed.  Second, 
even  if  the  AL curve  is  shifted  to  lower  energies  by  0.03 
eV  to  correct  (or  this  difference  in  barrier  heights,  it 
agrees  neither  with  our  converged  nor  with  our  OVA 
results;  above  the  phenomenological  threshold,  it  In- 
creases more  rapidly  with  energy  and  to  larger  values 
than  either  of  the  latter.  This  may  be  due  to  differences 
in  the  characteristics  of  the  two  surfaces  other  than  the 
barrier  heights.  Third,  except  (or  some  possibly 
spurious  oscillations,  the  Altenberger-Slczek  and  Light 
angular  distributions  (Figs,  8-10  of  Ref.  10)  have 
shapes  which  are  generally  similar  to  ours  (Figs,  8, 

9 of  this  paper)  for  all  transitions  considered.  The 
dominant  peak  near  ISO"  in  their  angi  'ar  distributions 
is  somewhat  narrower  than  ours  and  heir  reaction 
probabilities  (all  off  more  rapidly  wi  .i  increasing  li/l 
than  do  ours  in  Figs.  1-3.  Doth  of  these  differences 
could  be  a result  of  the  different  potential  surfaces 
used,  since  as  seen  in  Figs,  4 and  10  the  OVA  does  not 
strongly  affect  the  shapes  of  o*  vs  8,  and  P*  va  J 
curves. 

G.  Rate  constant] 


of  Altenbergcr-Siczek  and  Light,  in  which  an  earlier 
calculation  of  Saxon  and  Light*  is  corrected.  These 
calculations  were  done  (or  an  analytical  surface  fitted 
to  the  ab  initio  SSMK“  surface.  The  two  approximate 
calculations  of  Walker  and  Wyatt  seem  to  bracket  our 
result  at  low  energies,  but  (or  £>0.60  eV,  the  absence 
of  conservation  of  flux  in  the  distorted  wave  calculation 
results  in  a gross  overestimation  of  the  integral  cross 
sections.  Thus,  the  distorted  wave  method  rem  .ins 
accurate  only  when  the  reaction  probabilities  or  cross 
sections  are  small.  A similar  conclusion  was  also 
drawn  from  an  analogous  collinear  comparison.  ’*  The 
shapes  of  the  distorted  wave  diflerentlal  cross  section 
ei.  w.  vs  reactive  scattering  angle  8,  (Fig.  24)  are  in 
good  agreement  with  the  corresponding  results  of  our 
converged  calculations,  but  not  the  magnitude  of  those 
cross  sections.  A similar  comparison  ol  the  cross 
sections  Ooo-oi  lx  lliol  figure  indicates  serious  disagree- 
ment in  both  shape  and  magnitude,  apparently  due  to  a 
much  more  rapid  falloff  in  the  distorted  wave  reaction 
probabilities  with  decreasing  J(J  < 0)  than  Is  the  rase 
with  our  results  [as  seen  in  Fig.  24(a)]. 

The  results  of  Altenbcrger-S.czek  and  Light'*  of  Fig. 


In  this  section  we  examine  the  behavior  of  the  para- 
to-ortho  thermal  rate  constant  The  ortho-to- 

para  rate  constant  can,  of  course,  be  obtained  from 

using  the  easily  calculable  equilibrium  constant 
for  this  reaction,  *°  computed  lor  the  copianar  world 
of  this  paper.  To  obtain  we  first  require  the 

para-to-ortho  cross  sections  (?*,  [summed  over  all 
final  ortho  states  and  averaged  over  initial  (para)  ro- 
tational polarizations].  These  arc  listed  in  Table  IV 
(or  both  the  converged  and  OVA  calculations. 

The  planar  para-to-ortho  rate  constant  Is  given  by 

= 4 £ E (2  ' , (3. 4) 

^ /wO 

where  Z is  the  planar  partition  function 

E (2- V'"*"'*’'  (S.5) 

9^  /wO 

and 
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TABLE  IV.  Para-to-ortho  Integral  croaa  aecUona  (Id  bohr)  for  H * H}.* 


£ 

Converged 

^4 

OVA 

^4 

0.30 

0.356(-ll) 

... 

... 

0.543(-8) 

... 

... 

0.35 

0.144(-6) 

0.137(- 

•7> 

... 

0.343(-3) 

0.221(-4) 

... 

0.40 

0.499(-4) 

0.668(- 

■5) 

0.400(-4) 

0.260(-2) 

0.976(-3) 

0.22B(-7) 

0.45 

0.299(-2) 

0.721(- 

■3) 

0.lU4(-5) 

0.0249 

0.95»(-2) 

0.  >88(*3) 

0.50 

0.0513 

0.0319 

0.127(-3) 

0.0918 

0.0476 

0.J36(»2) 

0.55 

0.391 

0.140 

0.309(-2) 

0.294 

0.166 

0.0250 

0.60 

0.941 

0.361 

0.0233 

0.533 

0.339 

0.0727 

0.65 

1.025 

0.619 

0.0724 

b 

b 

b 

0.70 

1.134 

0.877 

0.194 

b 

b 

b 

0,75 

1.204 

1.088 

0.344 

b 

b 

b 

VUl  cross  sectiona  have  been  summctl  over  final  ortho  (odd  >')  states  and  averaged 
over  initial  rotational  polarizations.  The  nunibcrs  in  parentheses  indicate  pou-ers 
of  10  by  which  the  numbers  preceding  them  arc  multiplied. 

^hesc  cross  sections  were  not  calculated,  but  estimates  of  their  values  (through  various 
extrapolation  procedures)  were  used  in  the  rate  constant  calculations.  Because  they  in- 
volve higher  energy  results,  their  contributions  to  the  rate  constants  are  small,  and  the 
errors  in  these  rate  constants  resulting  from  the  extrapolations  are  usually  less  than  lOff*. 


E,!  Is  the  vibration-rotation  enorKy  of  the  Initial  state 
vlth  quantum  numbers  vj,  and  is  the  translational 
energy  relative  to  that  state  (E', -E-  E^i).  ii  is  the 
reduced  mass  associated  with  the  relative  motion  of 
the  reagents  and  the  factor  2 - !>,(,  is  Introduced  to  ac- 
count explicitly  for  rotational  degeneracy.  The  initial 
spin  degeneracy  is  1 for  all  para  states.  The  rate  con- 
stant thus  defined  has  the  units  cmVmolecule  • sec, 
which  is  appropriate  for  a planar  world  in  which  con- 
centrations are  measured  in  molecule/cm*. 

Ueing  Eqs.  (3,4)-(3.6)  along  with  the  data  in  Table 
rv,  has  been  calculated,  and  the  resulting  Ar- 

rhenius plots  for  the  vibrationally  converged  and  OVA 
(V„,  = V(r,,  ft,,  y,  = 0)|  results  are  presented  in  Fig. 

2S.  As  might  be  expected  from  the  appearance  of  the 
integral  cross  sections  in  Fig.  16,  the  OVA  rate  con- 
stant is  considerably  larger  than  the  converged  one  at 
low  temperatures,  with  the  ratio  of  the  two  being  12. 4 
and  2. 83  at  200  K and  300  K,  respectively.  At  high 
temperatures,  the  two  rate  constants  approach  each 
other  quite  closely,  a reflection  of  the  similar  cltectlve 
threshold  energies  of  the  converged  and  OVA  cross 
sections.  The  high  temperature  portions  of  the  Ar- 
rhenius plots  in  Fig.  2$  are  nearly  linear  with  resulting 
Arrhenius  activation  energies  of  5. 2 and  5. 0 kcal/mole 
for  the  converged  and  OVA  results,  respectively.  The 
high  temperature  Arrhenius  straight  line  corresponding 
to  the  converged  results  is  represented  by  the  dashed 
line  of  Fig.  25,  We  will  defer  a detailed  comparison  of 
these  rate  constants  with  those  of  accurate  one-  and 
three-dimensional  calculations  and  with  approximate 
theoretical  and  experimental  ones  to  a separate  paper. 

IV.  CONCLUSION 

It  should  be  apparent  from  the  wealth  of  dynamical 
information  presented  in  Sec.  Ill  that  these  calculations 
can  be  extremely  useful  to  our  understanding  of  chemi- 
cal dynamics.  We  would  like  (o  stress  that  these  cal- 
eulstlons  are  not  overly  time  consuming,  but  it  is  un- 


likely that  similar  ones  will  be  done  on  more  than  the 
very  simplest  of  chemical  systems.  Rather,  the  pri- 
mary emphasis  is  to  use  these  results  as  benchmarks 
against  which  approximate  theories  may  be  compared, 
with  the  hope  that  these  theories  may  be  in  turn  applied 


T(K) 


FIG.  2S.  Arriwolu*  plot  of  the  converged  end  OVA  para-4o- 
orttM  copluiar  Ibermel  rate  coneUnts  tor  H*  H,  tor  the  cou- 
verged  uid  OVA  (cotllnesr  reference  polentl.1)  reeulU.  The 
lUehed  strelght  line  le  Ungeot  to  the  converged  ooe  at  high  tem- 
paraturoa. 
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to  more  complicated  systems.  The  comparisons  with 
approximate  calculations  presented  in  Sec.  III.  F were 
incomplete  in  that  the  results  of  quaslclassical  and 
semiclassical  coplanar  calculations  on  (he  Portcr- 
Karplus  H)  surface  are  needed  to  assess  the  quantN 
tative  accuracy  of  these  Important  approximate  theories. 
Also  requiring  further  consideration  is  the  use  of  col- 
linear-type  theories  to  provide  approximate  coplanar  re- 
sults, and  similarly  of  coplanar  theories  to  describe 
the  three-dimensional  world.  **  This  was  discussed 
briefly  in  Sec,  III.  D and  will  be  further  Investigated  in 
a separate  paper. 

The  coplanar  calculations  are  also  important  in 
elucidating  what  kinds  of  phenomena  are  significant  in 
chemical  reactions.  The  magnitude  of  the  quantum 
symmetry  oscillations  in  the  para-to-|)ara  angular 
distributions  (Sec.  III.  D)  as  a function  of  energy  (Sec, 
III.  C)  and  their  absence  in  the  corresponding  integral 
cross  sections  are  a good  example.  Such  quantum 
symmetry  effects  may  eventually  be  a useful  experi- 
mental tool  for  characterizing  reactive  potential  sur- 
faces. Also  of  great  importance  is  the  characteriza- 
tion of  the  reaction  in  terms  of  direct  and  resonant 
mechanisms.  This  was  briefly  mentioned  in  Sec.  0.  D, 
where  we  remarked  that  the  reaction  appeared  to  be 
completely  dominated  by  the  direct  mechanism.  A more 
detailed  analysis  at  energies  higher  than  were  considered 
in  this  work  indicates  that  in  the  neighborhood  of  cer- 
tain energies  (such  as  ff-0. 92  cV)  this  no  longer  seems 
to  be  correct  as  very  significant  rcsonantlike  effects 
are  observed.  The  importance  ol  these  resonant  pro- 
cessej  is  discussed  elsewhere. 

Finally,  as  was  mentioned  in  the  introduction,  these 
calculations  arc  significant  in  that  they  demonstrate  the 
feasibility  of  the  method  outlined  in  Paper  I for  doing 
quantum  2D  scattering  calculations.  Extension  of  this 
method  to  the  3D  problem  has  recently  been  accom- 
plished, ’*•**  and  the  results  of  these  2D  calculations  and 
their  comparison  with  2D  and  11^  ones  should  be  ex- 
tremely useful  to  our  understanding  ol  chemical  dynam- 
ics. 
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Quantum  mechanical  reactive  scattering  for  three- 
dimensional  atom  plus  diatom  systems.  I.  Theory* 
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A method  k presented  for  Accurately  soUmg  the  Schrodingcr  rquaiioii  fitr  the  reactive  collision  of  an 
atom  u’llh  a diatomic  molecule  in  three  dimensions  on  a single  Bi>m-Oppenheimer  potential  energy 
surface.  The  Schrodinger  equation  ts  first  esprcs.sed  in  bixly-fixed  coordinates  The  waiefunction  is  then 
expanded  in  a set  of  sihraiion-rotaiion  functions,  and  the  resulting  coupled  equations  are  integrated  in 
each  of  the  three  arrsngement  channel  regions  to  generate  primitive  solutions.  Next,  these  are  smoothly 
matched  to  each  other  on  three  matching  surfaces  which  appropriately  separate  the  arrangement  channel 
regions.  The  resulting  matched  solutKvns  arc  linearly  combined  to  generate  wavefunciions  which  satisfy  the 
reactance  arid  scattering  matrix  boundary  conditions,  from  which  the  corresponding  R and  S matrices  are 
obtained  The  scattenng  amplitudes  in  the  helicily  representation  are  easily  cskulaled  from  the  body  fixed 
S (natives,  and  from  these  scattering  amplnudes  several  types  of  differeniial  and  integral  cross  sections  are 
obtained.  SimpUfKations  anstng  from,  the  u.ve  of  pant)  symmetry  to  decouple  the  coupled-channel 
equations,  the  matching  procedures  and  the  asymptotic  analysis  are  discussed  in  detail.  Relations  between 
certain  important  angular  momentum  operators  in  body-fixed  coordinate  systems  are  derived  and  the 
asymptotic  solutions  to  the  body-fixed  Schrodinger  equation  are  analyzed  extensively  Application  of  this 
fonnalism  |o  the  three-dimensional  114  tl  . reaction  is  considered  including  the  use  of  arrangement  channel 
permutation  symmetry,  even-odd  rotational  decoupling  and  posiantisymmetnzation.  The  range  of 
applicability  and  limitations  of  the  method  are  discussed 


I.  INTRODUCTION 

One  of  the  most  important  goals  of  chemical  dynamics 
Id  the  accurate  calculation  of  cross  sections  for  reactive 
bimolecular  collisions.  Such  calculations  can  be  used 
to  develop  and  test  approximate  reaction  dynamic  the* 
orics  and  statistical  theories,  to  advance  our  under* 
standing  of  dynamical  processes  governing  reactive  col- 
lisions, and  to  interpret,  analyze,  and  make  predictions 
concerning  the  results  of  experiments. 

In  recent  years,  a number  of  attempts  have  been 
made  to  solve  this  problem  accurately  (i.  c. , quantum 
mechanically)  fer  the  simplest  possible  such  chemical 
reaction,  the  collision  of  an  atom  with  a diatomic  mole- 
cule on  a single  electronically  adiabatic  potential  ener- 
gy surface.  One  of  the  major  difftcul. . s in  achieving 
this  goal  in  the  past  hao  been  the  abse.  •.£  of  computa- 
tionally efficient  procedures  for  obtaining  accurate  so- 
lutions to  the  SchrSdinger  equation  for  reactive  colli- 
sions. For  the  simple  case  in  which  the  three  atoms 
are  confined  to  move  on  a space-fixed  straight  line, 
adequately  accurate  and  efficient  meth<3ds  have  been  de- 
veloped within  the  last  several  years  and  applied  to  a 
variety  of  systems.  However,  whe.i  the  collinearity 
reslrtction  is  eliminated,  the  problem  becomes  more 
difficult,  especially  when  the  atom  Is  permitted  to  react 
with  either  end  of  the  diatom.  To  tackle  such  noncollin- 
ear  problems,  several  different  techniques  have  been 
proposed  and  Co  a certain  extent  tested.  Baer  and 
Kourl'*  have  developed  an  integral  equation  method  and 
have  applied  it  to  a simple  three-dimensional  model 
atom  plus  diatom  system  in  which  reaction  with  only  one 
end  is  permitted.  Saxon  and  Light,  and  Alicnbergcr- 
Siczek  and  Light,  have  investigated  the  roplanar  H ♦ 
reaction  using  a coupled-equation  (i.c. , close-coupling) 
procedure  which  ignored  closed  vibrational  channels, 
while  Wyatt  and  co-workers'*  have  developed  a some* 


what  different  coupled-equation  procedure  in  which 
closed  channels  arc  included  and  for  which  the  use  of 
hindered  rotor  basis  functions  leads  to  simple  bifurca- 
tion pro)x^rtics.  Quite  recently,  Elkowitz  and  Wyatt'^ 
hax'c  applied  this  procedure  to  the  three-dimensional 
H ♦Ht  reaction.  Wolken  and  Karplus'^  have  applied  an 
intcgrodiffercnUal  equation  method  proposed  by  Miller'* 
lo  SDH  4 H^  using  a one-vibrational-basis-funclion  ap- 
proximation. 

In  a previous  paper'*  (hereafter  referred  to  as  Paper 
1)  we  described  a method  for  accurately  solving  the 
Schrodingcr  equation  for  reactions  of  the  type  A4  BC 
— AB  ♦ C or  AC  ♦ B on  a single  electronic  potential  ener- 
gy surface  with  the  restriction  that  the  motions  of  the 
three  atoms  bo  constrained  to  lie  in  a single  space-fixed 
plane.  An  extensive  application  of  this  method  to  the 
planar  H ♦ Hj  exchange  reaction  has  now  been  made.*^** 
The  present  inpcr  doscr  bes  an  extension  of  this  method 
to  three-dimensional  atom-diatom  collisions,  ft  yields 
a computationally  practical  procedure  for  accurately 
calculating  reaction  cross  sections  for  many  atom-> 
diatom  chemical  reaction?.  A number  of  additional  con- 
cepts not  present  in  the  planar  problem  are  introduced, 
and  the  simplifications  occurring  in  an  application  to 
three-dimensional  H + H*  are  discussed.  Preliminary 
results  of  an  application  of  this  method  to  the  H4  H*  re- 
action on  a realistic  jxitcnCial  surface  have  recently 
been  published,**  providing  the  first  fully  converged 
quantum  mechanical  cross  sections  for  a chemical  re- 
action. The  extension  of  these  calculations  to  energies 
above  the  threshold  for  vibrational  excitation  has  lead 
lo  the  discovery  of  an  internal  excitation  resonance** 
for  that  reaction,  a (ihcnomenon  whose  experimental 
detection  may  be  an  lmix>rtant  tool  in  the  characteriza- 
tion of  reactive  potential  energy  surfaces.  A more 
complete  description  of  these  results  for  H *H|  follows.** 

Copytight  C)  t976  Arrwrtcan  Institutt  ot  Phyakt 
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The  method  utilizes  a coupled-channel  (I.  e. , close- 
coupling) propagation  technique  to  generate  complete 
sets  of  solutions  in  each  of  the  three  arrangement  chan- 
nel regions  of  configuration  space,  followed  by  a 
“matching  procedure"  in  which  the  solutions  are 
smooiniy  matched  to  one  another  on  a set  of  three  ap- 
propriately chosen  surfaces  which  separate  these  three 
regions.  The  scattering  matrices,  amplitudes,  and 
cross  seettuns  are  then  determined  by  .analyzing  the 
asymptotic  behavior  of  these  matched  solutions.  As 
thus  formulated,  the  method  is  similar  in  spirit  to  the 
corresponding  planar  theory  described  in  Paper  1 and, 
for  this  re.ason,  many  of  the  concepts  presented  in  that 
paper  and  which  carry  into  the  three-dimensional  world 
without  modification  will  only  be  summarized  briefly. 
There  are,  however,  some  aspects  which  are  different, 
most  not.ably  in  the  matching  procedure,  and  these  will 
be  discussed  in  detail.  In  addition,  the  concepts  of 
angular  momentum  coupling,  of  body-  and  spacc-fLxed 
coordinate  systems,  and  of  parity  symmetry  decoupling 
will  be  developed  thoroughly  as  their  utilization  is  of 
great  importance  to  the  three-dimensional  method. 

In  Sec.  II  we  discuss  the  body-fixed  partial  wave 
Schrodinger  equation  along  with  angular  momentum  cou- 
pling and  the  division  of  configur.ation  space  into  ar- 
rangement  channel  regions.  The  fully  coupled  Schro- 
dinger equation  for  the  four  different  internal  configura- 
tion space  regions  of  each  arrangement  channel  region 
is  discussed  in  Sec.  Ill  .and  the  matching  procedure  is 
described  in  Sec.  IV.  In  Sec.  V.  the  body-fixtd  H and 
5 matrices  are  defined  and  their  relationships  to  the 
helicity  representation  scattering  amplitudes  and  cross 
sections  are  derived.  In  Sec.  VI  we  discuss  the  limita- 
tions of  the  method  and  its  possible  generalizations.  In 
each  section,  where  appropriate,  the  simplifications 
pertinent  to  the  H * exchange  reaction  are  indicated. 
Appendix  A outlines  the  derivation  of  the  body-fixed 
Schrodinger  equation  and  indicates  relationships  between 
several  important  angular  momentum  operators.  Ap- 
pendix B includes  a discussion  of  parity  symmetry  and 
the  simplifications  in  the  method  which  may  be  gained 
by  explicitly  including  it. 

II.  THE  BODY-FIXED  ROTATIONALLY  COUPLED 
SCHRODINGER  EQUATION 

A.  Separation  of  intarnal  configuration  space  into 
arrangamant  channel  regions 

We  consider  the  three-dimensional  collision  of  an 
atom  A with  a diatomic  molecule  BC  and,  in  parallel, 
the  B plus  CA  and  C plus  AB  collisions.  A convenient 
procedure  for  specifying  the  locations  of  A A^), 

B (3  A«),  and  C A,)  in  the  center  of  mass  system  is 
depicted  in  Fig.  1.  ^ is  the  vector  from  the  center  of 
mass  of  BC  to  A,  and  r«  is  the  B to  C intemuclear  vec- 
tor. As  with  Ir^l  remaining  finite,  we  obtain 

the  separated  A>  BC  arrangement  channel  (denoted  by 
the  symbol  o).  The  vectors  R*.  r,  and  R,,  are  de- 
fined analogously  for  the  arrangement  cha..nels  0(B<f  AC) 
and  y(C*  AB),  respectively.  Note  that  the  arrangement 
of  the  vectors  in  Fig.  1 is  cyclic  in  the  indices  a&y.  We 
let  Xi'x  represent  any  one  of  the  cyclic  permutations 


A 


HG.  1.  Vectors  used  to  specify  the  location  of  the  three  atoms 
A,  B,  and  C relative  to  llic  center  of  mxss  <J.  , 6\e  . and 

denote  the  locations  of  the  centers  of  m.vss  of  the  diatoms 
BC,  AC,  and  AD.  respectively.  The  vectors  . r*  . R.i , , 

Ry,  r,  are  ilofined  in  te.vt. 


o0y*  and*)'o3,  and  define  the  vectors  r^,  Ry,  r„, 

and  R,,  f,  accordingly.  We  also  introduce  the  scaled 


variables  R^,  which  are  related  to  R^,  by 

*■>  = «['  r.  . (2.  la) 

= , (2.1b) 

where 

».  = (p..„/*i„)’'*,  (2.2a) 

and  and  are  the  reduced  masses  corresponding 
to  and  T\  motion,  respectively: 

♦ »«,)/(mi  ♦ w,.  ♦ iM.)  , (2. 2b) 

♦ w,)  . (2. 2c) 


This  notation  is  identical  to  that  used  in  Paper  I and  is 
dictated  by  the  considerable  mathematical  convenience 
associated  with  using  scaled  variables. 

We  are  interested  in  solving  the  six-dimensional 
Schrodinger  equation  for  the  motion  of  the  three  nuclei, 
on  a single  electronically  adiabatic  potential  energy  sur- 
face, obtained  after  the  motion  of  the  center  of  mass 
of  the  system  is  removed.  The  surface  (in  the  absence 
of  external  fields)  is  a function  of  only  three  appro- 
priately chosen  variables  which  specify  the  internal  con- 
figuration of  the  system.  A convenient  representation 
of  this  potential  V is  afforded  by  (he  use  of  the  variables 
rj,  and  (x  = cr,^,  or  v),  where  is  the  angle  be- 
tween and  defined  by 


y^ecos'* 


IR^IIrJ 


0£y»Sf 


(2.3) 


in  terms  of  which  ,/lk,yt).  As  was  discussed  in 

Paper  1 (Sec.  III.  A),  the  variables  R^,  arc  useful  for 
describing  the  triatomic  motions  only  for  configurations 
in  which  is  significantly  larger  than,  say,  R,  or  R.. 
This  Is  most  easily  understood  by  representing  1'*  in 
terms  of  variables  (r/-*  [which,  as  shown  in 
Eq.  (A6)  of  Paper  I is  independent  of  x|, 

R^)  (in  the  0 to  v range),  and  y^.  Tlie  properties  of  such 
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a representatlc  ■ have  been  discussed  elsewhere,  “ the 
moat  Impr'-tont  one  being  that  a change  from  polar  co- 
ordinates t,  le,,  Yi  lo  {.  u>.,  y,  rotates  the  map  of  I' 
without  distorting  it.  For  the  Porter-Karplus  H,  sur- 
face, this  representation  of  V is  given  in  Fig.  2 of  Pi- 
per I and  discussed  in  Sec.  III.  A of  that  |iapcr.  How- 
ever, the  range  of  >„  in  the  3D  case  if  0 to  v rather  than 
the  0 to  2v  of  the  2D  case.  From  that  figure  one  can 
see  that  the  three-dimensional  internal  configuration 
space  is  naturally  divided  into  arrangement  channel  re- 
gion suhspaccs,  labeled  by  the  indices  X - a,^,y.  In  re- 
gion a,  for  large  C>  Ak  is  approximately  equal  lo  and 
Tk  is  approximately  half  of  the  distance  uf  the  point 
fte,  <<-\,yk)  lo  ihe  Z,  axis.  Therefore,  in  that  region, 
fikt  rk.  -Vk  see  ihe  "natural"  variables  for  describing 
Ihe  translational,  vibrational,  and  rotational  motions, 
respectively,  of  the  three  atoms,  but  these  same  vari- 
ables are  both  awkward  and  inefficient  for  representing 
the  corresponding  motions  in  arrangemen*.  channels  v 
and  K.  As  a result,  we  will  use  P,,  y,  in  region  X 
only.  Associated  lo  these,  we  will  pick  a set  of  three 
additional  external  variables  (which  specify  the  orienta- 
tion of  the  instantaneous  three-atom  triangle  with  re- 
spect to  a laboratory  system)  which  will  also  be  dilfer- 
ent  for  different  arrangement  channel  regions.  Accord- 
ingly, our  procedure  lor  solving  the  Schrodinger  equa- 
tion involves  first  the  generation  of  solutions  in  each  of 
the  three  arrangement  channel  regions  X = o,  6,y  in 
separate  calculations  using  variables  .appropriate  to 
each  region.  This  is  followed  by  a matching  procedure 
which  yields  a set  of  smooth  and  continuous  solutions 
throughout  all  of  configuration  space.  To  complete  the 
problem,  we  need  to  linearly  combine  these  "primitive" 
solutions  to  generate  ones  which  satisfy  the  desired 
asymptotic  boundary  conditions. 

The  procedure  thus  outlined  is  general  .and  can  be 
applied  to  any  nondissoclativc  reactive  system,  but  in 
any  specific  application,  we  must  specify  the  boundaries 
(in  internal  configuration  space)  of  the  three  arrange- 
ment channel  regions.  As  was  discussed  in  Sec.  III.  A 
of  Paper  I,  the  choice  of  boundary  surfaces  is  primarily 
determined  by  Ihe  nature  of  Ihe  potential  surface,  but 
for  H«H|  and  many  other  rr.active  systems,  a very 
useful  separation  is  obtained  by  Ihe  use  of  Ihe  three 
half-pl  ines  v.,  • *•>,  khd  i,,  of  Fig.  2 of  I and  defined 
by  Eq.  (3. 2)  of  that  paper.  They  are  limited  by  and 
intersect  on  Ihe  OVk  axis.  makes  an  angle  0,k  (Id 
the  0 lo  »/2  range)  with  Ihe  O'i^Z^  plane  given  by 


„ / m,m.  \ 

^osA.k  yoij « m,)(i,i,  4 III,)/  ' 

* ' \fmk  * m,)(>if,  ♦ HI,))  ' 

where 

.tf  = w,  ♦ ♦ III,  . 

Analogous  expressions  are  valid  for  the  angles  between 
f„  and  OF,Z,  and  between  and  tiy,Z..  These  ir,k 
surfaces  (I'X  = o3,  3>-,  yo),  hereafter  called  the  matching 
surfaces,  are  analogous  to  those  used  in  Paper  I,  and 
their  properties  arc  described  in  great  detail  in  Appen- 


(2. 4a) 
(2. 4b) 

(2.S) 


dix  A of  that  paper.  They  are  of  great  importance  in 
the  matching  procedure  of  Sec.  IV,  and  the  method  of 
solution  of  the  Schrodinger  equation  in  each  arrangement 
channel  region  must  include  a procedure  for  determin- 
ing the  wavefunclion  of  these  surfaces.  The  remainder 
of  this  section  will  be  concerned  with  Ihe  rotalionally 
coupled  Schrodinger  equations  for  each  arrangement 
channel  region. 

B.  Partial  xnavs  analysis 

In  the  system  of  coordinates  specified  by  the  index  X, 
the  Schrodinger  equation  for  Ihe  motions  of  the  three 
nuclei  is 

(-ef-  ‘‘(^.Sk.yk)-A)**(Fk.Rk)  = o, 

(2.6) 

where  vj  and  are  the  appropriate  Laplacian  opera- 
tors, and  £ is  the  total  energy  excluding  that  associated 
with  the  motion  of  the  center  of  mass.  Upon  introduc- 
tion of  the  sealed  coordinates  of  Eq.  (2.1),  Eq.  (2.6)  is 
converted  to 

(-|^(vik-v|,).t*(rk.Kk.yk)-£)**(rk.  H.)  = 0,  (2.7) 

where  the  reduced  mass  p Is  given  by 

pMPk...P..)'''  = l iiikiii,iii./(iiik  ♦ III.  ♦ ni.))*^  (2.  8) 

and  is  independent  of  the  choice  of  arrangement  channel. 

We  now  introduce  the  space  fixed  coordinate  system 
One  (Fig.  2)  centered  on  the  center  of  mass  O of  the 
triatom  system  and  whose  axes  are  constantly  parallel 
to  the  axes  of  a laboratory-fixed  system  of  coordinates. 
In  Oxyz  the  polar  and  azimuthal  .angles  of  R,  and  rk  are 
8k,  <>k  anti  e,^,  0,^,  respectively.  By  expressing  the 
Uaplacian  operators  in  Eq.  (2. 7)  in  terms  of  R^,  and 
these  angles,  the  Schrodinger  equation  can  be  rewritten 


FIG.  2.  Space-ffxtxl  co.iritliutc  s.vstem  Ox>'Z  and  body-fixed 
syatema  OXiY^Zi  and  o>  ly'.'k  (Sec.  IID).  The  origin  O of 
this  figure  is  the  same  oa  that  of  Fig.  1. 
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as 

« i . 

“ZdVwj  »•,  aTF’ 

♦ 2^  = 0 . (2.9) 


where  usual  orbital  and  rotational  an- 

gular momentum  operators  expressed  in  the  spherical 
coordinates  and  and  are  given  in  Appendix 

A.  The  total  angular  momentum  operator  J is  the  vec« 
tor  sum  of  and 


(2.10) 


and  is  independent  of  arrangement  channel. 

The  operators  J*  and«/«  (the  z component  of  J)  com- 
mute with  each  other  and  with  the  Hamiltonian  H,  In 
the  partial  wave  analysis  procedure,  we  expand 
in  terms  of  simultaneous  eigenfunctions  of 

j“,  Jgt  and  H with  eigenvalues  fi^JU  + 1),  /i.W,  and  £*, 
respectively; 

- / 

*‘<r,.R.)=XI  1!  . (2.11) 

JmO 

The  ♦i*  still  satisfy  Eq.  (2.9). 

C.  The  body-fixed  Schri^inger  equation 

In  the  standard  space-fixed  theory  (as  formulated, 
for  example,  by  Arthurs  and  Dalgarno**),  one  now  ex- 
pands 4'^j,  in  terms  of  a set  of  simulalaneuus  eigenfunc- 
tions of  J*,  J.,  ij,  and  thereby  obtaining  a set  of 
coupled  equations  in  the  quantum  numbers  and  i^. 

This  derivation  is  summarized  in  Appendix  A.  A more 
convenient  and  computationally  efficient  procedure  for 
our  purposes  is  lo  transform  to  a system  of  body-fixed 
coordinates.  Th»se  coordinate  systems  were  applied 
to  quantum  tnecharitcal  problems  long  ago  by  Hirsch- 
feldcr  and  Wigner'®  and  have  been  discussed  extensitely 
by  Curtiss,  Hirschfeldcr,  and  Adler*’*  and  more  recent- 
ly by  Pack,**  and  much  of  the  present  development  will 
follow  that  of  Pack..  In  a fully  converged  calculation, 
both  the  body-fixed  and  space-fixed  formalisms  lead  to 
the  same  number  of  coupled  equations  and,  for  fully 
converged  nonreactive  atom  diatom  caiculations.  they 
may  be  implemented  with  comparable  ease.  However, 
body-fixed  coordinate  systems  lead  to  an  approximate 
decoupling  of  certain  degrees  of  freedom  which  is  not 
naturally  present  in  the  space-fixed  analysis  and  which 
is  useful  in  the  development  of  approximate  theories. 
More  important,  the  body-fixed  analysis  leads  to  both 
computational  a.id  conceptual  simplifications  in  the 
matching  procedure,  thus  providing  a considerable  ad- 
vantage in  reactive  scattering  calculations  over  the  cor- 
responding space-fixed  theory. 

Wc  now  introduce  the  two  different  body  fixed  coor- 
dinate systems  and  Ox[y'z[  (see  Fig.  2)  as  fol- 

lows: (1)  0.\\y»Zj  (not  lo  be  confused  with  the  internal 
configuration  space  coordinate  system  OX^Y^Zt  of  Fig. 

2 of  Paper  I)  is  obtained  from  Owz  by  rotating  through 
the  Euler  angles**  aeO*,  y^O  so  that  the  result- 

ing Zi  axis  points  along  the  direction  and  the  F|  axis 
lies  in  the  xy  plane;  (2)  is  obtained  from  OX|Vt2|i 


by  rotating  it  counterclockwise  about  OZ^  OzJ)  by  an 
angle  (in  the  0 to  2t  range)  so  as  lo  bring  Oxl  into 
the  plane  and  Oy*  (which  is  independent  of  A)  per- 

pendicular to  it  and  oriented  in  the  direction  of  ■ r^: 


Rt  ■ r 
IR»«  r^l  • 


(2.12) 


The  Euler  angles  which  rotate  Oxy^  into  Ox[\z[  are 
therefore  a = 0^,  0 = 9»,  In  either  of  the  body - 

fixed  coordinate  systems  OX^YiZ^  or  the  vari- 

ables used  to  describe  the  system  are 
As  seen  from  Fig.  2,  4\  is  the  counterclockwise  angle 
from  OYx  to  Oy'  or  from  OX^  toOxJ  as  viewed  from  the 
positive  OZi  axis.  Since  OY^  is  perpendicular  to  the 
OX^Z^  plane  and  therefore  the  R^t  Oi  plane,  and  Oy'  is 
perpendicular  to  the  plane,  we  conclude  that  4^^ 

is  the  angle  between  these  last  two  planes.  This  can 
also  be  seen  by  noticing  that  the  plane  containing  the 
three  axes  O.Y^,  Ox[t  and  OF|  is  perpendicular  to  the 
vector  and  intersects  the  B^,Qz  and  planes 
along  the  OX^  and  Oxx  axes,  respectively.  Therefore, 
the  angle  4'x  between  these  two  axes  is  equal  to  the  angle 
between  those  two  planes.  A motion  in  which 
6^,ri,  and  Yx  are  kept  constant  but  4^  varies  Is  a "‘tum- 
bling" (i.e.,  rigid  rotation)  of  the  triatomic  system 
around  the  R^  vector,  and  for  this  reason  the  4x  angle 
will  be  called  the  tumbling  angle.  In  what  follows  we 
will  find  it  most  convenient  to  u.sc  the  coordinate  sys- 
tem for  deriving  the  coupled  form  of  the  Schro- 

dinger  equation  and  Ox^v^zl  in  developing  the  matching 
procedure.  The  procedure  for  expressing  the  operators 
jf  and  if  of  Eq.  (2.9)  in  variables  Is  de- 

scribed in  Appendix  A. 


We  now  expand  in  terms  of  the  elements  of  the 
Wigner  rotation  matrix  D (o,fJ,r)  as  follows**: 

J 

“i”*'  (2.13) 

The  notation  used  for  the  matrix  elements  is  that  of 
Davydov.**  ’I'Jp,  Is  called  a body-fixed  wavefunciion. 

The  quantum  number  in  Eq.  (2.13)  specifies  the 
component  of  the  total  angular  momentum  J around 
or,  equivalently,  OZ,.  The  component  of  (the  angular 
momentum  conjugate  to  R^)  around  this  axis  vanishes 
and  therefore  Hi  also  specifies  the  Z^  component  of  the 
rotational  angular  momentum  in.  the  body-fixed  frame. 
The  equality  of  Jj^  and;^^^  is  verified  independently  in 
Table  I (which  is  described  in  Appendix  A).  We  will 
refer  lo  either  or  as  the  tumbling  angu.ar  mo- 
mentum (since  it  descril^s  the  tumbling  of  the  triulom 
around  R^)  and  Rji  as  the  tumbling  quantum  number  in 
arrangement  channel  A. 


As  outlined  in  Appendix  A.  substitution  of  Eq.  (2.13) 
into  Eq.  (2.9)  yields  the  following  set  of  H^-coupled 
equations  for  the 

(2.14) 

The  ‘-■'0  be  considered  as  the  elements  of  a trl- 

diagonal  Hamiltonian  operator  matrix  Vi,  jf-j) 

whose  diagonal  and  off-diagonal  elements  are  defined, 
respectively,  by 
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TAUl.E  I.  AngxUar  momentum  opcratori)  in  Hpaco-fL;cd  jn<<  body  •fixed  coordinate  ay.stemj.  * 


B COS6  8 \ 
-■ilnOg^  • ^ ) 


Jw  - - rt  I — --T  — ♦ cosfl  — I d«{  ■ - di  \ - -T-^  — 

V sinfidt^  B.  / * \ iiin8do 


8 8 \ 
♦ •!fW  ~icot8co«.'  -J 


Jar  - i8  — 

^ 88 

J,- 

. .al’Jnl  L 

\slD8  8«^ 

. 8 cc«<^  8 \ 

*‘^"^'^88  *sln8  A / 

8 8 \ 

♦ COS*'  ^ -cote  sln^  ^ j 

--h 

\ 

Ai  ~ -i8^o8C>sin8  ♦sinosin,'  cot> 

Aj. (-cos.' coty  ^ 

A I 

. (-coty  1) 

-cos^costfeosu’  colyl  ^ 

A 

h) 

-(sifit^cosi  «cos^cos9sirw;)  ~1 

8r  J 

. 

Af  = -^8^<stn^^.sin8  •cos^sliW  coty 

Ar,  ■ -<8  (-sin.'  coty  ^ 

A, 

V 8 

-sln^cosOcos^  coty)  ~ 

*(co8<yco8u'  -alndcosOsin.) 

ha  - - ^ jilcoea  « sinfivo.-.  coty)  ^ 

ha 

i 

4* 

/ 

*8in0sia; 

• Jy,  • Ji, 

•jl  » •* 

" 

- 0i  cotejyi^ 

2 cose  8-  1 

r 

\ ' 

sin’e'dp  A^/  “ «in  0 8oA  -1 

, 

1 

)i  *ha 

*Ar^ 

A * 

'A«*  *}ia'  * Aa^ 

Br  8 1 A'V 

*-8  1 * coty  — » -r^  T 

V8>*  dy  sin  y A ' 

.fheoty  A,. 

•* 

h*J-ha^a  * * Ajf^t 

.•.•J=Ar.J*,-Ar.Jx, 

A- 

4 =7w;  J.j  'A.jJ.j 

,Jcos)f  coty  8*  siru  8^ 

L sine  A8d  8ine8y^<^ 

•Ar,Jr, 

‘7»,i4,.-ncc*yJ,. 

g/  ^7 

-aifWcoterr^  r:r« 

8j/8v  i*J88 

^ 9^  1 

^hc  subflcr:  it  X has  been  omitted  from  the  symbols  B,  o,  >*  The  expressions  lor  J\  jl,  and  J in  terms  of 
8,  6,  >«  i are  independent  of  coordinate  system. 


**  /I  8*  1 8*  \ i* 


ffi'.o,.  1 * - ♦ *)  jl  • (2-  :6' 

The  are  the  lowering  (-)  and  raising  (.)  operators  of 
the  rotational  angular  momentum  Ji  in  the  hody-fixed 
OJfjViZj  coordinate  system.  The  l/2g/tf  term  in  Eq. 


(2.15)  results  directly  from  the  l!/2pf!!  term  in  Eq. 
(2.6).  Defining  <('/  as  the  (20^*  l)-dimcnsional  column 
vector  whose  elements  are  the  ♦/mi  E<1-  (2.  H)  car.  be 
l>ut  in  the  matrix  form 

H''‘^‘/  = £+i.  (2.17) 

Equations  (2. 14)  or  (2. 17)  are  the  body-fixed  partial 
<"ave  Schrodinger  equation.  Equation  (2. 14)  is  identical 
to  tne  corresponding  result  of  Pack”  and  indicates  that 
the  kindtic  energy  operator  is  no  longer  diagonal  in  the 
body-fixed  representation  and  is  the  sole  mechanism 
which  couples  different  tumbling  quantum  numbers  n„. 
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The  potcnlia!  couplinf;  is  diai;onal  in  <7^  and  is  rcspon- 
sibie  (or  r-'.jplinp  between  states  of  different  vibration- 
rotation  quantum  numbers  t\fi,  as  indicated  iater  in 
Eq.  (3.16)  and  its  counterparts  (or  the  strong  ir.terac- 

I 


tion  and  matching  regions.  This  separation  of  kine- 
matic and  potential  coupling  is  of  prime  iir|iorlancr  in 
the  development  of  approximate  decoupling  procedures, 
as  will  be  discussed  in  the  next  section. 


D.  The  rotationallv  coupled  Schrodmger  equation;  tumbling-decoupling  approximations 

We  now  expand  the  body-fixed  wavefunctions  ♦Jo,  >n  terms  of  the  spherical  harmonics  Tyjp,(7i,, ifj)  which,  as  dis- 
cussed in  Appendix  A,  are  the  simultaneous  eigenfunctions  of  ]j[  and 


♦io  ^ — J,  — J+l,  ...,  0,1,2,  . 


(2.18) 


If  wc  substitute  this  into  Eq.  (2.14),  multiply  throu{;lu>ut  by  integrate  over  and  (using  the  solid 

angle  volume  element  and  finally  interchange  (he  primed  and  unprimc'^  quantum  numbers,  it  becomes 

a Schrodingcr  equation  in  the  two  scaled  distances 

4/  = 0, 1,2,...;  ni  = -“«7,— J*l,...,*r;  fi  = |l^xl»|^»!*la*'*» 


where 


'ZX.,  = - < '>  n.) . 

t.U,  R.)  = [dU  ♦ 1)  - R,(n,  ± 1)1' " I n,  1 s j , 


and 


(2 

(2.20) 

(2.21) 

(2.22) 

(2.23) 


Equation  (2.19)  is  the  three-dimensional  generalization 
of  an  analogous  equation  for  collinear  and  coplanar'* 
reactions.  None  of  the  four  angular  coordin.'ites 
VxtC'k  appear  in  it,  with  only  the  (wc  scaled  distances 
^k>^k  remaining.  In  the  collinear  case,  none  of  the 
angular  mcmentum  quantum  numbers  J,  fl|,  or  ap- 
pear, and  wc  have  only  one  such  equation.  For  sys- 
tems confined  to  a space-fixed  plane,  fli  docs  not  ap- 
pear (or  it  can  be  considered  to  nave  the  fixed  value 
zero)  since  the  system  docs  not  tumble,  and  there  is 
therefore  no  coupling.  In  (hat  case,  assumes  all 
integer  values,  including  negative  ones,  and  there  is 
one  set  of  jx’Coupl<;d  equations  for  each  J.  In  (he  pres- 
ent three-dimensional  case,  there  is  both;^  and 
coupling,  but  still  no  J coupling.  Let  us  consider  a ki- 
netic energy  matrix  (which  includes  the  cen- 

trifugal potential  terms)  and  a potential  energy  matrix 
V^(r^,Ai)  whose  rows  and  columns  ai  scanned  by  the 
indices  i cspcctively.  They  are  defined 

bv 


and 


1 


(2.24) 


(2.25) 


respccti”ely,  where  the  rcveral  / and  V were  defined 
by  Eqs.  (2. 20)- (2. 23).  It  can  be  seen  that  t'*  is  diag- 
onal In  j,  (and  tridiagoral  in  R,)  whereas  V'  is  diagonal 
in  R,.  Defining  W/(r„/<i)  as  the  column  vector  whose 


eltments,  scanned  by  ;\R„  are  the  functijn-s  i<'J,jO|,(>'x-S») 
Eq.  (2. 19)  can  be  rewritten  as 

(f'*4V‘)»^.£wJ.  (2.26) 

Equation  (2.26)  shows  clearly  that  the  potential  cou- 
pling is  diagonal  in  R,.  Thin,  along  with  the  weakness 
of  the  .•cnn-ifugal  coupling  (due  to  the  terms  in  t'*  of 
angular  ori;'ii.)  (or  smallj  and  has  lead  to  the  devel- 
opment of  (airly  accurate  tumblMic  -dccoupling  approxi- 
mations bv  several  workers’*’’*"  in  studies  of  nonreae- 
tive  atom-diatom  scattering,  in  such  procedures,  the 
(JJlJi,,,  terms  in  Eqs.  (2.16)  and  (2.24)  are  neglected, 
thereby  making  Eq.  (2.26)  be  diagonal  in  R,.  In  addi- 
tion, the  fl‘/2p7lf  term  in  Eq.  (2. 20/ [which  arises 
from  ihc  If  term  in  Eq.  (2.6)]  is  usually  replaced  by  an 
approximate  expression.  Park”  replaces  it  by 

t l)/2p/if,  and  McGuire  and  Kouri”  b,  #*/,((,♦  1)/ 
2M7ff,  where  I,  ij  the  orbital  angular  momentum  quan- 
tum number  in  the  space-fixed  system  of  coordinates.’* 
Cuch  additional  approximations  arc  unnecessary  to  pro- 
duce R,  decuipling  and  may  furthermore  introdui  e ad- 
ditional errors  without  significant  computational  sim- 
plification; we  suggc.st  that  they  should  be  omitted.  For 
(he  case  of  reactive  scattering,  an  R,  decoupling  re- 
quires neglect  of  the  (2.19)  for  each 

arrangement  channel  region  4 . a,  y.  The  exact 
matching  procedure  described  in  .tec.  Ill  may  be  re- 
tained, or  be  replaced  by  approximate  ones  which  re- 
tain the  splrli  of  R,  decoupling.  In  a separate  pape: 
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VC  will  present  some  results  of  an  application  of  some 
of  these  possible  procedures  to  3D  reactive  scalterine. 

The  Clements  of  the  potential  couplini;  matrix  of  Egs. 
(2.23)  and  (2.26)  may  be  conveniently  calcul.-itcd  by  cx- 
p.HidinR  the  potential  f'*(ri,Hi,n)  in  a series  of 
Legendre  polynomials 


*^(»'».  >■»*  “ 21  *'»('■»>  RjP,(cosr^) 


(2.27) 


which,  when  substituted  into  £q.  (2.23),  leads  to” 


C(;\W;;000)vi(ri,/?i)  » (2.28) 


where  »he  Clebsch-Gordan  coefficients  C are  expressed 
in  the  notation  of  Rose,*’  For  collisions  of  an  atom 
with  a honionuclear  diatomic  molecule  (as  in  the 

only  nonzero  terms  in  Fq.  (2.27)  occur  for  even  k 
(since  F^CrtaWj.yj)  is  symmetric  about  Yi-v/Z],  Since** 

Cih  000)  =0  for  ^ odd,  (2. 29) 

we  see  that  V*  does  not  couple  even  with  odd  rotational 
states.  Use  of  this  decouplinj;  in  reducing  the  necessary 
calculations  for  reactions  like  H«H|  was  discussed  in 
Paper  I for  the  planar  case,  and  mosi  of  the  simplifi- 
cations described  there  are  valid  for  3D  collisions  as 
well.  Note  that  Eq.  (2.28)  involves  a single  sum  oi'or 
products  of  Clebsch'Gordan  coefficients,  a substantial 
simplification  over  the  corresponding  space-fixed  ex- 
pansion which  requires  6-7  symbols** 


Lei  us  now  define  a now  function  by 

. (2.30) 

Substitution  of  this  into  Eq.  (2. 19)  leads  to 


where 


(2.31) 


♦2;|^UV.l)-2n;.j.(j,.l)l,  (2.32) 

and  the  remaining  quantities  are  defined  by  Eqs.  (2.21)- 
(2.23).  In  matrix  form,  Eq.  (2. 31)  can  be  written  as 


ff^.V')!^  .£Fi  , (2.33) 

where  F'*  is  defined  similarly  to  and  Fi  similarly 
towj.  Equations  (2.31)  and  (2.33)  are  called  the  body- 
fixed  r^ationally  coupled  Schrddingcr  equation. 


III.  THE  INTEGRATION  IN  ARRANGEMENT 
CHANNEL  REGION  X 

A.  Diviiion  of  configuration  tpaoa  into  regiunt 

To  solve  Eq.  (2.31)  or  (2.33)  we  expand  the  wave- 
function  in  terms  of  a set  of  one-variable 


n<».  3.  IMviftUMi  of  the  Rj,  r,  space  Into  lour  regions,  I,  11, 
III,  and  IV.  The  contours*  are  equipotcntials  of  the  matrix  ele- 
ment \'o  (r^,  R (see  Kq.  (2.27i|  in  eV  for  the  l^rter-Kar- 
plust  H ' llv  pi^erSial  energy  function,  llie  dashed  line  in  the 
line  of  steeliest  ascents  for  vj.  The  locations  of  the  points 
Po . P«.  M'd  i*|  are  discussed  In  Sec.  Dl.A  of  the  text.  ^ is 
the  origin  of  this  space. 


psoudovibrational  functions  which  locally  span  the  r^tR^ 
configuration  space  along  cuts  w'htch  are  approximately 
perpendicular  to  a conveniently  defined  reaction  coordi- 
nate. The  resulting  cxpan.sion  coefficients  satisfy  or- 
dinary coupled  differential  equations  which  must  be 
numerically  integrated  through  the  arrangement  channel 
region  A to  generate  a set  of  solutions  to  the  Schrodinger 
equation  in  that  region.  In  order  to  obtain  an  efficient 
representation  of  the  p.soudovibrational  motion  every- 
where, must  change  both  coordinate  systems  and 
basis  sets  frequently  during  this  propagation.  This  may 
be  done  in  many  different  ways  delx^nding  on  the  bound- 
aries of  the  arrangement  channel  regions  and  the  shape 
of  the  potential  energy  surface  in  these  regions.  For 
the  H 4 H,  reaction,  and  most  others  for  which  the 
choice  of  matching  surfaces  is  given  by  Eq.  (3.2)  of 
Pa^r  I,  a convenient  procedure  consists  of  dividing  the 
VitRx  configuration  space  into  four  areas  called  regions, 
as  depicted  in  Fig.  3.  For  reference  contours  of  the 
potential  matrix  clement  Vo(ri,Rj)  of  Eq.  (2.27)  for  the 
H,  Porter -Karplus  surface”  are  plotted  on  the  same 
figure.  The  regions  are  denoted  as  follows:  1— asymp- 
totic region;  ll^wcak  interaction  region;  111— strong 
interaction  region;  and  IV— matching  region.  The 
boundary  points  Pj.  and  P,  are  required  to  lie  in 
the  high-energy  plateau  region  corresponding  to  disso- 
ciation of  the  triatonilc  system  into  A«D4-C  (i.e., 
large  and  R^),  in  positions  which  are  primarily  de- 
termined by  certain  geometrical  criteria.  These  are 
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described  in  detail  in  Sec.  III.C  of  Paper  I and  are  un- 
changed in  the  present  application.  Within  each  rei;ion, 
we  choose  a set  of  orlhononal  coordinates  which  effi- 
ciently describe  the  local  vibrational  and  translational 
motion.  The  choice  of  these  tHK>rdinates  is  also  the 
same  as  in  Sec.  lU.C  of  Paper  1. 


B.  The  coupled  Schrddinger  equation  in  the 
propagation  variable 

We  now  consider  the  solution  of  Kg.  (2,  31)  in  each  of 
the  four  regions  in  arrangement  channel  region  a.  Much 
of  this  treatment  is  completely  analogous  to  the  corre- 
sponding roplanar  theory  (Sec.  111.  D of  Paper  1),  and 
that  paper  should  be  consuKed  for  a more  detailed  ex  • 
planation  of  the  concepts  involved. 


/.  The  asymptotic  region 


The  coordinates  for  this  region  are  In  terms 

of  these,  the  potential  function  Wj,  >i)  becomes 

the  isolated  diatomic  potential  r^(r«)  siiwe  the  bouiKl- 
aries  of  the  asymptotic  region  arc  chosen**  so  that  in  it 
the  potential  has  assumed  its  asymptotic  form.  We  now 
expand  the  wavcfunction  W^)  of  Kq.  (2.  31)  in 

terms  of  the  eigenfunctions  vibrational 

Hamiltonian: 


where  Ihe  (n)  refers  to  asymptotic  repion,  and  the 
are  vibrational  basis  functions  which  satisfy 


(3.2) 

with  boundary  conditions 


is  the  asymptotic  diatomic  vibration-rotation  ener- 
gy, and  r :‘C>::*[(r,),  except  fora  normalization  con- 
stant, is  the  radial  part  of  the  corresixinding  dir.tumic 
eigenfunction.  Substituting  Eq.  (3.  DintoEq.  (2.31), 
using  Eq.  (3.2),  multiplying  by  <>:|.;J(r,),  integrating 
over  r,,  and  replacing  ci  by  i\,  we  obtain  tlie  Schro- 
dinger  equation  (or  translational  A,  motion  in  the 
asymptotic  region: 


( • » - 2n;  .;,(>. . 1)1 . * 


pj  f .(J,  n.)t.(;.,  n.)/f  i';’,,.n..i(«.) 


*{.(J,n.)UA,n.)/fy:;',.,n..,l-o, 


Note  that  while  no  vibrational  or  rotational  coupling 
exists  in  Eq.  (3.4),  the  kinetic  energy  coupling  be- 
tween g'a  of  different  0,  persists  in  (his  asymptotic  re- 
gion, decreasing  only  as  (raihet  than  exponential- 
ly or  as  as  is  often  (he  case  with  potential  coupling). 


Of  course,  as  /(,-•>  (the  "far"  asymplotir  region), 

Eqs.  (3.4)  completely  uncouple  and  the  become 

solutions  to 


which  e'lre  simply  linear  combinalions  of  cxp(i 
for  open  channels  and  exp(t  WJ  for 

closed  ones  Equation  (3.  4)  may  be  solved 

analytically  cither  by  diagonalizing  the  Mamiilonian  in 
that  equation  or  by  realizing  that  the  corresponding 
space-fixed  Schrodingcr  equation  is  already  diagonal,** 
aiKi  thus  its  solutions  may  be  linearly  combined  to  sat- 
isfy Eq.  (3.4).**  The  solutions  of  the  space-fixed 
Schrodingcr  equation  (or  open  clunncls  are  related  to 
the  regular  and  irregular  spherical  Bessel  functions 
and  v,.(h“;:K.),”  where  /.  is  the  orbilal 
angular  momentum  quantum  numlier.  The  corres|X)nd- 
ing  l>ody-fixed  solutions  are  found  by  equating  Eqs.  (AS) 
and  (A13)  of  Apix>ndix  A and  using  Eq.  (A14)  to  solve 
for  the  body-fixed  coefficients  M’iuoji-  Since  Eqs.  (2,30) 
aiul  (3. 1)  apply  equally  to  space-fixed  and  body-fixed 
solutions,  we  can  immediately  write  the  asymptotic 
body -fixed  solutions  for  open  channels  as  linear  com- 
binations of  the  regular  and  irregular  solutions 


where  the  uptx*r  (lower)  term  in  the  large  parentheses 
refers  to  the  regular  (irregular)  solution.  The  use  of 
Eq.  (3.6)  in  formulating  the  asymptotic  H and  .S  matrix 
boundary  conditions  will  be  discussed  in  Sec.  V.  A. 

For  closed  channels,  the  body -fixed  solution  is  still  of 
the  form  in  Eq.  (3.  7)  but  with  the  spherical  Bessel 
functions  and  V|^  replaced  by  the  modified  spliencal 
ncssel  funclioiis  i,,(l*';;;:i  K.)  and  t|,(l  I «,). ” 


Let  us  now  introduce  a matrix  notation  for  tlie  Schro- 
dinger  equation  (Eq.  (3.4)|.  Wo  consider  the 
as  elements  of  a column  vector  gj***  whose  elements 
are  labeled  by  the  indices  which  are  assumed 

to  scan  a total  of  \ values  (in  a truncated  coupled-chan- 
nel expansion).  This  vector  represents  one  of  2\  |x)s- 
sible  linearly  indejiendent  solution.s  of  Eq.  (3.4).  These 
2S  solutions  which  form  2.V  column  veciors  can  be  as- 
sembled into  two  matrices  of  dimension  .VxA’  which  we 
label  as  Q/**’*  and  Q/**’*,  where  a set  of  indices  fj 
analogous  to  the  row  indices  explained  above  is  asso- 
ciated with  each  column.**  The  laliels  t arc  in  general 
arbitrary,  but  may  be  chosen  to  disiinguigh  the  solu- 
tions generated  in  the  propagation  from  Region  I-IV 
(labeled  plus)  and  from  IV-I  (labeled  minus).  Both 
propagations  arc  necessary  to  generate  all  2A’  solutions 
(we  gel  S from  the  propagation  in  each  direction).  Us- 
ing this  notation,  Eq.  (3.4)  may  lie  written  as 
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(3.8) 

(K*-‘):*^«. 

(3. 10) 

(u;“*’»li  . 1)  - 2J2f  ♦ 

/.(»■»♦  1)1 

” ^x)f*0k  » ^») 

~ 7k  » ^k)} 

(3.11) 

■ (3.M) 

whore 

Oy“'’=-  . (3.15) 

The  niatrioes  K*'"’*  and  0^“*'  are  Riven  by  Eqs.  (3. 10) 
and  (3. 11)  with  the  supi'rscri|>t  (n)  substituted  (or  (a), 
while  the  «/-iiu1e|x*ndenl  potential  coupling  potential  ma* 
trix  o/**"’  is  i;iven  by 


The  symbol  stands  (or  the  set  of  indices  and 

the  subscripts  and  superscripts  on  a matrix  element 
dcsii:nate  its  row  and  column,  respectively.  The  0/''*' 
matrix  arises  from  the  1/Af  centrtfui;ul  terms.  Equa* 
tion  (3.6)  is  (he  full  coupled  prop;i|;ation  equation  for 
the  asymptotic  rei*ion  I. 


2.  The  weak  interaction  region 

In  this  region  we  still  use. (he  variables  and  to 
represent  vibrational  and  translational  motion,  but  the 
potential  is  now  dependent  on  R-^  and  as 

well  as  so  we  no  longer  use  the  asymptotic  vibra* 
tional  eigenfunctions  of  Eqs.  (3.1)  and  (3.2)  to  expand 
(he  wavefufKtion.  Since  it  may  be  desirable  to  change 
vibrational  basis  functions  several  times  within  Region 
11,  we  subdivide  (h.i(  region  into  rt||  subregions  sepa* 
rated  by  lines  of  constant  R^  at 

» • • • » . 

The  range  o(  Rj  lor  the  ith  subregion  is  - Rj  ^ R^^ 
and  we  choose  the  expansion  basis  functions  for  that 
subregion  to  be  the  eigenfunctions  of  a reference  poten- 
tial ;RJ|)  nt  n point  Rf^  belonging  to  the  subre- 

gion (such  as  the  midpoint).  The  reference  potential 

;Rt)  is  in  general  arbitrary  provided  that  a com- 
plete vibration-rotation  expansion  is  used,  but  an  effi- 
cient representation  of  the  vibrational  motions  can 
greatly  reduce  the  number  of  closed  channels  required 
for  such  completeness.  Examples  of  reference  poten- 
tials are  the  Vifr^.Ri)  of  Kq.  (2.27)  and  the  ex.ict  po- 
tential ('‘(ri.R^Vi)  at  fixed  Once  a reference  po- 
tential is  chosen,  (he  vibrational  basis  functions  for 
subregion  i may  be  determined  by  solving 


■ € 


k<«l 


(r!,)0. 


(3.12) 


xl »' vV'-  *.!:•'('•»: (316) 


where  was  defined  after  Eq.  (3.11)  and  the  Integral 
is  performed  as  indicated  in  Eq.  (2.23).  Equation 
(3. 16)  clearly  shows  that  this  potential  energy  matrix 
is  diagonal  in  but  couples  states  of  different  vibra- 
tion-rotation quantum  numbers  as  stated  at  the 
end  of  Sec.  H.B.  Equation  (3. 14)  must  now  be  inte- 
grated (as  described  in  Sec.  lll.C)  through  each  sub- 
region  i of  Region  11.  At  the  boundary  between  two  sub- 
regions  (say,  I and  i f 1).  a vibrational  basis  set  change 
is  performed.  11  one  makes  both  and  its  dcriva- 
live  with  respect  to  R^  continuous  at  this  boundary  R^ 
-R^^,  the  following  relations  between  the  **«.’” coeffi- 
cients In  two  .adjacent  subregions  are  obtained: 

«V*”l«l,:«J,.,>  = Sj'“*y’*(«;,;«J,)  . (3.17a) 

(3  17b) 

rf«,  rf«, 

Where  the  overlap  matrix  S}'**  is  given  by 


As  discussed  in  Paper  1 (Sec.  Ul.Dl,  SV’  should  be 
orthogon.al  fur  a complete  vibrational  expansion.  For 
a truncated  ex)).ansion,  as  required  by  practical  con- 
siderations. SI**’  must  be  nearly  orthogonal  in  order 
for  us  to  obtain  scattering  matrices  which  satisfy  con- 
servation of  flux  (see  See.  V)  to  an  acceptable  degree 
of  accuracy.  The  transformation  between  Regions  I 
and  11  is  accomplished  by  setting  i -0  in  Eqs.  (3.17)  and 
Interpreting  Rj^  to  mean  R^  (Fig.  3)  and  Rj^l  to 

mean 


subject  to  boundary  conditions  analogous  to  Eq.  (3.3) 
where  the  superscript  (n)  indicates  weak  Interaction 
region.  We  now  expand  (he  wavefjnctiun  terms 

of  these  basis  functions, 


S l:);  o,(«.  . 

(S.I3) 


Substituting  this  into  Eq.  (2.31),  using  Eq.  (3.12)  to 
simplify,  then  multiplying  by  ;^?|)  integrat- 

ing o\*er  I't,  we  obtain  (hr  follcnvitu*  coupled  differential 
equations  (in  the  matrix  notation  cif  Sec.  (ll.n.l): 


3.  The  strortg  tnteraction  region 

In  this  region  wc  use  the  polar  coordinates  v'4  of 
Eq.  (3.16)  u(  1 and  regard  as  the  propagation  vari- 
able. Before  we  can  expand  the  wavefunrilon  In  terms 
o4  a set  of  pseudovibrational  eigenfunctions  in  the  vari- 
able we  must  first  transform  Eq.  (2.31)  to  these 
polar  coordinates.  The  only  important  change  in  this 
transformation  occurs  in  [of  Eq.  (2.32)|,  which 
becomes 

'Ll/'  * » I »*  \ >.(». » i)»* 

2».V /),  f\cos, 
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* 2p(H»,-PkSinvJ* 


1)1 


(3.19) 


As  for  Region  II.  we  divide  Region  III  into  njn  subre* 
glons  bounded  by  lines  ol  constant 

-O'^l  ■ 

•III 

We  choose  our  vibrational  basis  set  to  satisfy 

( - If ' <^)  <*’< 

(3.20) 

with  boundary  conditions  analogous  to  Eq.  (3.3). 
is  generally  a point  within  the  ith  subregion  and  the 
retercncc  potential  has  been  re-expressed  in  the 
polar  coordinates  p^,  v,  so  that  it  has  the  shape  ol 
a diatomic  potential  as  a function  ol  for  a given  i,l^ 
within  Region  III  (see  Fig.  3).  The  superscript  (.s)  in 
Eq.  (3.20)  refers  to  strong  Interaction  region.  Note 
that  the  ccntrllugal  term  appearing  in  Eqs.  (3.2)  and 
(3. 12)  has  been  omitted,  [it  has  been  transferred  to 
Eq.  (3.26)  below.  | This  results  in  a vibrational  function 


independent  of  which  simplifies  the  matching 
procedure  (Sec.  IV)  and  should  not  seriously  slow  down 
the  rale  of  convergence  of  the  vibrational  expansion.  If 
we  now  expand  in  terms  of  these  ot/’. 


we  obtain  the  following  matrix  equation: 

where 

0i'*'=<^(<)o‘;*'(v., :«>;,) 


and 


U‘/'’(v-i:v;,)  = -K*‘*’'  .U?'*’  *0“*' 


(3.21) 

(3.22) 

(3.23) 

(3.24) 


The  matrix  pj  (whose  elements  have  the  physical  di- 
mension of  the  square  of  a length)  is  given  by 

while  the  centrifugal  coupling  matrix  U?''’  is 


(3.25) 


p^slnv>j 


, ^ Nk )I  * ^ra^-1,0^  • (3.26) 


The  matrices  and  are  given  by  equations  analogous  to  Eqs.  (3.10)  and  (3.16)  with  superscripts  and  co- 
ordinates appropriate  to  the  strong  interaction  region  substituted  where  necessary.  Note  that  the  centrifugal  cou- 
pling lEq.  (3.26)  is  no  longer  diagonal  in  The  effective  potential  matrix  0)***  is  not  symmetric  in  this  region 
but  rather  is  equal  to  the  product  of  two  symmetric  matrices  (Eq.  (3.23){,  one  of  which  (pf)  is  the  matrix  repre- 
sentation of  a positive  definite  operator.  The  nonsymmctric  nature  of  Uj**‘  complicates  the  integration  ol  £q.(3.22X 
and  a way  of  handling  this  problem  was  described  in  Taper  I (Sec.  III.E  and  Appendix  B). 

To  solve  the  Schrodinger  equation  in  Region  MI.  we  need  to  propagate  the  solution  of  Eq.  (3.22)  through  each 
subregion  of  that  region,  relating  solutions  In  adjacent  subregions  by  equations  analogous  to  Eqs.  tu.  17)  and  (3. 16). 
To  relate  the  solutions  at  the  bound.ary  of  Regions  U and  Mi.  we  ui^e  the  following  formula  [which  Is  derived  in  a 
manner  analogous  to  Eq.  (3. 17)|; 


(V'k  = 0;  = pJ  ^ gy • ’•  («k.;  ) . 

rftf  *’•(«>.  - 0;  <)  dv’.  - - fh*"  Rl . ) 'dK.l , 

"n 

where 

v>:,)1p; |ot|*’(s-p.;  r;,^))  I,-*.  5. 


(3.27a) 

(3.27b) 

(3.28) 


4.  The  matching  region 

Thf  polar  coordinates  C,  •).  of  Eq.  (3. 17)  of  I arc  used  In  Region  tV  with  q.  acting  as  the  propagation  variable. 
Upon  transformation  of  Eq.  (2.  31)  to  these  coordinates,  the  operator  fJ^J^^of  Eq.  (2. 32)  becomes 


T/». . ■ ».Vi  -!■  t -L  . ■ JL \ . 8V(J.i)-2n;>j.(j..i)| 

“•■A  2p\{  H el  £*811./  2p('sln  1).  2p£*  cos'i). 


(3.29) 


In  analogy  with  Region  fit,  Region  rv  is  divided  into  n{.  subregions  by  lines  of  constant  q.,  with  the  vibrational 
eigenfunctions  ol  each  subregion  satisfying  an  equation  analogous  to  (3.  20): 


w)iere  the  superscript  (m)  denotes  matching  region.  Writing 


(3.30) 
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the  counterpart  of  Eq.  (3. 22)  becomes 

^ g*;— 0.32) 
where 

Uy'  = £*(r)J^)uy->(>),;  r^^)  (3.33) 

and 

= . (3.34) 

The  matrix  {*(lj|)  is  defined  analogously  to  pj  of  Eq.  (3.  25)  with  £ substituted  for  p, . The  matrices  K*'”’*  and  U““’ 
are  given  by  equations  similar  to  Eqs.  (3. 10)  and  (3. 16),  respectively^  with  the  superscript  (m)  inserted  and  the  ap« 
propriate  coordinate  changes  made.  The  centrifugal  coupling  matrLx  is  given  by 

= i-  i^l./f4/4  l)-2f?;4A(A^  y)]/cos\.JJJ,.  D/sin*)?^}  (3.35) 

* flj)J/cos*i7j)  , 

To  solve  the  Schrddinger  equation  in  Region  IV,  one  must  integrate  Eq.  (3.32)  through  each  subregion,  relating 
solutions  in  adjacent  subregions  by  equations  analogous  to  Eqs.  (3. 17)  and  (3. 18).  The  transformation  between  Re* 
gions  111  and  IV  is  accomplished  by  equations  analogous  to  Eqs.  (3.  27a)  and  (3.27b)  (with  a plus  rather  than  a 
minus  sign  in  the  right  hand  side  of  the  latter)  and  the  matrix  C*  substituted  lor  p*,  where 


with  Pi  defined  in  Fig.  3. 


C.  integration  of  the  Schrodinger  equation 

We  generate  the  solution  and  its  derivative  with 
respect  to  the  propagation  variable  by  choosing  at  R, 
sRJo  (Pip*  3)  arbitrary  Initial  values  for  these  two 
matrices  and  integrating  numerically  Eqs.  (3.  8),  (3. 14), 
(3.22),  and  (3.32)  from  the  licginning  of  Region  11  to  Uie 
end  of  Region  IV.  The  solution  g*/  and  its  derivative  are 
determined  b>’  integrating  the  same  equations  from  the 
end  of  Region  IV  to  the  begin-^ing  of  Repon  II.  Any  ap- 
propriate numerical  procedure  may  be  used  to  solve 
these  coupled  ordinary  second  order  differential  equa* 
tioas.  A particular  one  which  Is  well  suited  to  such 
equations  and  which  we  used  is  the  Gordon  method.  ** 
More  particulars  of  this  procedure  are  described  in 
Paper  I (Sec.  III.E). 

For  the  H 4 H|  reaction,  the  coupled  equations  need 
only  be  solved  In  one  of  the  three  equivalent  arrange- 
ment channels.  Reactions  of  the  type  A4  Ri  involving 
two  Identical  atoms  will  require  two  such  integrations, 
and  reactions  with  three  different  atoms  will  require 
three.  For  arrangement  charnrls  for  which  the  target 
is  homonuclcar,  Eq.  (2. 29)  implies  zero  potential 
coupling  between  odd  and  even  rotational  states.  Since 
all  Kinetic  energy  coupling  is  diagonal  in  a In  all  four 
reglon-s,  our  matrix  differential  equations  may  be  dc- 
coeplcd  into  two  separate  ones  for  the  even  and  odd 
rotational  states  with  a consequent  savings  in  computa- 
tion lime.  Roth  must  be  integrated  before  the  matching, 
which  mixes  these  tw’o  sets  of  solutions,  is  performed. 

Any  chemical  reaction  displays  in  addition  parity 


O.e.,  inversion  through  the  center  of  mass)  symmetry, 
as  shown  for  tnatomic  systems  In  Appendix  D.  Al- 
though the  body-fixed  wavefnnetions  obtained  from  Ek{S. 

(2.13) ,  (2.18),  (2.30),  and  either  (3.1),  (3.13),  (3.21), 
or  (3.31)  are  not  eigenfunctions  of  the  parity  operator, 
they  may  bo  linearly  combined  to  yield  solutions  which 
are.  and  this  transformation  to  the  "parity  representa- 
tion" results  in  a partial  decoupling  of  Eqs.  (3.8), 

(3. 14) ,  (3.  22),  and  (3. 32)  into  two  sets,  one  (or  even 
and  one  for  uod  parity.  A description  of  this  trans- 
formation and  other  consequences  of  the  parity  opera- 
tion are  given  in  Appendix  D.  Dy  using  parity  eigen- 
functions, the  Integration  in  each  arrangement  channel 
is  done  in  two  se^iarate  steps  (four  for  homonuclear  tar- 
gets). Since  the  transformation  between  arrangement 
channels  presenes  parity  (as  shown  in  Appendix  D), 
the  matching  procedure  also  can  be  done  separately  for 
solutions  of  each  parity,  as  can  the  calculation  of  the 
reactance  and  scattering  matrices.  The  final  plane 
wave  solution  Is  not,  however,  an  eigenfunction  of  the 
parity  operator,  and  as  a result  the  calculation  of  scat- 
tering amplitudes  requires  a transformation  back  to  the 
body-fixed  representation  of  the  previous  two  sections. 
The  enormous  reduction  in  computation  time  more  than 
outweighs  the  additional  work  Involved  In  this  trans- 
formation. Appendix  D describes  this  in  more  detail. 

IV.  THE  MATCHING 
A.  Tbs  X to  V transformation 
At  the  completion  of  the  Integrations  in  each  of  the 
three  arrangement  channel  regions,  one  has  solutions 
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to  the  SchrMirnTT  equation  which  span  all  ol  confieura- 
lion  space  but  which  are  neither  smooth  nor  continuous 
at  the  internal  cunliituration  space  boundaries  ol  these 
regions.  .|n  this  section  we  describe  the  procedure  for 
linearly  combining  these  solutions  so  as  to  produce  a 
smooth  matching  at  those  boundaries.  This  procedure 
will  also  include  the  transformation  from  A to  e co- 
ordinates (appropriate  for  arrangement  channels  A and 
V,  respectively),  a transformation  which  is  both  con- 
ceptually and  numerically  facilitated  by  the  use  of 
body-fixed  coordinates.  Our  analysis  will  focus  pri- 
marily on  the  behavior  of  the  wavefunction  in  the  vi- 
cinity of  the  half-plane  matching  surfaces  defined  in 
Eq.  (3.2)  of  1. 

Equations  describing  the  A to  v transformation  have 
been  derived  for  coplanar  reactions  in  Appendix  A of 
Paper  I,  and  most  of  these  expressions  are  still  valid 
in  3D.  However,  some  angles  which  span  a range  of 
2f  in  2D  become  polar  angles  in  3D  (with  a range  of  x), 
so  some  care  is  required  in  making  the  analogy.  The 
oasic  equations  which  govern  the  transformation  are 
given  by'* 


where  o,.  Is  the  angle  between  »/2  and  t defined  by 

W.2) 

having  been  given  by  Eqs.  (2.4).  Equation  (4. 1) 
may  be  easily  derived  from  Fig.  1 and  Eq.  (2. 1).  By 
taking  the  scalar  products  R,- R„,  r„.r,,  andR.-r, 
and  using  Eqs.  (4, 1)  and  (2,3),  we  find  the  following 
expressions  for  the  , r, , r,,  y,  transforma- 


tion: 

Rj  = cos*a,,Rf  . sln*Qr,,r{- sin2(»,„cosy,r,Ri , (4,3) 

rJ=sln*artfiJtCOs*o,,r{*sin2(»„eos)',r,R,  , (4.4) 

cosy,*  (R,r,)‘’(5(Rj-  r5)sin2o,, 

4 R,y,  cos2<i,j  cosy,)  . (4.  5) 

Equations  (4.3)  and  (4.4)  may  be  combined  to  yield 
«j4ri*Ri4y;  (4.6) 


which,  together  with  Eq.  (3. 17)  of  I proves  the  in- 
variance of  C to  arrangement  channel.  Also  of  use  In 
our  analysis  below  Is  the  polar  angle  A,,  (in  the  0 to  v 
range)  between  R,  and  R,  which  is  determined  by 

R • R R T 

jf-^=cosort^  -slnar„cosy,  ^ . 

(4.7) 

We  now  examine  the  consequences  of  Eqs,  (4,3)- 

(4,7)  on  the  matching  surface  v,, , Combining  Eq, 

(3. 2a)  of  1 with  Eq.  (4,6)  gives 

(4.8) 

and  this  equation  together  with  Eqs.  (3.2a)  ol  I and  (4,3) 
leads  to 

R,/r,  *-0010^008^,4  (I  4 cot’ortCOs'y,)'"  , (4,9) 

which  Is  the  equation  of  the  matching  surface  v,.  In  A,, 


/coso„  -sino.WRA  _ 
\sinOrt  coso„  /Vfi/ 


r,,  y,  coordinates.  If  Eqs.  (4.8)  and  (4.9)  and  Eq. 
(3,  2)  of  1 are  now  substituted  into  Eq.  (4.  S),  we  find 


cosy,  * - cosy,  , 

and  since  y,  and  y,  are  In  the  range  0 to  x we  conclude 
that  on  x„ 

y,=  x-y,  . (4.10) 

Equations  (4. 7)-(4. 9)  and  Eq.  (3. 2)  of  I may  be  com- 
bined to  yield 

cos  A,,  = COSO,,  - slno,,  cosy,  [coto„  cosy, 

4 (1 4 cot'ort  cos'y,)'  '*) , (4.11) 

which  Implies  that  on  x,,  the  angle  A,,  Is  a (unction  of 
y,  only. 

It  will  also  be  useful  to  convert  from  A, , r,  to  the 
polar  coordinates  f,  q,  [of  Eqs.  (3. 17)  of  Paper  I). 
First,  from  Eqs.  (3. 17)  of  Paper  1 and  (4.8),  we  have 

q,=  iJt  on  x„  (4.12) 

and,  after  some  manipulation,  Eq,  (4. 9)  becomes 

eo(2q,*-cota,«cosy,  on  x,, , (4.13) 

which  Is  the  equation  of  x,.  In  t,  ih , y,  coordinates. 
Since  * tan‘'(r,/A,)  and  is  in  the  0 to  x/2  range,  we 
conclude  that 

')>  = lw,,  (4.14) 

where  «,  was  defined  alter  Eq.  (2.3).  Therefore, 

Eq.  (4. 13)  is  equivalent  to 

cotw,  = - coto,,  cosy,  , (4. 1 S) 

which  is  the  equation  of  the  x,,  half-plane  of  Fig,  2 of 
1 in  the  polar  coordinates  {,  u),,  y, . Finally,  Eq, 

(4.11)  may  be  re-expressed  In  q,,  y,  coordinates  as 

cosA,,  = COSO,,- sina,, cosy, tanq,  , (4.16) 

We  now  consider  the  transformation  from  the  body- 
fixed  coordinate  system  OrJ  y'al  (Fig.  2)  to  Or' y'rj. 
Both  systems  have  the  san^e  y'  axis  (which  is  per- 
pendicular to  the  three-atom  plane),  and  from  Eq.  (4.7) 
and  Fig.  2 It  can  easily  be  shown  that  this  coordinate 
transformation  is  a clockwise  rotation  about  Oy'  by 

Art. 


Let  us  determine  the  effect  ol  the  (R,,  r,)-  (R,,  r,) 
transformation  on  the  wavefunctions.  The  complete 
body-fixed  wavefunction,  as  obtained  from  Eqs.  (2. 13), 
(2.18),  and  (2. 30)  is 


♦/.* 


E fiJo,('(>w  o)r,,o,(y.,  (!,) 


where,  from  Eq.  (A3), 

y*  = E <*(C'>»n)'*/,,n,(r».  A,) 
l,4ia,i  r,A, 


(4. 18) 


In  the  second  line  of  Eq.  (4, 17),  the  expff},^,  part  of 
Fy,a,(yi,  ^t)  has  been  incorporated  into  the  rc’4tion 
matrix  Djn,  »hlch  trivially  converts  4f,,,  -.'om  the 
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O.Vj  T,Z,  to  the  OrJ  v'aJ  crwrdinate  system.  11  4' is 


fully  matched  (i.e. , a smoothly  continuous  solution  of 
the  Schrtidinf^r  equation),  it  may  be  expressed  in  the 
Or'y'zf  coordinate  system  in  an  analoftous  way; 


(4. 19) 

We  now  define  *j,  «».  r,).  and  X/(r,,  y,) 

as  the  l2Ji  l)-dimer>sional  column  vectors  whose  com- 
ponents are,  respectively,  the  X%,,  and  x^n  t 
where  each  one  of  the  inrliccs  .tf,  fl^ , and  n,  assumes 
the  values  (top  to  bottom)  J,  J-\ -J.  In  ma- 

trix notation,  Eqs.  (4. 17)  and  (4. 19)  can  be  written  .is 


^~2g'  Tj) 


- '^v)X/(rri  ^¥1  Xr)  1 


(4.  20) 


from  which  one  gets 

>[*/=D '■*(<>,, i„  ;.))C, . 

The  Orvr  - 0.rj  y'rj  transformation,  which  is  a rotation 
defined  by  the  Euler  angles  9^,  i\,  can  be  ac- 
complished through  a sequence  of  two  rotations,  the 
Oryr-Oriy'ri  one  (Euler  angles  <>„,  i,,  f,)  lollowed 
by  Oriy'rJ-OtJy'ri  (Euler  angles  0,  A,,,  0).  From 
this  results  the  relation  0■'((^,,  9,,  y,)  = !>''«>».  *>, 
where  d'(A,i)  = D'(0,  A,,,  0).  Since  the 
are  unitary  and  i'  is  in  addition  real,  we  get  from  Eq. 
(4.20) 


X/  = l<*'(A„))-'x,'  =S'(A„)x.’, 
and  therefore,  in  the  notation  of  Davydov,  ” 


*/o,  = ^ 'In, 


n,Oj(^y»)X/n,  • 


(4.21) 


This  equation  relating  the  matched  solutions  x‘  and  x* 
is  valid  for  any  internal  configuration  of  the  triatom 
(i.e.,  is  not  restricted  to  those  configurations  corre- 
sponding to  the  matching  surface). 


B.  Projaction  of  ttw  Msvafunction  onto  the 
matching  lurfsoa  baiit  functions 


In  this  section  we  consider  the  evaluation  of  the  un- 
matched wavefunctions  and  normal  derivatives  obtained 
from  the  integrations  in  both  channels  X and  v on  the 
matching  surface  r^i,  and  their  expansion  in  a set  of 
functions  ({  y,)  which  span  that  surface.  The 

complete,  unmatched  wavefunction  in  the  0x1  y'r,  co- 
ordinate system  in  Region  IV  of  internal  configuration 
space  (subregion  f)  is  [from  Eqs.  (4. 17),  (4. 18),  and 
(3.31)] 


♦yi*  - -7Sr=E  *.)xi'>(C,q.,  y.)  . (4.22) 

> CM  Ok  '* 


where 


•»<« 


t*'*sln2g. 


Here  we  have  droppeo  the  superscript  (m),  as  it  will  be 


implicit  throughout  this  section,  but  we  have  included 
the  labels  /[t  = to  denote  the  ZN  linearly  inde- 

pendent solutions  obtained  (from  an  S coupled-channel 
calculation).  Equation  (4.23)  may  be  evaluated  on 
by  using  Eq.  (4. 13)  to  relate  and  y,.  Since  0«y, 
t n/Z  on  we  find  that  qj  must  lie  between  = 

- <»„,)/2  and  q,,  = »/4  to  satisfy  Eq.  (4. 13).  In  order  to 
evaluate  Eq.  (4. 23)  over  this  range  of  q^,  it  is  conve- 
nient to  change  to  a common  set  of  vibrational  basis  func- 


tions <i‘^(C)  for  all  subregions  i.  This  is  accomplished 


by  transformations  analogous  to  Eq.  (3.  !'•)  and  (3. 18), 
with  the  result  that 


tan 
where 


xVi:  = 2r‘'*(sin2q,)-4.yi;, 


(4.24) 


♦i'i;  = H 'I'?!  (cosy,)<);,^({)^**,/.Oj('I») . 


(4.25) 


To  insure  a smooth  matching,  we  must  also  consider 
the  derivative  of  y normal  to  (other  derivatives 
are  possible)  for  points  on  this  plane.  Expressions  for 
this  normal  derivative  operator  were  derived  in  Paper 
I (Appendix  A),  where  it  was  found  that 


3 1 slnflr„,  / a . 8 \ 

- — = 7 — “-( - — ♦ coto,.siny.  — | 

8ii,x  C sinw,  \aui,  ayj,/ 


1 slna,j  /l  8 , 8 \ 


1 sina.,  / I 8 8 \ ,, 


26) 


Applying  this  operator  to  Eq.  (4.23),  and  evaluating  the 
result  on  we  find 


"Xan,  . 2sina„  *.ut« 

1S:r  ■ £’''su/2q.  ’ 


(4. 27) 


where 

■'“* 

and 


a,»/.Oj 


(4.  28) 


.-.id*  1.0,,  , 'te^tI,o,[qi(yi^l 

Ca.y^rl'''/i‘(«>sx.) cota,, 

X (qi(yi))[;»  cosy,!'”*  (cosy,) 

-(f4^y'‘l(;i‘  l)*-n;)''*8.“i,(cosy,)]  . (4.X9) 


jm',.  , Y'  2<V°«(cosy,)  q*„);ry“,,n,(q,;  q?, ) jjj 

"/Oh  * * 


In  deriving  Eq.  (4. 29),  the  use  lus  been  made  of  Eq, 
(A2)  and  certain  recursion  relations  between  the 
associated  Legendre  polynomials.  ** 

We  now  wish  to  expand  Eqs.  (4.  25)  and  (4. 28)  on  the 
matching  surface  in  terms  of  a set  of  functions 
x(C,y,)  which  arc  orthonormal  and  complete  on  it.  (We 
choose  C and  y,  to  be  the  independent  variables  which 
scan  n,^. ) The  b;^,o,  “re  given  by 


J.  Owm.  niyw,  Vol.  65,  No.  11,  1 December  1976 


/ 


1 


-'.n 


(4.30) 


G.  C.  Schau  and  A.  Kuppermann:  Three-dimensional  reactive  scattering.  I 


465S 


where  the  are  those  o(  Eq.  (4. 25)  and  the  /tjjo, 
a set  of  rotational  (unctions  which  must  be  orthonornial 
(with  weight  (unction  siny^)  and  complete  on  the  domain 
Osiy,*  i/2.  The  reason  (or  this  choice  o(  the  domain 
of  y,  is  analogous  to  that  used  (or  the  coplanar  matchuig 
in  Paper  I (Sec.  IV  A).  An  important  consequence  of 
this  procedure  is  that  (he  number  of  (unctions 
used  to  expand  the  wavefunction  of  Eq.  (4. 25)  (or  each 
t'u  {l^  must  be  less  than  the  number  o(  vibration  .-ota- 
tion  basis  (unctions  <>,,({ livJ^Hcosy,)  in  that  equation. 

For  many  reactions,  including  H*H2,  the  number  of 

should  be  half  the  number  o(  vibration-rotation 
basis  (unctions,  and  we  shall  use  this  number  in  the 
discussion  below.  This  would  imply  (hat  (he  number  of 
y/s  for  each  i ^ (J,  used  in  the  close  coupling  expansion 
must  be  even.  An  example  of  iiow  this  might  bv  done 
would  be  to  use  a complete  set  of  n,’s  for  each  y,  within 
a given  vibrational  manifold,  except  (or  the  ca.se 

= i. . For  this  case  (as  long  as .(  r fi„)  one  uses 

■'»»..**•  ForJ<i,_^^,  we 

use  the  same  procedure  and  then  eliminate  those  for 
which  in^l  >J,  Other  choices  are  possible,  but  this 
particular  set  of  quantum  numbers  is  useful  because  it 
leads,  for  to  an  asymptotic  uncouplini;  of  those 

terms  in  Eq.  (2.  31)  which  are  not  diagonal  in  and 
this  allows  us  to  solve  for  the  asymptotic  behavior  of 
these  partially  truncated  solutions  in  a simple  way.^’ 
Whatever  the  choice,  this  restriction  on  the  method  is 
seldom  a serious  limitation  because  it  only  affects  the 
highest  rotational  state  for  each  I'l,  and  this  chan** 
nel  is  usually  closed  in  a converged  treatment.  An  ex* 
ample  of  a choice  of  which  is  real  and  orthonor- 

mal over  the  0 to  ir/2  range  (weighted  by  siny^)  is 


iiiAi  \j>vi  \iiv  u iu 

, w ( ^^tvjMcosyj)  for/j+flj 
' 0 for  seven  , 


where  Eq.  (4. 29)  is  to  be  used  in  evaluating  Eq.  (4. 35). 
Note  that  the  row  (lower)  indices  in  Eqs.  (4. 32)- 

(4. 35)  can  assume  only  S/2  values  (from  the  discussion 
above),  whereas  the  column  (upper)  indices  (im- 

plied in  t{)  scan  S values.  This  means  that  the  matri- 
ces hy  and  have  dimensions  \/2xAr. 

We  now  consider  the  expansion  of  the  wavefunction 
Xjal  obtained  from  the  integration  in  arrangement 
channel  region  u on  in  a manner  analogous  to  that 
for  xVi^A*  expressions  for  the  wavefcnctions  are 
given  by  Eqs.  (4.24)  and  (4.25)  with  u replacing  X 
everywhere.  To  find  the  normal  derivatives,  the  right- 
most side  of  Eq.  (4.26)  is  used.  The  resulting  expres- 
sion is  given  by  Eqs.  (4. 27)  and  (4.  28)  with  u replaced 
by  X and  with  the  function  Piven  by 


(-  l)''-"'|i 


►(cosy,)  ■ 


rfrj. 


1 0 for  seven  , 

This  choice  is  very  appropriate  for  exiunding  the  yj- 
dependent  part  of  Eq.  (4.  25)  for  a collinearly  dominated 
reaction  such  as  H ♦ Ht  because  these  vanish  at 
ff/2  (where  the  interaction  potential  on  the  matching 
surface  is  high  and  the  wavefunction  very  small)  and  are 
most  effective  in  representing  the  wavefunction  near 
y^~0  (whore  the  potential  is  low).  Other  choices  for  the 
may  be  made  in  analogy  with  those  discussed  for 
the  planar  problem  in  Paper  I. 

We  now  expand  Eqs.  (4. 25)  and  (4. 28)  in  terms  of  the 
BJl/,0,.  obtaining 

♦«;  = L AV.O.o.C.o/t.T*’  . W-  32) 

•til 

= E , (4. 33) 

’9 

, (4.34) 

and 

' E/  Aj^,(y,)CjVyi'o,(n)  siny.rfy,  , 

V ' It  .cl 


-cota„y?;Ij;^Jq„(y,))|y,cosy,y5'v(cosy.) 

(4. 36) 

Note  that  Eq.  (4. 10)  has  been  used  In  Eq.  (4. 36)  (along 
with  the  property  (J*"(-x)s(-  l)^**(y7(»))  to  express  all 
quantities  in  terms  of  The  relation  between  ri^  and 
>4  on  is  obtained  from  Eqs.  (4. 12)  and  (4. 13). 

The  expansions  analogous  to  Eqs.  (4. 32)  and  (4. 33) 
are  given  by 

♦7i;  = E ■ («.  37) 

»,j. 

♦'«:*  --  E <V,(t.n)  . (4.  38) 

*'r^r 

where  differs  from  /?*’*  by  the  use,  in  Eq.  (4.  30), 
of  instead  of  This  approach  is  slightly  different 
from  the  one  followed  previously,**  in  which  the  basis 
functions  used  to  expand  the  and  were  the  same. 
For  homonuclear  targets,  this  difference  disappears. 
The / and/*  are  given  by 

/V-;,o.=E  (- 1)'"-“./'" 

<>■»'  sinyjrfy,  , 

' (4. 40) 

with  Eq.  (4. 36)  being  used  to  evaluate  Eq.  (4. 40).  AU 
expansions  are  made  In  terms  of  the  coordinate  y,  to 
facilitate  later  manipulations. 

For  atom  plus  homonuclear  diatom  collisions,  the 
coefficients /V,*,*,o,  obtained  by  matching  on  the  r„  plant- 
can  be  related  to  the  *.1  Pl^e  matching 

by  noting  In  Eq,  (4. 30)  (with  X substituted  for  f and  c 
for  X)  therefore 

that  (-  l)t>  c(-  ))/',  (or  the  nonvanishing  terms.  For 
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collisions  »ith  a homonuclear  diatom,  rn,  so 
= (from  Eq.  (2. 4)J,  and  the  mathematical  expres- 
sions analopous  to  Eqs.  (4. 12)-(4, 16)  for  are  iden- 
tical to  those  equations.  Therefore,  from  Eqs.  (4.34) 
and  (4. 39)  (transformed  to  i^,),  we  have 


/ 


h 


w'l- 


(4.41) 


By  similar  arpimcnts  for  (hr  derivative  equations^  Eqs. 
(4.  35)  and  (4.  4),  usint;  Eqs.  (4.  29)  and  (4.  36),  we  find 


(4.42) 


C.  The  matching  equations 

We  now  wish  to  find  the  appropriate  linear  combina* 
tions  of  the  x's  and  of  Eqs.  (4.  24)  and  (4.  27) 

in  channels  A and  v which  give  smoothly  matched  solu- 
tions X and  dx/^^x  satisfying  Eq.  (4.20)  and  its  normal 
derivative  counterpart,  both  evaluated  on  Accord- 
ingly, we  write 


v***- 

Xk/o 


C 


<(ii-  > 

v»ii  ’ ' 


(4.43) 


where  the  coefficients  in  Eq.  (4.43)  are  to  be  de- 
termined by  evaluating  Eq.  (4.20)  and  its  normal  deriv- 
ative on  and  analogous  equations  on  and 
The  indices  {i)ts  (1)17(1  denote  different  linearly  inde- 
pendent matched  solutions,  with  / assuming  .V  values 
and  ( = 1,2,  or  3 for  a total  of  3.V  solutions.  This  is 
equal  to  the  number  of  linearly  independent  scattering 
solutions  possible,  as  was  discussed  in  Paper  1 (Sec. 

IV  B).  The  normal  derivative  of  Eq.  (4. 43)  is 


*X»VO^  -|IH.\ 

Ki  ■ 


(4.  44) 


The  normal  derivative  of  Eq.  (4. 20)  is  in  general  a 
complicated  quantity,  but  for  the  particular  choice  of 
matching  surface  specified  by  Eq.  (2.5a),  we  have  the 
important  relation" 


(4.45) 


which  implies 


Sv""  — . 


(4.46) 


Let  us  now  substitute  Eq.  (4,43)  and  its  counterpart  for 
channel  v into  Eq.  (4,  20),  as  well  as  (4. 44)  and  its  v 
rounterpart  Into  (4.46),  utilizing  Eqs.  (4.24)  and  (4.27) 
(and  Iheir  v counterparts)  along  with  Eq.  (4, 12).  We 
obtain 


^(♦"*‘  C"",*  c"’.'*) 


c.  ) 


(4.47) 

with  a similar  equation  Involving  resulting  from  the 
matching  of  (he  normal  derivatives.  If  we  now  substi- 
tute Eqs.  (4.32)  and  (4.37)  Into  Eq.  (4.47),  multiply  the 


resulting  expression  by  the  [defined  by  Eq. 

(4.30)|,  and  integrate  it  using  the  orthonormahty  prop- 
erties of  these  B*’*,  we  obtain 


AK 


'••k^kOk  ^Wk 


(4.48) 

An  analogous  equation  results  for  (he  derivatives  with 
h'  and  /'  substituted  lor  h and  /.  The  * arc  the 

elements  of  an  “arrangement  channel  transformation*’ 
matrix  and  are  defined  by 


*A];^^(>,)sin7»rf),  , (4.49) 

where 


As  shown  in  Appendix  C,  is  a real  orthogonal  ma- 
trix as  long  as  the  Eq-  (4.30)  form  a com- 

plete set  of  orthcnormal  functions  which  span  the  >, 
space,  and  the  and  C’II,(£)  form  two  sets  of  ortho- 

normal  functions  which  span  the  { space  and  are  re- 
lated by  a real  orthogonal  transformation.  Lei  us  now 
write  Eq.  (4.48)  as  a matrix  equation  by  regarding  the 
h,  f,  and  C appearing  (here  as  the  elements  of  matrices, 
obtaining 

hVCJV*h‘/Cir-*i(»7CiV*(rci',’-)  . (4.51) 

According  to  the  arguments  of  the  previous  section,  the 
matrices  h^  and  17  have  dimensions  A’/2x.V,  while  the 

are  S/2'*S/2  and  the  C’s  are  ,Vx.v  matrices.  The 
corresponding  derivative  equation  is  obtained  from  Eq. 

(4.51)  by  substituting  h'  and  f'  lor  h and  f.  We  can  com- 
bine function  and  derivative  equations  into  a single  ma- 
trix equation  involving  only  A'x.V  matrices  by  defining 
the  augmented  .Vx.v  matrices  hy  , i”,  and  as 


(4.52) 

(4.53) 

(4.54) 


where  0 is  an  .%72x  S/2  null  matrix.  The  resulting 
smooth  matching  equation  on  i,.  Is 

ij'ClV-.hi-ClV=#i(f7Ci'.'*»f7ClM  . (4.55) 

Following  (he  same  arguments  as  were  used  In  Paper  I 
(Sv  . IV. D),  we  now  combine  Eq.  (4.55)  and  its  counter- 
parts on  and  r,,  into  a single  IVxlV  equation  which 
can  then  be  solved  (or  the  coenicients  which  deter- 
mine the  matched  solutions.  The  (Inal  result  is 

c:(c;)-'--(m;)*'m;  , -..se) 
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0 here  represents  an  A‘xA'  matrix  of  zeros. 


(4.57) 


(4.58) 


Equation  (4.56)  can  now  be  used  in  conjunction  with 
(he  asymptotic  analysis  of  the  next  section  to  determine 
the  coefficient  matrices  Cy  which  will  provide 

wavefunctions  which  are  both  smooth  and  continuous 
everywhere  and  which  also  satisfy  the  proper  scattering 
boundary  conditions.  Note  that  our  procedure  for  match- 
ing simultaneously  combines  the  primitive  solutions  in 
channels  A.  v,  and  k to  yield  solutions  which  are  smooth^ 
ly  continuous  throughout  all  of  configuration  space. 

This  contrasts  with  the  analogous  procedures  of  Wyatt 
and  co-workers'*  and  of  Light  and  ro-workers.  which 
seem  not  to  include  the  couplir*  t>«  tween  channels  f and 
* (here  represented  by  the  matching  equation)  ex- 
plicitly when  dealing  with  collisions  originating  in  chan- 
nel A.  They  may  have  included  such  coupling  implicitly 
by  utilizing  the  symmetry  of  the  H,  system.  However. 

If  and  A,  are  different  atoms,  we  believe  that  the 
coupling  must  be  Included  explicitly. 

V.  ASYMPTOTIC  ANALYSIS 

A.  Th0  reactance  and  scattering  ntatrices 

In  this  section  we  define  the  reactance  and  scattering 
solutions  and  relate  these  to  the  matched  solutions  of 


the  previous  section  so  as  to  complete  the  determina- 
tion of  the  coefficient  matrices  Cy  and  also  the  reac- 
tance and  scattering  matrices  Ry  and  Sy.  In  Paper  1 
we  proved  that  the  R and  S matrices  (which  are  physi- 
cally dimensionless)  can  be  equivalently  defined  in  the 
scaled  variables  r^,  or  in  the  '^physical**  ones  r^. 
Here,  for  simplicity,  we  use  the  scaled  coordinates  in 
all  definitions  except  that  of  the  scattering  amplitudes 
of  Sec.  V.B. 


UwcuseEqs.  (2.13),  (2.18),  (2.30),  and  (3. 1)  to  ex- 
press the  matched  wavefunction  (of  Eqs.  (4.17),  (4.18), 
and  (4.43)1  in  the  asymptotic  region  of  each  arrange- 
ment channel,  we  find 

* U 


(5.1) 


where 


Cyj,^ 


(5.2) 


Here  we  have  dropped  the  superscript  (n)  which  denotes 
the  asymptotic  region  as  it  will  be  implicit  throughout 
Sec.  V.  The  sum  over  arrangement  channels  serves  as 
a convenient  notation  for  expressing  the  asymptotic 
wavefunction  in  all  three  arrangement  channels  simul- 
taneo'^sly  and  is  made  possible  by  the  fact  that  asymp- 
totically there  is  no  overlap  between  the  separated  atom 
plus  diatom  wavefunctions  in  different  arrangement 
channels.  An  equation  analogous  to  Eq.  (5. 1)  for  the 
derivative  {l/H^)(a/dR^)H^^  *l*y**  can  be  obtained  by  re- 
placing  A’ y,\*  by  in  Eq.  (5.2). 


The  reactance  and  scattering  body-fixed  solutions  are  defined  to  have  the  asymptotic  form 


»l/f  or  S|' 


--  ^ 


■Si 


(5.3) 


where,  in  the  far  asymptotic  region  [in  which  both  potential  coupling  and  the  centrifugal  coupling  of  Eq.  (3.4)  have 
become  negligible  1.  we  have,  for  the  fi  solution. 


. slnlfr;,„«.-(J.>.)i»l«;;|'‘ 

l (open  channels) 

' exp(|»;,,j«,)6j,|'-cxp(-  (closed  channels)  , 


(5.4) 


and,  for  the  S solution,  ” 

/ exp{-  - (J  .;,)  5 1|} 

(open  channels)  (5.5) 

I I «>)  ('ll!*  - e*P(-  I I channels)  . 
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^ nik  is  the  velocity  (in  scaled  variables)  ajid  is  related 
to  the  wave  number  of  Eq.  (3.5)  by 


(5.6) 


The  primed  variables  rj[nl  in  Eqs.  (5.4)  and  (5.5)  de« 
fine  the  reagent  state  in  the  a'  arrangement  channel. 
(Note  our  use  c'  the  abbreviation  \'l[  ^ aV^..  ) and  Sj 
are  the  partial  wave  reactance  and  scattering  matrices 
and.  for  exact  solutions  of  the  Schrbdinger  equation, 
they  are  symmetric.**  Note  that  - rather  than  aj)- 
pears  in  the  definition  of  R^  and  S/.  This  choice  allows 
the  open  channel  part  of  the  scattering  matrix  to  become 
the  identity  matrix  in  the  limit  of  zero  interaction  poten- 
tial (as  will  be  evident  from  the  partial  wave  e.xpression 
for  the  scattering  amplitude  in  Sec.  V.  D).  The  phase 
factors  i**^*^^^  appearing  in  Eqs.  (5.4)  and  (5.5)  are 
arbitrary  but  will  prove  convenient  later  on.  The  open- 
channel  subblocks  of  Ry  and  Sy  are  labeled  Ry  and  Sy, 
and  from  Eqs.  (5.4)  and  (5.5).  one  can  easily  show** 


J 


that 

Si  =(l  ♦i11®)(I-;R5)*'  . (5.7) 

Where  I is  the  identity  matrix,  and  that  the  closed  chan- 
nel parts  of  Ry  and  Sy  are  iaentical.  In  addition  to  being 
symmetric,  Ry  is  real  and  $1  is  unitary.  From  the 
unitarity  of  Sy  one  can  prove  flux  conservation,  and  mi- 
croscopic reversibility  results  from  its  symmetry.** 

In  an  actual  calculation,  we  wish  to  use  the  R and  S 
solutions  of  the  Schri^dinger  equation  at  a finite  R^  for 
which  the  potential  joupling  has  become  negligible  but 
the  centrifugal  coupling  in  Eq.  (3.4)  has  not.  These 
solutions  con  be  obtained  by  taking  the  appropriate  lin- 
ear combinations  of  space-fixed  Bessel  functions  as  was 
done  in  Eq.  (3.7)  ro  that  the  far  asymptotic  behavior  in 
Eqs.  (5.3)  and  (5.4)  is  obtained  in  that  limit.  In  other 
words,  as  soon  as  |iotential  coupling  has  become  neg- 
ligible (but  not  the  centrifugal  one),  the  b in  Eq.  (5.  3) 
can  be  written  according  to  Eq.  (3. 7)  as 


»"IV 

where,  for  both  R and  S matrix  solutions, 

'*  = <-  E ciJiJ, : n; , - ni . 0)  ajjj, ; n. , - 


For  the  R solution. 


I ^ (open  channels) 

^ (closed  channels)  , 


- v,^(*rJjyjfi,)cos[(j.>, - (,)!''l+>i,(*:Jj/jK,)sin((j+>j-  /i)Iiil  (open  rhaiuiels) 
(closed  channels)  , 


while,  for  the  S solution. 


. fcl  li.»  Id  »lhl,’(t.\/.fi«)  (open  channels) 

(closed  channels)  , 


where 


I exp(-  i{J ♦ /.ll  »|*|‘’(ilrj./j/?,)  (open  channels) 
I (closed  channels)  , 


(5.6) 
(5.  g) 

(5. 10) 

(5.  lla) 

(5. 11b) 

(5. 12a) 

(5. 12b) 

(5. 13) 


and  Vi,.  ii,,  <1,.  aod  *i,  are  the  spherlc.-U  Dessel  func- 
tions of  Sec.  III.  B.  1.  To  show  that  Eqs.  (5.8)  and 
(5.6)  do  Indeed  reduce,  respectively,  to  Eqs.  (5. 4)  and 
(5.5)  In  the  far  asymptotic  limit,  one  simply  uses  the 
asymptotic  form  of  these  Bessel  functions  at  laryie  val- 
ues of  the  arftument  We  may  use  Eq. 


' f . 

(A14)  to  relate  the  usual  space-fixed  S matrix  Sj  to 
the  body-fixed  5^.  We  obtain  the  If, -independent  unU 
tary  trar.sformatlon 

S/«^’S/ar,  (5.14) 

where 
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(5.15) 


In  order  to  obtain  Kj,  we  (lenerale  an  II  solution  of 
the  Schrodthgcr  equation  satisfyint;  the  asymptotic  con- 
ditions of  Eqs.  (5.3)  or  (5.8)  by  taking  linear  combina- 
tions of  the  matened  solutions  I/j'!,'  of  Eq.  (5. 1): 


♦J'jl  iRl  = E ♦ 'Ji'Q'it:,''  ■ (5- 16) 

As  in  Paper  I,  wo  are  free  to  rhooso  and 

require  the  CJ  matrices  to  provide  for  us  those  linear 
combinations  of  the  primitive  solutions  satisfying  both 
the  matching  coitdilion  [Eq.  (4.S6)|  and  the  asymptotic 
conditions.  Uwe  substitute  Eqs.  (5.1)-(5.3)  and  (5.6) 
into  Eq.  (5.16)  and  express  everything  in  matrix  nota- 
tion (involving  matrices  of  dimension  3.Vx3.V),  we  get 


V*”(ljlRl  + 0^(RlR,)(C;)-‘=fl;c>(C>)-'  .9>  , (5.17) 

where  is  related  lo  R ^ of  Eq.  (5. 8)  by 

(R^)*'‘i';'’i  = (R.,);:*;*p* . (5.  is) 

and 

(v)i;;i  = l'  ^,.i6i;;i  . (5.19) 


|ln  the  rest  of  this  paper,  lower  (upper)  indices,  which 
refer  to  the  initi.al  (final)  state,  will  be  urprlmed 
(primed).  1 The  scattering  matrix  may  also  be  related 
to  the  opacity  function  as  discussed  In  the  next  section. 

B.  Scattering  amplitudet  and  cron  tactions 

We  now  define  the  scattered  plane  wave  solution  and 
relate  It  to  the  scattering  solution  of  the  previous  sec- 
tion so  as  to  express  the  scattering  amplitude  In  terms 
of  the  open  parts  of  the  partial  wave  scattering  ma- 
trices. Our  analysis  will  be  done  using  the  helicity 
representation**  in  which  the  axis  of  quantization  of  the 
Incoming  and  outgoing  rotational  states  is  chosen  to 
coincide  with  the  direction  of  the  incident  and  final  wave 
vectors  respectively.  The  helicity  formalism  is  very 
closely  related  to  the  use  of  body-fixed  coordinate  sys- 
tems of  the  type  described  in  Sec.  II.  B and  leads  to  a 
particularly  simple  relation  between  the  helicity  scat- 
tering amplitudes  and  body-fixed  S matrices. 

We  define  the  helicity  representation  scattered  plane 
wave  solution  by 

**'*[Pl-exp(iFJ^,,(R.).i 


Note  that  the  (9i)5I['‘  in  Eq.  (5. 17)  is  identical  to  6,,. 
times  the  77 ' '*  of  Eq.  (5.2).  An  cquaiion  analogous  to 
£q.  (5.17)  for  the  derivative  /i;'(3  ^SWj)R,  is  easily 
shown  to  be 

V"'*(l'7|Rl*OiIfilR,)(Ci)-'  = 9i’C/(C;V‘.9i-  , (5.20) 

where  prime  denotes  differentiation  with  respect  to  R,. 
The  quantity  C/(C))''  Is  given  by  Eq.  (4.56).  Equations 
(5. 17)  and  (5.20)  therefore  provide  two  simultaneous 
linear  matrix  equations  in  the  two  unknown  matrices 
(C;)'*  and  Rj.  Eliminating  the  former  from  these  two 
equations  and  using  Eq.  (4.56).  we  get 

R,,*-V’-'*W‘{(lilRl9l  -ly(Rloy)(N',,)'‘N;  -difRig} 

- lelRlg'/)!  {(oilRlg}  - OylRlg';) 

x(N;)’'MV-(0ilRl9"e-0/lRlgi')}'*WV‘'* . (5.21) 

Here 

t*.0'lRll(R|-i;(RlO,,lRl  (5.22) 

Is  a Wronsklan  matrbe  which,  as  can  be  seen  by  inspec- 
tion of  Eqs.  (5. 10)  and  (5. 11).  is  diagonal  and  constant, 
l.e..  Independent  of  Rj.  The  right-hand  side  of  Eq. 
(5.21)  involves  real  matrices  which  are  obtained  direct- 
ly from  the  Integration  and  matching  steps  of  the  cal- 
culation. Therefore.  Rj  and  R^  are  real,  as  expected. 

With  R,  and  hence  Rj  determined,  we  use  Eq.  (5.7) 
to  calculate  S}.  which  in  turn  can  he  related  to  the  scat- 
tering amplitude  by  the  formulas  of  thc^  next  section. 

In  addition,  the  scattering  matrbi  is  related  to  the  prob- 
ability of  transition  from  initial  arrangement  channel  X 
and  quantum  state  i to  final  channel  x'  and  stale 
■ iJini  by*’ 


^ V gtp(igtt/iRi-)  »t|)i(^!l) 

rfj  Ri  f*; 

where  the  sum  over  final  states  Includes  both  open  and 
closed  channels.  For  closed- channel  solutions  (which 
we  shall  ignore  below),  F Is  pure  imaginary,  so 
cxp(»Fi,jjR,)  decrease  exponentially.  Note  that  the 
physical  coordinates  Fj  and  wave  numbers  Fl,,^ 

= have  been  used  in  Eq.  (5.24!.  In  addition,  we 

have  introduced  the  global  index  f to  denote  the  quantum 
numbers  lym,.  (We  will  relate  ni/  to  fl  and  hence  f to  t 
below. ) For  simplicity,  the  space-fixed  r axis  has 
been  chosen  to  be  in  the  direction  of  the  incident  wave 
rector.  It  then  follows  (by  inspection  of  Fig.  2)  that  the 
space-fixed  and  body-fixed  i axes  will  point  In  opposite 
directions  initially  (l.e.,  for  (Hj),--").  The  outgoing 
body-fixed  zi  axis  points  in  the  same  direction  as  the 
outgoing  wave  vector,  thus  allowing  us  ' a use  F/{,-^(yJ, 
^i)  instead  of  F>iai  (Sa,  ^,;)  In  the  sammation  appearing 
In  Eq.  (5. 24). 


The  differential  scattering  cross  S';Ctlon  Is  defined 
as  the  ratio  of  the  outgoing  radial  flux  per  unit  solid 
angle  to  the  incoming  plane  wave  flux  and,  from  Eq, 

(5. 24),  is  related  to  the  scattering  amplitude /by 

(S-25) 

' B.  ■- 


(or  and  representing  open  final  and 

initial  channels,  respectively.  Here  is  the  physi- 
cal velocity 


*nii 


^2(E-«W)y’« 


(5.26) 


\ 
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In  order  to  relate  f to  the  scatterinp  matrices,  it  is 
desirable  to  first  define  a scatterinf;  solution  analof^ous 
to  Eq.  (5. 24)  in  terms  of  the  scaled  coordinates  of  Eq. 
(2. 1).  This  is  easily  done  by  removing  the  “bars’*  on 
all  syml>Ms  containing  them  in  Eq.  (5.  24).  Dy  compar- 
ing  the  plane  wave  pa^ts,  we  see  that  the  resulting 

Is  proportional  to  with  a proportionality 

constant  Comparison  of  the  outgoing  wave  parts 
of  4r  and  Uien  yields 


which  wiil  be  useful  below. 

One  now  expands  the  plane  wave  part  of  4'***[/^|  in 
terms  of  a series  of  products  of  Legendre  polynomials 
Pt^icoa9^)  times  sphe.<*iral  Bessel  functions 
takes  the  asytnpcoiic  limit  and  converts  the 

result  to  the  body-fixed  variables  and  fol- 

lowing the  procedure  outlined  by  Pack,^^  obtaining 


OJ 


In  anaIo(7  to  Eq.  (2.  II).  the  scattered  plane  wave  solu- 
tion ♦*'>'»'/»(  p]  may  be  expanded  in  terms  of  the  scatter- 
ing solutions  as 

*‘n/i«y4p]^  ^ (5.29) 

* * 

Using  Eq.  (5.  28)  to  exp. ess  ♦[p)  In  terms  of  body-fixed 
quantities,  Eqs.  (5.  3)  and  (5.  5)  for  the  asymptotic  form 
of  and  equating  coefficients  of  the  incoming 

spherical  wave  parts,  one  finds 

C*,V-'v"‘  = ^ . (5. 30) 

This  shows  that  the  only  value  of  contributing  to  the 
right-hand  side  of  Eq.  (5.  29)  is  which  relates 

reagent  states.  If  we 

now  equate  coefficients  of  outgoing  spherical  wave  parts 
and  use  Eq.  (5.30)  to  simplify  the  result,  we  get 


is  independent  of  Using  the  properties 

- di.^(ff)  = (-  1 , [derivable  directly 

from  the  definition  of  rfj.»(^)|,  we  get  from  Eq.  (5.33) 


41  s 


•?'■>• 4;  I S'- 

V)ach  show  that  for  c^;|^'0)  vanishes,  a,-.d  fer 

o5;|){i)  vanishes.  These  arc  rigorous 
seleclion  rules  for  forward  and  backward  scattering 
related  to  the  conservation  of  d..*' 

The  integral  cross  section  Is  obtained  by  inte- 
grating Eq.  (5.  33)  over  0,.  and  0,..  and  using  the  ortho- 
normality  property  ol  the  functions.'*  This  yields 
the  lemarkabty  simple  expression 


JmO 


= (5.32) 

is  the  transition  matrix,’*  and  mj^=  nl  for  the  product 
states  so  that  fj  and  fj  arc  identical.  Equation  (5.31) 
shows  that  the  helicity  amplitude  and  body-fixed  scat- 
tering matrix  are  related  by  a single  sum  reminiscent 
ot  the  analogous  result  for  potential  scattering.  This 
Illustrates  one  ol  the  primary  advantages  ol  the  use  ol 
helicity  amplitudes  In  conjunction  with  body-fixed  coor- 
dinates such  as  those  depicted  in  Fig.  2.  Combining 
Eqs.  (5, 31)  and  (5.27),  and  using  Eq.  (5.  26)  and  its 
counterpart  lor  the  wave  numbers  and  ti,,.  we 
find  that  the  physical  scattering  amplitude  /})*>  is  given 
by  an  expression  identical  to  Eq.  (5.31)  with  ^1  veloci- 
ties and  wave  numbers  "barred. " Substituting  this  into 
Eq.  (5.  25),  we  find 

I S v’Kf  • <*•«) 

which  demonstrates  that  the  differential  cross  section 


Doth  oJjJ»  and  may  be  averaged  over  initial  and 
summed  over  final  to  give  the  degeneracy-averaged 
quantities  and  respectively.  The  latter 

of  these  two  can  be  written  as^‘ 

where  the  opacity  function  P,  is 

« 1 )-  Z . (5. 36) 

•/,  "I, 

and  the  ranges  of  the  sums  are  Iniy  I » mlnO,,./)  and 
Imjj  « min(JJ,^).  * 

In  an  application  to  the  If*  H,  reaction,  the  number  of 
different  distinguishable  atom  scattering  ampiltuoes 
and  cross  sections  may  be  greatly  reduced  by  consider- 
ing the  symmetries  involved.  This  was  done  In  Paper  I 
and  the  derlva'.lons  are  essentially  unchanged  in  3D. 
First,  the  scattering  amplitudes  are  Invariant  to  a cy- 
clic permutation  of  arrangement  channel  Indices  so  that 
(suppressing  the /:=/?»/;,  and/; 
Second,  /;  and /;  are  related  by'* 
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;5.37) 

and  the  nonreactive /\  ratisfy 

0 if>-/=odd.  <5.38) 

These  statements  imply  that  /{  and  /'  are  the  only  dis- 
tinct scattering  amplitudes  and  that  many  components  of 
/J  are  zero.  Those  symmetry  relations  also  apply  to 
the  scattering  matrix  Sy  so  t lat  the  entire  distinguish- 
able-atom cross  section  calculation  can  be  considerably 
streamlined.  It  should  bi*  mentioned  (hat  although  (he 
cyclic  permutational  symmetry  is  built  into  the  calcula- 
tion if  the  Integration  is  dorc  only  one  of  the  three 
equivalent  ar'aiigement  channel  regions.  Lqs.  (6.37) 
and  (5.38)  will  only  hold  rigorously  if  defined  by  Eq. 
(4.49)  is  orthogonal,  and  this  will  only  be  the  case  if 
the  matching  surface  basis  functions  given  by  Eq.  (4.30) 
form  4 sufficiently  complete  set.  This  provides  a test 
of  convergence  o',  the  method  as  long  as  the  symmetries 
of  Eis.  (5.37)  and  (5.38)  arc  not  built  in  to  the  calcula- 
tion. 

To  convert  these  distinguishable-atom  scattering 
amplitudes  into  t'.e  corresponding  indistinpcuishable 
ones  when  two  or  three  of  the  atoms  arc  identical,  tlie 
standard  technique  of  postantisymmetrization^  may  be 
used.  Application  to  H * was  given  i i Paper  I .and  is 
unchanged  in  the  three-dimensional  treatment.  In  the 
notation  of  this  we  obtain  Uie  following  expres- 

sions for  the  anlisymmetrized  differential  cross  sec- 
tions: 

(a)  para i>ara  (>,/- even): 

* »# 

(b)  para -ortho  (;  even,  odd); 

(c)  ortho -para  0 = odd,  even); 


(d)  ortho  - ortho  (j, odd): 

a;|'  = ( ! 7 jj' ./  ;i‘  I * . 3 1 ; :i'  1 *1 . (s.  39<i) 

* »/ 

'vhere  Eqs.  (D.  27)  and  (5. 31)  arc  to  be  used  in  evaluat- 
inf;  Eqs.  (S.39).  T)ie  expressions  lor  the  antisyninic- 
trlzed  Inteftral  reaction  cross  sections  are 

(a)  para-p.'ra: 

<?;!'  = fT  ^(2-/  • •)!«;'  - . S^!-,  1* . (5.«a) 

(b)  para -ortho; 


'?;r-3 


(c)  ortho -para: 


/ 


(d)  ortho 

v:r  - F-  L (2^  * > ><  I «}■  - c - I ' ‘ 2 1 sTiV  I *) . 

(t.40d) 

As  was  |X*intec  nit  In  Sec.  II!.  C,  (uri  y symmetry 
may  be  used  in  both  the  integration  and  i latching  pro- 
cedures for  any  chemical  reaction  to  re  luce  the  ni  nibi«* 
of  states  coupled  in  these  stag*  s of  (he  calculation.  One 
may  also  define  )xirity  scattering  matrices,  iHJt  the 
pianc  wave  solution  Eq.  (5. 24)  dues  not  iiave  parity 
symmetry  so  that  these  two  decoupled  parity  S matrices 
must  be  recoupled  before  |)erforming  the  calculation  Oi 
the  scattering  amplitude  in  Eq.  (6.31).  This  procedure 
is  outlined  in  Ap|)endix  D. 

VI.  DISCUSSION 

The  method  we  liave  ojtlined  in  Secs,  il-V  has  a num- 
ber of  limitations  or  restrictions  which  we  shaft  now 
analyze.  First,  we  have  considered  the  i eactive  colli- 
sion of  an  atom  with  a diatomic  molecule  on  a single 
electronically  adiabatic  potential  energ:  surface.  The 
extension  to  multisurfe.ee  reactions  is  straightforward 
and  would  follow  the  general  format  previously  devei- 
eped  for  colliaear  reactions.**  All  tKree  reactive  ar- 
ringcment  ?hannel$  are  assumed  lo  be  energetically 
rcccssit.e  and  the  diatom  in  .ach  arrangement  channel 
is  assumed  to  be  in  a *21  riectromc  state.  A straight- 
forward modification  oi  the  miiching  procedure  which 
simplifies  it  appropriately  is  required  for  single  reac- 
tion path  systems  (for  which  one  of  the  three  arrange- 
ment channels  is  closed).  This  war  discussed  in  Paper 
I,  For  diatoms  having  electronic  states  other  tlian  *E 
tsuvi".  as  'a  wiln  A*0),  (he  rotational  states 
0,.^)  must  be  modified”  to  0)  elec- 

tronic-vibration~rotatiori  co'ipling  must  be  considered, 
but  the  basic  integration  and  natcnlrg  procedures  ore 
unchanged.  One  basic  restricMon  of  the  nicfhod  is  its 
inability  lo  treat  dissociative  or  breaf;-up  channels. 

This  is  not  a serious  limitation  for  many  important 
rhemical  reactions  at  thermal  energies.  A procedure 
for  treating  both  dissociative  and  reactive  collisions  is 
currently  being  devclo|x?d  in  this  taboratory. 

The  integration  procedure  outlined  in  Sec.  Ill  may 
be  applied  to  ary  reaction  for  which  the  criteria  of  the 
preceding  paragraph  apply,  but  the  matching  procedure 
(and  hence  (he  choice  of  coordinate  system  in  the  match- 
ing region)  is  strongly  dependent  on  our  clioice  of 
matching  surfaces  [Eq.  (2.  3)  of  l].  Otner  choices  will 
require  significant  modifications  in  the  details  of  Sec. 
rv,  although  (he  basic  concepts  involved  in  matching 
will  still  be  applicable.  The  matching  surfaces  con- 
sidered in  Eqs.  \2.  3)  of  I should  be  useful  for  many 
chemical  reactions  but  mav  not  always  be  ideal  (or  ob- 
taining rapidly  convergent  coupled-chai.uel  expansions. 
In  particular.  If  the  reaction  has  a low  barrier  for 
s »/2  configurations,  the  expansion  of  the  wavefunction 
in  terms  of  matching  surf.ice  ba.sis  functions  (Sec. 

IV . B)  may  be  slowly  convergent.  Conversely,  too 
strong  an  anisotropy  favoring  colUncar  reaction.^  eve.** 
perpendicular  ones  leads  to  an  ill-conditioned  coupled- 
equation  problei «.  The.se  and  related  restrictions  on 
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the  matching  surfaces  were  outlined  In  Paper  1. 

The  asymptotic  analysis  of  Sec.  V is  quite  general 
ai.d  should  be  applicable  to  those  cliemical  reactions 
which  (it  the  criteria  of  the  first  {paragraph  of  this  sec- 
tion. The  antisymmetrized  results  presented  in  £>ec.  V 
are  only  applicable  to  a collision  system  of  three  identi- 
cal spin  2 particles.  Other  combinations  of  identical 
particles  and  spins  may  be  treated  by  postantisymme- 
trization  procedures  analogous  to  that  in  Appendix  D of 
Paper  I. 

The  final  criterion  regarding  the  applicability  of  the 
method  is  computational  efficiency.  The  large  number 
of  open  rotational  channels  present  in  any  30  atom-di- 
atom system  makes  the  application  of  any  coupled-chan- 
nel method  a large  computational  project.  Much  effort 
has»  however,  been  spent  in  designing  the  method  so 
that  a minimum  number  of  such  channels  are  needed  for 
convergence  of  the  results.  We  therefore  feel  that  this 
method  sl.ould  provide  a computationally  feasible  pro- 
cedure for  studying  simple  chemical  reactions.  The 
first  application  of  this  procedure  (to  3D  H * sup- 
ports this  statement. 


f(-ir^  ni,>0 

"'i  1 n'  <A2i 

I I < 0 

where  is  the  usual  associated  Legendre  function. 
The  spherical  harmonic  is  expressed  in  terms  of 

■'■7'  by  ‘ 

= (A3) 

In  the  space-flxc'd  formalism  of  Arthurs  and  Dalgarno,^* 
the  full  wavefunction  is  expanded  in  terms  of  a set  of 
functions  0a;  ^r^)  which  are  simultaneous 

eigenfunctions  of  fj,  and  These  arc 

related  to  the  Y.  and  Yi  m.  via 

^A  * * 

where  ihe  notation  of  Rose”  is  used  (or  the  Clebsch- 
Gordan  coefficients  C.  The  full  space-fixed  wavefunc- 
llon  is  then  written  as 
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APPENDIX  A:  ANGULAR  MOMENTUM  OPERATORS 
AND  THE  SCHROOINGER  EQUATtON  IN  SPACE- 
FIXED  AND  BODY-FIXED  COORDINATE  SYSTEMS 

In  this  Appendix  we  will  establish  Ihe  relations  be- 
tween the  rotational  and  total  angular  momentum  oix-ra- 
tors  In  the  space-fixed  and  body-fixed  coordimale  sys- 
tems defined  in  Sec.  II.  B and  Fig.  2. 

We  first  consider  the  space-fixi^  coordinate  system 
Oxyr.  In  terms  ol  the  variables  S,^,  (hi,  and  tfi 
(Sec.  n.  n),  the  various  components  of  the  rotational 
fji)  and  orbital  (li)  angular  momentum  ofierators  are 
given  by  the  usual  spherical  polar  ct  ordinate  expres- 
sions 


*«(ri.  Ri)  = E ■?.i)c;i\(ri. fli),  (A5) 


and  Ihe  space-fixed  coupled  SchrSdinger  equation  lor 
C'*  is” 


r ''V‘  ‘ 3'  \ iiO.elVl' 

1.-  2p  Ik.  ITil • e 2^7r~ 


M'. ‘iVi' 

2pKr 


* E <'.aI  >1  ';>.'>c7i^ . = 0 . (A6) 


We  now  consider  Ihc  Iransformation  to  the  body-fixed 
coordinate  systems  and  0^»'v'ziof  Sec.  IIB. 

A convenient  representation  of  angular  momentum  oper- 
ators in  these  coordinate  systems  involves  choosing  the 
operators  J ;ind  J*  as  indeix^ndenl  and  e>  pressing  the 
of  Eq.  (2.9)  by  the  expansion 

= J).  (A7) 


(Ala) 


>u-=-i/l^-coS(5,^cot8,^~-stn(>,,j^^  , (Alb) 
i»=-«l(-6ln<J,,co«e..^.cos.i,,~J  , (Ale) 


and  similar  expressions  lor  Ihe  components  ol  1.  with 
8.  substituted  (or  Expressions  for  the 

components  ot  J are  trivially  obtained  by  the  addition 
i..  The  eigenfunctions  of  (he  operators  i\  and 
appearing  In  Eq.  (2.  9)  (and  also  of and  /..)  arc  Ihe 
spherical  harmonics  F,j,^^(8,^.<S,J  and  Y,,.,^(8.,(h.). 
For  notatlonal  convenience  we  shall  detinc  the  modified 
associated  Legendre  (unction  by 


<y7<(cos«)»P}*l'  (cos8)l 


IjnjDI  2;.lY'« 
|m,IM  2 / 


To  convert  the  operators  J*  and  J,  ar.d  thus  the  Hamil- 
tonian of  Eq.  (2.  9)  , to  the  body-fixed  systems  requires 
first  a change  from  the  variables  lo  ^a0aVa-a 

as  dclincd  in  Sec.  11. D,  followed  by  successive  rotations 
of  the  components  of  the  operators.  These  rotational 
transformations  may  be  accomplishef  by  using  the  gen- 
eral expression^ 

J,.^R{a0y)  'j,K(a0y)  , (A8) 

where  refers  to  the  A’th  component  of  any  .angular 
momentum  operator  J in  an  initial  system  and 

Rlaih)  IA9| 

J,.  refers  to  the  F’lh  component  of  J In  a transformed 
coordinate  system  which  is  obtained  through  rotations 
by  Euler  angles  ad)  from  (he  initial  system.  One  Im- 
portant point  to  note  In  Ihe  appliratlon  ot  Eq.  (A8)  to 
the  body. fixed  coordinate  systems  or  Oxly'rl 

is  that  Ihe  components  d.  and  ().).  ol  the  operators  J 


J.  Own.  rnyv.  Vot.  65.  No.  11.  1 OKembK  1976 


G.  C.  Schdtz  and  A.  Kuppermann;  Three'dimensional  rfaclive  scattering.  I 


. 


•S63 


and  will  in  general  operate  upon  one  or  mare  of  the 
Euler  angles  d,,  and  *'■,  of  the  transfornialions,  and 
thus  great  care  must  be  taken  with  the  order  of  the  op- 
erator's. In  Table  1 we  express  the  resulting  compo- 
nents of  the  operators  J and  j,  as  weli  as  various  com- 
binations thereof  in  terms  of  the  variables  In 

the  three  coordinate  systems  Otvr,  O.V,  1’,/,,  and 
Ox[y'i[.  Some  of  the  relations  in  that  tal  le  have  been 
given  previously  by  Vezzetti  and  Rubinow,  ” Morse  and 
Feshbach,  ” and  Curtiss,  Hirschfelder,  and  Adler.  ” 


One  very  useful  point  to  notice  about  and 

is  that  their  expressions  in  terms  of  m Table  I 

have  the  same  functional  form  as  the  corresponding 
K,i  nnd  >1,  In  Eqs.  (All  This  implies  that  the  ro- 
tational angular  momentum  eigenfunctions  In  the 
coordinate  system  will  simply  be  the  spherical  har- 
monics l',,n,(>i.  »'i)  where,  as  is  explained  in  Sec.  II.  D, 
SI,  is  the  quantum  number  .as.sociated  with 

In  terms  of  tlie  coordinate  system  O.V,V,^„  the 
Hamiltonian  of  Eq.  (2.9)  may  be  written  as 


(AlO) 


where  the  raising  aid  lowermg  operators  are  defined  in  terms  of  the  .Y,  and  V,  components  of  J and  ),  in  the  usual 
way.  In  order  to  e.xprcss  the  SchriJdingei  equation  in  O.V.T,^.  coordinates,  we  rotate  the  wavefunction  according 
to  Eq.  (2.13).  Substituting  this  expression,  along  wui>  Eq.  (AlO)  into  Eq.  (2.9),  and  using  the  normal  raising  and 
lowering  properties  of  the  rotation  matrix,’*  i.e. , 

^•«Jn,  =M./(  J*  1)  - tl.  («.  » (All) 

(where  the  t components  refer  to  the  body-fixed  system),  we  obtain  tne  following  coupled  equations  lor  L'-.e 

[ 2p(/f,  SKl  ^ r,  iij * 2prf  * 2n/ff  ^'^^'^  * **^'*  *'^‘ ■ ^**^* 'izil  * ~ 


X 


(A12) 


Since  the  rotational  eigenfunctions  in  the  O.V.)'.^.  coordinate  system  are  the  T, the  rolationally  coupled 
body-fued  .solutions  .analogous  to  Eq.  (AS)  are  given  by 


♦z.<r..  R.)  = S e.,0)  T,,n.()..  .„.(r..R.). 


(A13) 

which  is  a combination  of  Eqs.  (2. 18)  and  (2. 13).  The  body-fLxed  .and  spacc-fixed  representations  may  be  related 
by  using  the  equality  ^ 


Oio,(<>„  e„  0)  T„„,()„  1'.)  = (27^)  E(-  1 )'*■"*  C(J;,/, ; 11,  - H.DITt “ (8,,^, ;«,/,,). 

Equation  (A14)  is  of  great  ulllily  In  the  asymptotic  analysis  of  Sec.  V.  A. 


(AM) 


APPENDIX  B:  PARITY  DECOUPLING 

In  this  Appendix  we  consider  the  decoupling  that  oc- 
curs when  eigenfunctions  of  the  parity  (or  Inversion) 
operator  f are  u.sed  in  the  coupled-channel  expansion. 
This  operator  Inverts  all  atoms  throug  . the  system's 
center  of  mass.  For  the  three-particle  system  we  are 
considering, 

>*(r,.R,)**(-r„-R,),  (01) 

where  W Is  any  wavefunction  describing  the  system, 
commutes  with  and  In  addition,  the  internal 
configuration  of  the  system  before  and  after  inversion 
Is  the  same  and  consequently  the  potential  energy  is  not 
changid  by  the  parity  ojierallun  We  conclude  Iha'  .# 
commutes  wlih  the  Hamiltonian  In  Eq.  (2  7)  for  any  trl- 
aiomic  system. 

If  we  express  R,  and  r.  In  body-fUed  variables,  we 
find  that 


i*(r„),..'„/l,,8„tf.,) 

- *(>,.>,.  • - H,.  » - 8.,  * . <>,) . (02) 

The  body-fUed  wavefunction  wo  are  considering  is  given, 
from  Eqs.  (2.;3),  (2.18),  (2.30),  and  (3.1).  by 

♦••.(r..  H.)  * E f>in,(C'..  8,.  0)  T,,o,(>,.  d,) 


l,K, 


'•'vi,(,n,fR»'  • 


(B3) 


Since  .i  leaves  >,  and  the  scalars  R,  and  r,  unchanged, 
all  derivations  of  this  Appendix  are  independent  of  which 
ri  the  four  regions  of  each  arrangement  channel  region 
we  are  concerned  with,  so  we  shall  omit  any  explicit 
reference  to  them,  using  the  general  form  for  in 
Region  I or  11  and  dropping  the  superscript  (n)  or  (»■)  in 
the  <■*  vibrational  basis  functions.  Let  us  now  apply  i 
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to  Eq.  (B3),  using  the  relations’^  ♦ t.  s - 0) 

» <-  1 )'  X i)i_ fl,. 0)  and  Z,,. 

x(>„^,).  By  changing  the  sign  of  fl.  In  Eq.  (B3)  and 
remembering  that  its  summation  limits  in  that  equation 
are  Invariant  with  respect  to  a sign  change,  we  find 


(B4) 


The  - Oj  index  of  In  Ihe  right-hand  side  of  this  equa- 
tion indicates  that  4' is  not  an  eigenfunction  of  the 
parity  operator^  unless  J = 0 (since  n must  equal  zero 
as  welt  in  that  case).  Since  J commutes  with  the  Ifamil- 
tonlan«  wc  should  be  able  to  linearly  combine  the  ^j^'s 
so  as  to  produce  simultaneous  eigenfunctions  o(.^  and 
H.  Let  us  consider  the  linear  combinations 


R.1 1 (-  »>■'*/,(-  r„  - R,)'i . 

(B5) 

By  substituting  Eqs.  (B3)  and  (B4)  in  Eq.  (B5)  and  re- 
arranging  the  result,  we  find  that 


(r  ) 


(B6) 


where  the  upper  term  in  the  large  parenthc  ses  refers 
to  the  plus  solution  and  Ihe  lower  to  the  minus  solution. 
From  Eq.  (B4',  it  should  be  apparent  that 


= IB7) 

Since  the  basis  functions  in  Eq.  (D6) 

are  the  same  as  those  in  Eq.  (83),  the  equations  of 
Secs.  II- 1\'  may  be  convened  to  the  corresponding  ones 
Involving  parity  solutions  by  simply  linearly  combining 
Uieg’s  according  to  the  expression  In  br,aces  in  Eq. 

(B6).  -To  facilitate  this,  wc  define  a new  function/;  via** 


"^2  ^»»*i*’*'*^  forfl^>0 


1 


for  R,  * 0 


'72 

^ (B8) 

or  in  the  matrix  notation  of  Sec.  III.  A, 

where  the  orthogonal  matrix  Is  given  by 

'orn»>0 


(B0) 


'’0,01 


for  n,  *o 


TJ  ®o»oj  ♦ tor  ^0.  (OlO) 


If  we  include  initial  cunditions  uf  the  proper  symmetry 
to  form  the  matrix  6*^ . we  find  that 

• <BIU 


To  convert  Ihe  equations  of  Sec.  Ill  to  the  correspond- 
ing expressions  involving  parity  solutions,  we  need  only 
lo  use  Eq.  (BID  lo  transform  them  Into  expressions  for 
9/ rather  than  Qy . For  example,  the  fully  coupled 
Schrodingcr  equation  |Eq.  (3.M)|  becomes 


UA  A 

/ tj  , 


(B12) 


Where 


U*  = AW'A  . (313) 

ilv  Is  identical  to  in  alt  terms  of  Eq.  (3.15)  except 
those  off-diagonal  in  (i.c..  in  U/*)-  From  Eqs. 
(3.11)  and  (BIO),  wc  find  that 


<u'/);i  - 'Rf  (£□.„;  (j(j  . n - anj  .>,(>.  ♦ di 
“ f.(A* 

- '>.i,'‘o,-i.oj  l-(J.  o,)  {.(>,.  n,)}  , (BM' 


lor  n,  ' 1 and  R,  < - 1 
lorn,=0  (DI5) 

for  n,  = - 1 

for  R,  >1  and  R,  « - 1 
for  fl,  = I 

forn, -0.  (B16) 

An  examination  of  the  structure  of  Oj'  indicates  that  11 
contains  no  elements  which  couple  stales  whose  R,  is 
positive  or  zero  lo  those  whose  R,  is  negative.  Since 
only  07  provides  off-diagonal  fl,  coupling  in  Eq.  (Bl2). 
we  sec  that  our  coupled  Schrodinger  equations  have  been 
separated  into  two  uncoupled  sets— those  with  O,^  0 
lof  parity  (-1)^1  and  Uiose  with  fl,  <0  (parity  - (-  I)''). 
This  uncoupling  is  preserved  throughout  the  integration 
in  a given  arrangement  channel  region  since  the  only 
R, -dependent  coupling  appearing  anywhere  in  this  pro- 
cess occurs  in  centrifugal  terms  analogous  to  those  of 
Eq.  (B14).  Thus  by  constructing  parity  eigenfunctions, 
we  can  separate  our  integration  problem  into  two 
smaller  ones  (each  of  which  can  be  further  separated 
into  two  parts  for  homonucicar  targets  (Sec.  in.C)|. 


where 


and 


I 

/^2 

0 


Parity  is  also  preserved  in  the  matching  procedure 
because,  as  can  be  seen  by  inspection  of  Fig.  1,  the 
parity  operation  Is  invariant  to  which  arrangement 
channel  coordinate  system  one  is  considering.  This 
means  that  solutions  of  the  sairc  parity  symmetry  but 
expressed  in  different  arrangement  channel  coordinates 
should  be  related  to  each  other  by  a transformation 
which  does  not  mix  in  solutions  of  the  oppostte  parity. 
To  prove  this,  we  must  first  transform  the  coefficient 
matrices  h'^,  h'/.  */.  and  I'/  of  Sec.  IV.  B to  the  repre- 
sentation involving  partly  eigenfunctions.  This  requires 
a transformation  similar  (o  Eq.  (Dll), 
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(B17) 

where  Is  aa  X/Z^S'^Z  matrix  (.V- total  number  ot 
solutions  of  both  parities)  whose  precise  mathematical 
form  is  identical  to  in  Eq.  (DIO),  but  whose  actual 
structure  is  different  because  the  set  of  indices  in- 
volving the  matching  surface  basis  functions  of  Eq. 
(4.30)  will  assume  only  half  the  number  of  values  that 
the  asymptotic  solutions  do  (as  discussed  in  Sec.  IV.  C). 
Note  that  we  still  right  multiply  h^  by  J ^ in  Eq.  (B17) 
because  right  multiplication  corresponds  to  linearly 
combining  different  initial  conditions,  and  the  number 
of  these  is  always  .V.  Dy  writing  equations  analogous  to 
Eq.  (B17){orh'/,  IJ,  and!’/,  substituting  these  into 
Eq.  (4.  55)  (using  Eqs.  (4.  52)-(4.  54)  and  simplifying, 
we  obtain 


ly.  One  can  find  these  solutions  by  actually  diagonaliz- 
ing the  asymptotic  Hamiltonian  obtained  from  Eq.  (BIZ)^ 
or  by  performing  transformations  analogous  to  Eq. 

(Bll)  on  and  Oy.  Doth  procedures  lead  to  expres- 
sions for  and  identical  to  Eq.  (5. 10)  except  for  the 
following  two  changes: 

(a)  the  sum  over  in  that  equation  includes  only  (hose 
of  the  same  parity  as  is  s|)ccificd  by  the  signs  of 

and  Qj  appearing  in  (hat  equation.  (The  only  nonzero 
terms  wiU  always  Involve  and  B'^of  the  same  signs.) 
In  other  words,  when  0^,  2, 

•"  * 1*^  “>»t  when  G«01^0,  f,=J ♦>*  - 1,  • •• , IJ 
-;»i  ♦ 1- 

(b)  Equation  (5.  10)  is  to  be  multiplied  by  /..a'.,  where 


^ .I'/c:;-} . (du) 

where  the  ctrcumflox  symbol  implies  detinitions  analo- 
gous to  Eqs.  U.  52)-(4.  M)  (or  barred  (i.e.,  parity) 
quantities,  and 

From  Eq.  (4.49)  we  can  rewrite  as 

pU-  f ah'*  (^  \ 


# 

(afo) 


1/2 


for  n,=  0 or  n,  = 0 


/o.o,  = 


1 

Z 

0 


for  n,  = O.  = 0 
for  (l,xR„  >0 

(or  n,xn,<  0 . 


(BZ2) 


This  form  of  /e^o,  leads  lo  blork  diagonal  Ij  and  O,, 
matrlres,  thus  decoupling  the  reactance  and  scattering 
matrix  analysis  lor  solutions  of  different  parities. 


I j / jJ  » I /o,p.  i > 

'<•  0.0,  ” "0^-0,' 

where 


•’0,0. 


\//2 

1/2 

1 

I 0 


for  0 or  = 0 
for  = 0 

for  > 0 

for  n,xn^-  0 , 


(B20) 


(B21) 


and  the  upper  term  In  the  braces  is  used  for  0,,  5 0 

and  (he  lower  term  'nr  n,,  0.  It  should  be  evident 

from  Eq.  (B2U  that  s^^does  not  couple  terms  of  dif- 
ferent parity  nordoes  any  part  of  Eq.  (1118);  this  implies 
that  the  matching  procedure  can  be  done  separately  for 
solutions  of  each  parity.  It  should  also  be  noted  that  for 
a complete  set  of  matching  surface  functions,  the  two 
subblocks  of  s/i  corresponding  to  solutions  of  different 
parity  are  separately  orthogonal. 


A convenient  procedure  for  extracting  (he  asymptotic 
information  from  (he  matched  solutions  involves  first  a 
calculation  of  reactance  and  scattering  matrices  which 
are  defined  in  terms  of  parity  eigenfunctions.  This  is 
followed  by  a coupling  transformation  in  which  the  posi- 
tive and  negative  parKy  Sj  matrices  are  combined  to 
yield  the  body-fixed  matrix  of  Eq.  (5. 5).  From  that 
paint  onward  the  formulas  of  See.  V.  B must  be  used, 
since  the  plane  wave  scattering  solution  is  not  an  eigen- 
function of  * (as  seen  by  inspection  of  Eq.  (5. 24)|.  The 
parity  scattering  and  reactance  matrix  solutions  are  de- 
fined by  equations  identical  in  form  to  Eqs.  (5.4)  and 
(5.5),  or  to  Eqs.  (5.6)  and  (5.9),  tiut  the  incoming  and 
outgoing  solutions  t,  and  of  Eq.  (5. 10)  must  be  parity 
eigenfunctions  and  hence  satisfy  Eq.  (Dl2)  asymptottcal- 


When  these  expressions  for  and  are  substituted 
into  Eq.  (5.21)  along  with  the  parity  expressions  for 
• /*  correct  parity  reactance  matrix 

Ry  (analogous  to  R/  of  Eq.  (5. 18)]  is  obtained  (where 
wc  consider  R/  'o  contain  the  even  and  odd  parity  re- 
actance matrices  as  separate  subblocks).  This  may  be 
subsequently  converted  to  9^  via  an  equation  analogous 
to  Eq.  (5.7)  and  the  remark  which  follows  it.  The  rows 
and  columns  of  the  parity  scattering  matrix  may  then  be 
rearranged  to  form  the  body-fixt'd  scattering  matrix  Sy 
via 

= , (B23) 


where  the  3.Vx3.V  matrLx  ^ is  obtained  from  the  A’xy 
matrices  [whose  definitions  are  analogous  to 

Eq.  (D10)|,  by 


(B24) 


in  which  O is  an  .Vx.V  matrix  of  zeros.  Finally,  (he 
body -fixed  scattering  matrix  S/  used  to  calculate  the 
scattering  amplitudes  a(^ording  to  Eqs.  (5.  31)  and 
(S.  32)  is  obiainod  from  by 


(B25) 


It  should  be  noted  that  the  decoupling  of  the  integra- 
tion and  matching  procedures  described  above  to  gen- 
erate parity  eigenfunctions  is  completely  gcncral»  not 
depending  on  ar  idcnticlly  between  any  of  (he  three 
.atoms  A,  B,  C .omprising  the  system.  This  results  in 
an  appreciaoie  saving  of  computer  time  w'hrn  imple- 
ment big  this  calcuUtional  procedure.. 
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APPENDIX  C:  ORTHOGONAL  NATURE  OF  THE 
ARRANGEMENT  CHANNEL  TRANSFORMATION 
MATRIX 

In  this  Appendix  we  show  that  the  arranRement  chan- 
nel transformation  matrix  s defined  by  Eq.  (4.  49)  is 
real  orthORonal  under  certain  conditions  which  are 
easily  satisfied. 

The  definition  of  appearing  in  Eq.  (4. 49)  is 

A„) M d n»  I exp(^ A,. I JfV > , (Cl) 

where  \J^)  and  are  simultaneous  urthonormal 

eigenfunctions  of  J*  and  in  coordinate  system  Ox[y*z[, 
having  eigenvalues  «/,  f^^ndJ,  respectively;  they 
are  functions  of  6^,  and  and  the  integration  im- 
plied by  the  angular  brackets  is  performed  over  these 
three  angles  with  weighing  function  sin^i.  Keplacing 
Eqs.  (Cl),  (4.30),  and  (4.50)  into  Eq.  (4.49)  furnishes 

(s.'.)v^^<ivl'V><dy.ni|  exp(j  (C2) 

where 

|dfrn.>-A;Jo,(>,)|dn,).  (C3) 

(d>,nj  -A“o,(>,)<dnJ  , 

I 'v>  = ■^ :,(£»,  (C4) 

<fU  =«i;(C). 

The  integration  implied  in  {t\  I is  over  C.  and  the 
other  integration  in  Eq.  (C2)  is  over  the  independent 
variables  with  weighing  function 

ain>|8inf}^.  As  long  as  they  form  a complete  ortho- 
normal  set  of  functions  in  space,  the  form  a 

complete  orthonormal  set  in  >^,  space,  and 

Eq.  (C2)  can  be  written  as 


•;.=s''0exp(,yA;,), 

(C5) 

where 

1 A.J  J. . 1 ) 

(C6) 

and 

(5“)'  (ij.v) 

(C7) 

the  being  given  by  Eq.  (4.  50)  and  the  in  Eq.  (C5) 
representing  a direct  product  of  the  two  matrices  ap- 
pearing in  its  right-hand  side.  The  elements  of 
expf(f  /1)a/J  are  equal  to  the  integral  over  >|  in  ihe 
right-hand  side  of  Eq.  (4.49)  and  are  therefore  real  If 
the  functions  44||(,^(>i)  sre  real.  It  is  convenient  to  use 
the  notation  t#A>»  A];*n^(>i)  and  (AOjI  in 

terms  of  which  we  can  write 

|d>.n,).|j.n,)|dn,) 

and 

(di.n,|.<./n,|(An,|. 

Since  on  the  matching  surface  t,Kt  is  a function  of 
only  |see  Eq.  (4.  ll)j  and  operates  on  variables 
^1,  only,  Eq.  (C6)  can  be  written  as 


(A;.);;;Ij;;M>.n,|A..(>.)|;.n,)(jn.|d,.  |dn.>.  (CS) 

Each  o(  tlie  two  matrices  represented  by  ttie  lactors  In 
the  rlRht-hand  side  of  this  equation  is  llermilian  and 
therefore 


KOirnT 


(A.'.) 


from  which  we  conclude  that  A^^  is  Hermitian  and  that 
exp((»/h) AJjI  is  unitary.  U the  and  are 

separately  complete  sets  of  orthonormal  functions  which 
span  the  C space,  their  oierlap  matrix  S*'^  is  also  uni- 
tar)'.  then  is  the  direct  product  of  two  unitary  ma- 
trices and  therefore  is  unitary.  Furthermore,  IfS^^is 
in  addition  real  (as  will  be  the  case  if,  for  example,  the 
and  ^i^(C)  are  real),  and  the  are  also  real, 
so  is  s^k,  as  can  be  seen  b>'  inspection  of  the  right-hand 
side  of  Eq.  (4.  49).  We  conclude  that  if  and 

<5^(0  are  tu-o  complete  sets  of  orthonormal  functions 
which  span  Ihe  C space  and  are  related  by  a real  orthog- 
onal transformation,  and  if  is  a complete  set 

of  real  orthonormal  functions  which  span  the  space, 
then  the  arrangement  channel  transformation  matrix 
• real  and  orthogonal.  These  conditions  are  satis- 
fied by  the  A]|J(5^(>k)  of  Eq.  (4.  31),  the  <»ij(f:)  vibration- 
al basis  functions  appearing  in  Eqs.  (4.25)  and  (4.28), 
and  Ihe  analogous  functions  for  arrangement 

channel  v. 


If  Eq.  (C5)  Is  used  to  evaluate  t^k*  second  factor 
in  (he  right-hand  side  of  Eq.  (08)  can  be  calculated 
using  the  explicit  expression^’ 


(jn,  I . I jn. > - i * {!( j - n,) . n, . 1 )I • ' * 0^, 

-l(j.n.)(j-n,.i)l'"6o,.„^.,} . 

(C9) 
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Quantum  mechanical  reactive  scattering  for  three- 
dimensional  atom  plus  diatom  systems.  II.  Accurate  cross 
sections  for  H+Hj* 

George  C.  Schatz*  and  Aron  Kuppermann 

Arthur  Amot  Soyes  Laboratory  of  Chemtcal  Phyucs.*  Cah/ornta  tmtiiute  of  Tf  hnoUtgy.  Pautdi'na. 

Cah/ornta  VII2i 
(Rccnvrd  22  December  1975) 

Accurace  three-dimensional  reactive  and  nonreactise  quantum  mechanical  enw  ections  for  the  H -f  H* 
eachan|:e  reaction  on  the  Porter- Karplus  potential  energy  surface  are  present-  Tests  of  convergence  in 
the  calculations  indicate  an  accuracy  of  belter  than  5^  for  most  of  the  suits  in  the  energy  range 
considered  (0.3  to  0 7 eV  total  energy)  The  reaciise  difTerenital  crovs  sectir  ♦ are  exclusively  backuard 
peaked,  with  peak  widths  increasing  monotonically  from  aN^ut  32*  at  ft  . eV  to  51*  at  0 7 eV, 
Nonreactive  inelastic  differential  cross  sections  show-  backwards  to  sidewards  • aking.  while  elastic  ones  are 
strongly  forward  peaked  with  a nearly  momMonic  decrease  with  mere*  . g scaitenng  angle.  Some 
oscillations  due  to  interferences  between  the  firesi  and  exchange  amplitudes  are  obtained  in  the  para-to 
para  and  oriho-lo-ortho  antis)mmetri2ed  cross  sections  abose  the  tfTeclive  threshold  for  reaction 
Nonreactive  collisions  do  not  show  a tendency  to  satisfy  a *'/, -conserving"  selection  rule.  The  reactive  cross 
sections  show  sigmfK'ant  rofat.xmal  angular  momentum  pulanration  with  the  = m'^  &0  transition 
dominating  (or  low  reagent  rouiional  quantum  number  In  constrasi.  the  degeneracy  averaged  rotational 
dislnbuiions  can  be  filled  to  statistical  lempcraiurelike  expressnms  to  a high  degree  of  accuracy.  The 
integral  cross  scciKins  have  an  effective  threshold  total  energy  of  about  0.55  eV,  and  differences  between 
this  quantity  and  the  corresfxmding  ID  and  2D  results  can  largely  he  interpreted  a.s  resulting  from  bending 
motions  in  the  transition  state.  In  comparing  these  results  with  those  of  previous  approximate  dynamical 
caicutaiions,  we  find  best  overall  agreement  between  our  reacitve  integral  and  differential  cross  sections  and 
the  quasKlassKa)  ones  of  Karpluv  ?c..:r,  and  Sharma  (J  Chem  Phys  43.  3259  (1965)].  at  energies  above 
the  quasiclassicfd  effective  thresholds  This  results  in  the  near  equality  of  the  quantum  and  quasiclas&ical 
thermal  rate  constants  at  600  K.  At  lower  lemperaiurev,  however,  the  effects  of  tunneling  become  very 
uttportani  with  the  quantum  rate  constant  achieving  a value  larger  than  the  quauctassicaJ  one  by  a factor 
of  3.2  al  300  K and  14  at  200  K. 


I.  INTRODUCTION 

“Th«  u.idertying  physical  laws  necessary  for  the 
mathematical  theory  of  a larf^e  part  of  physics  and  the 
whole  of  chenifstry  are  thus  completely  known,  and 
the  difficulty  is  only  that  the  exact  application  of  these 
laws  leads  to  equations  much  too  complicated  to  be 
soluble.  ” This  legendary  statement  made  by  Dirac  in 
1929**  has  been  valid  for  the* 50  years  of  existence  of 
Schrodinger's  wave  mechanics,  **  at  least  insofar  as  the 
dynamics  of  chemical  reactions  arc  concerned.  Since 
the  advent  of  electronic  digital  computers  some  25 
years  ago,  very  large  strides  have  been  made  in  the 
accurate  ab  initio  calculation  of  electronic  wavcfunc* 
tions  of  atoms  and  molecules,  of  electronic,  vibra- 
tional, and  rotational  energy  levels  and  of  molecular 
equilibrium  geometries.  However,  until  very  recently, 
the  problem  of  accurately  solving  the  Schrddinger  equa- 
tion describing  the  dynamics  of  even  a verv  simple 
chemical  reaction  occurring  on  a given  potential  energy 
surface  remained  intractable,  owing  to  both  conceptual 
and  computational  difficulties.  These  difficulties  have 
now  been  overcome,  and  the  present  paper  describes 
accurate  results  obUined  for  the  If  4 H,  hydrogen  atom 
exchange  reaction.  • 

This  simplest  of  chemical  reactions  has  been  of 
fundamental  theoretical  Interest  In  the  field  of  chemi- 
cal dynamics  ever  since  the  beginning  of  quantum  me- 
chanics. Great  progress  In  understanding  It  has  been 
made  both  In  the  accurate  determination  of  i*s  ground 
state  electronically  adiabatic  potential  energy  surface.* 


and  In  the  approximate  calculation  of  the  corresponding 
cross  sections  and  other  dynamical  quantities.**^*  A 
long  sought  objective  of  these  dynamical  studies  has 
been  the  accurate  quantum  mechanical  treatment  of  the 
three-dimensional  collision  dynamics.  Such  an  accu- 
rateinitio  calculation  for  H4|^  is  important,  for 
this  system  has  served  as  a prime  example  In  the  de- 
velopment and  testing  of  approximate  reaction  dynamic 
theories  such  as  quasictassical  methods.**"*  semi- 
classical  methods.**"*  and  approximate  quantum  meth- 
ods.  In  addition.  H+  H,  has  been  valuable  in 

the  development  of  transition  state  theory.  " In  the 
characterisation  of  tunnelling^**'**  and  of  the  concept 
of  vibrational  adiabaticity,  and  in  analyzing  the  ef- 
fects of  changes  in  the  potential  energy  surface  on  Ihe 
reaction  dynamics  **  Much  cf  our  understanding  of  the 
influence  of  Initial  rotational*  and  vibrational"*  state 
on  chemical  dynamics  coi  tes  from  studies  on  this  sys- 
tem as  does  our  knowledge  concerning  the  influence  of 
varying  impact  parameter**"*  or  total  angular  momen- 
tum.  **’*"••*  of  resonance  and  direct  reaction  mecha- 
nisms. and  other  dynamical  effects.  Nonreactive 
elastic  and  inelastic  H4H|  collisions  have  also  been  of 
theoretical  Interest  In  the  analysis  of  rotational  excita- 
tion and  deactivation  processes.  and  in  exam- 

ining the  nature  of  the  competition  and  Interference  be- 
tween reactive  and  nonreactive  processes.  a num- 

ber of  reactive  and  nonreactive  experimental  studies 
of  H4  H|  and  Its  Isotopic  counterparts  have  been  done 
ranging  from  kinetic  rate  constant  determinations**  to 
hot  atom**  and  molecular  beari^*  experiments.  The  In- 
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teractton  of  theory  and  orperlment  has  been  of  mutual 
benefit  throughout  their  respective  evolutionary  develop- 
ments. 

In  a previous  paper*’ we  presented  a method  for  ac- 
curately solving  the  Schrddinger  equation  for  the  dy- 
namics of  the  three-dimensional  collision  of  an  atom 
with  a diatomic  molecule  on  a single  electronically 
adiabatic  potential  energy  surface.  This  method  was 
an  extension  of  an  earlier  coplanar  method”  which  has 
since  been  used  extensively  to  study  the  2DH  ♦ Hj  sys- 
tem. '*  In  the  present  paper  we  describe  the  results 
of  an  application  i,  this  3D  procedure  to  H ♦ H,.  These 
results  Include  reactive  and  nonrqactive  transition 
probabilities,  integral  and  differential  cross  sections, 
and  reagent  and  product  rotational  state  distributions. 
These  results  are  extensively  compared  with  those  of 
earlier  3D  approximate  reactive  and  nonreactlve  cal- 
culations. and  with  ID  and  2D  accur.ate  ones.  Some  of 
the  comparisons  between  the  accurate  2D  and  3D  cal- 
culations were  considered  in  preliminary  comme''ica- 
tlons.  *•*'  and  we  shall  elaborate  upon  them  hcie  by  de- 
veloping simple  dynamical  models  for  relating  results 
of  different  dimensionality.  Additional  topics  considered 
Include  the  effects  of  indistinguishability  of  particles, 
angular  momentum  decoupling  approximations,  and 
thermal  rate  constants.  In  the  present  calculations,  we 
use  the  semiemplrlcal  Porter- Karplus*'  potential  sur- 
face. This  surface  has  been  the  subject  of  several 
earlier  studies,  thus  enabling  comparisons  of  those  re- 
sults and  ours  without  ambiguity  being  introduced  by  the 
use  of  different  potentials.  Results  for  the  more  ac- 
curate surface  of  Liu*'  (as  parameterized  by  us)  will  be 
deferred  to  a later  publication. 

Section  n provides  a brief  outline  of  the  procedure 
used,  and  of  the  computational  considerations  govern- 
ing convergence  and  accuracy.  The  results  for  the 
Porter-Karplus  potential  energy  surface  are  given  in 
Sec.  ID,  and  Sec.  IV  includes  a summary  of  the  more 
significant  conclusions. 

II.  THE  CALCULATION 
A.  Summarind  description  ol  the  method 

The  method  used  to  solve  the  Schrodinger  equation 
for  three-dimensional  reactive  and  nonreactlve  H*  Hj 
collisions  has  been  extensively  described  in  the  preced- 
ing paper.”  The  space-fixed  and  body-fbied  coordi- 
nates and  systems  of  reference  considered  are  de- 
scribed In  Sec.  nC  and  Fig.  2 of  that  paper.  The  cal- 
culation Is  done  in  body-fixed  coordinates.  Rotational 
motion  Is  described  by  quantum  numbers/,  and  tl,, 
where  the  tumbling  quantum  number  (1,  is  associated 
with  the  tumbling  angle  and  the  component  of  rota- 
tional angular  momentum  along  the  Oz(  (body-fixed) 
axis  which  passes  through  atom  A,  and  the  center  of 
mass  of  the  ApA,  diatom.  As  shown  previously.  **  the 
component  of  the  orbital  angular  momentum  about  OzJ 
la  aero,  so  n,  is  also  associated  with  the  projection  of 
the  lolal  angular  momentum  along  that  axis.  In  order 
to  simuluneously  satisfy  both  criteria,  0,  must  obey 
the  Inequality 


0,  = mln(J,^,),  (2.1) 

where  J is  the  total  angular  momentum  quantum  num- 
bei. 

Of  crucial  significance  in  the  body-fixed  coordinate 
system  of  Fig.  2 of  the  preceding  paper  Is  the  fact” 
that  the  kinetic  energy  operator  couples  vibration- rota- 
tion states  with  different  fl,  tumbling  quantum  numbers 
but  the  same  vibrational  and  rotational  ones  (u,/,), 
while  the  potential  energy  coupling  Is  diagonal  in  ^ but 
not  in  i\/,.  This  allows  for  the  approximate  separation 
of  effects  due  to  tumbling  of  the  three  atom  plane  about 
OzJ  from  those  due  to  the  Interaction  potential  energy, 
and  we  shall  examine  this  separation  in  Sec.  m.  In 
addition,  it  provides  for  the  natural  development  of 
centrifugal  decoupling  schemes,  which  will  be  discussed 
in  future  publication.  Once  the  body-fixed  fully  coupled 
Schrddinger  equations  are  set  up,  they  are  solved  In 
two  steps.  The  first  one  involves  a numerical  integra- 
tion of  these  coupled  equations  through  each  arrange- 
ment channel  region  in  coordinates  appropriate  to  that 
region.  This  is  followed  by  a second  step  In  which  the 
solutions  thus  generated  In  each  of  the  three  arrange- 
ment channel  regions  are  smoothly  matched  to  one 
another  on  a set  of  three  surfaces  which  separate  these 
regions  in  a symmetrized  coordinate  space  in  which  all 
three  arrangement  channel  coordinates  are  treated 
equivalently.”  The  resulting  solutions,  which  are 
smooth  and  continuous  everywhere,  are  then  linearly 
combined  to  yield  the  appropriate  reactance  and  scatter- 
ing partial  wave  matrix  solutions  which  are  then  com- 
bined to  form  the  full  scattering  solutions.  By  using 
helicity  representation  scattering  amplitudes,  we  ob- 
tain a very  simple  relationship  between  these  ampli- 
tudes and  the  body-fixed  partial  wave  scattering  ma- 
trices Sy,  namely  [from  Eq.  (S.31)ofthe  precedii« 
paper). 


' vj:  „ / 
* Vv 


I V'l-  •> 


/•o  A*  **»a*/4 


(2.2) 


where  the  reagent  state  has  = .M  = - fl,  and  the  prod- 
uct state  has  for  all  If.  and  repre- 

sent the  appropriate  (unsealed)  velocities  and  wave  num- 
bers and 


'»  f»* 


(9,,) 


is  a Wlgner  rot.-tlon  function  (in  the  notation  of  Davy- 
dov)* of  the  scattering  angle  9,.. 

For  H«H|,  the  problem  can  be  simplified  consider- 
ably because  of  arrangement  channel  symmetry  and 
even-odd  decoupling  within  each  arrangement  channel 
(as  described  in  the  preceding  paper).  A major  con- 
sequence of  these  symmetry  properties  Is  that  only  two 
scattering  amplitudes  between  a given  Initial  state 
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lim,  and  final  stale  v'j'm'i  (where  nj  Is  an  abbreviation 
for  »i^)  need  be  considered:  the  nonreactive  (or  direct) 
one  (labeled  AO  and  the  reactive  (or  exchange)  one 
(labeled  R).  Thus  all  the  arrangement  channel  indices 
X and  X in  Eq.  (2. 2)  nay  be  dropped  as  long  as  the 
symbols  \ or  H are  included  as  appropriate.  As  an  ad- 
ditional consequence,  nonreactIve  transitions  between 
even  and  odd  rotational  states  are  forbidden.  From  the 
reactive  and  nonreactive  scattering  amplitudes  /*  and 
/*,  one  may  then  calculate  differential  (distinguishable 
atom)  cross  sections  via 


I*. 

* 

(2. 3) 

so  that  the  Integral  cross  section  is  given  by 

= ^ g(2,7r,,  It;. 

(2.4) 

where 

c* 

and  ‘ ‘ 

(2.  5a) 

T*  - CS 

• r- • - “ * r»j  • 

(2.  5b) 

The  transition  probability  Is  given  by 


P a - I C 


(2. 6) 


If  we  consider  the  effects  of  parity  symmetry  on  the 
cross  sections,  we  find*^ 


. *• 


J 


. X, 


(2.7) 


with  analogous  expressions  valid  for  9 and  Pj.  The 
angle  9 of  Eq.  (2.  3)  refers  to  the  direction  of  the  scat- 
tered H atom  with  respect  to  the  reagent  H atom  beam. 
For  reactive  collisions,  a more  customary  angle  to 
use  is  9„,  which  is  the  angle  of  the  product  H,  with  re- 
spect to  the  Incident  H,  and  is  the  supplement  of  0 (i,  e, , 
9f  = t-e). 

For  H + H2,  the  physically  measurable  cross  sections 
must  be  obtained  from  wavefunctions  whieh  have  been 
properly  antisymmetrized  with  respect  to  Interchange 
of  any  two  nuclei.  This  can  be  done  by  the  technique 
of  postantlsymmetrization  as  was  detailed  in  the  pre- 
ceding paper,  and  leads  to  the  following  indistinguish- 
able-atom differential  cross  sections  (labeled  by  the 
symbols): 


I/.',.  (7,7'cvon,  para-para) 

2 I*  (7  even,  7'  odd,  para -ortho) 


1 1/  I' 


* (7  odd,  7'  even,  ortho— para) 

{I/.'t.,  (‘}  (7,/ odd,  ortho  - ortho). 


(2.8) 


wit'ht  transitions,  the  antlsymmetrlzed  cross  sections  arc  proportional  to  the  reactive 

tions'  there  constant  of  3(1),  so  cither  quantity  gives  equivalent  Information.  For  other  transi- 

tions, there  will  be  Interference  between  direct  and  exchange  amplitudes  as  is  Implied  in  Eq.  (2.8). 


Since  the  rotationai  sublevels  for  a plvcn  vibration- 
rotation  state  arc  degenerate,  we  may  define  both 
Integral  and  differential  degeneracy* averaged  cross 
sections  by  (valid  for  R,  S,  orM  transitions); 

^ .p.,  (2. ») 

and 

®r<-.'f'277i  21,  £ (2.10) 

We  may  also  sum  these  cross  sections  over  all  final 
states,  obtaining 

(2.11) 

(2. 12) 

(2. 13) 


( 

with  an.-ilogous  expressions  holding  for  the  integral 
cross  sections  with  Q substituted  for  o.  The  factor  of 
2 In  Eq.  (2. 12)  arises  from  a sum  over  the  two  equiva- 
lent reactive  arrangement  channels  (In  a distinguish- 
able-atom sense).  Finally,  we  may  wish  to  define  the 
rross  sections  In  which  the  final  state  is 

restricted  to  being  para  (ortho).  The  corresponding 
Mpreaston  Is  analogous  to  Eq.  (2.  13)  w th  the  sum  over 
i In  the  right-hand  side  restricted  to  even  (odd)  values, 
and  a similar  equation  defines  the  integral  cross  sec- 
tlon 

B.  Convergence  end  accuracy  tests  and  calculational 
details 

In  order  to  cstabllah  the  reliability  of  the  results  of 
these  calculations,  a number  of  convergence  and  ac- 
curacy tests  were  performed,  including  (a)  tests  of  flux 
conservation  and  microscopic  reversibility,  (b)  tests  of 
Invariance  of  the  rcsulls  with  respect  to  the  Inclusion 
of  additional  vibrational  or  rotational  basis  fbnctlons  In 
the  close  coupling  expansion,  (c)  teste  of  Invariance  of 
the  results  with  -espect  to  a change  In  the  number  of 
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TABLH  I.  Nonreaclivc  (N)  arnl  re:ictivc  UU  transition  probability  matrices  (or  £ -0.60  cV,  J -0,* 


M \ 

(00) 

(01) 

(02) 

(03) 

(04) 

(05) 

(06) 

' 

400) 

0.0538 

0 

0.739 

N 

0 

0.0195 

0 

0.3984-8) 

(01) 

0 

0.  460 

0 

0. 226 

0 

0.2154-3) 

0 

(02) 

0.  741 

0 

0.0690 

0 

0. 0303 

0 

0.  761  (-8) 

(03) 

0 

0.226 

0 

0.742 

0 

0.2194-2) 

0 

(04) 

0. 0196 

0 

0.0304 

0 

0.948 

0 

0.  8224-7) 

(05) 

0 

0.222(-3) 

0 

0.219(-2) 

0 

0.998 

0 

(06) 

0.328(-8) 

0 

0.642(-8) 

o 

0 

0.867(-7) 

0 

1.000 

(00) 

0.0249 

0.0422 

0,0219 

It 

0.425(-2) 

0.2514-3) 

0.  2494-5) 

0.3344-9) 

(01) 

0.0415 

0.0713 

0.0361 

0.694(-2) 

0.4104-3) 

0.3934-5) 

0.5584-9) 

(02) 

0.0220 

0. 0368 

0.0183 

0.331(-2) 

0. 177(-3) 

0.  1724-5) 

0.2794-9) 

(03) 

0. 42U-2) 

0.G99(-2) 

0.327(-2) 

0.&37(-3) 

0.273(--l> 

0.3384.5) 

0.5444-10) 

(04) 

0.257(-3) 

0.411(-3) 

0. 183(-3) 

0.280(^) 

0. 1774-5) 

0.  462(.7) 

0.431(.]1) 

(05) 

C.280(.5) 

0.  451(-5) 

0.  202(-5) 

0.406(-6) 

0.6014-77 

0.2154-8) 

0.1164-12) 

(06) 

0. 197(-9) 

0.318(.9) 

0. 147(-9) 

0.2854-10) 

0.3374-11) 

0. 1134-12) 

0.7674-17) 

Sums^ 

1.0005 

1.0018 

0.9981 

0. 9997 

1.0000 

1.0000 

1.0000 

•All  projection  quantum  numbers  tUf  and  m]  arc  zero.  Numbers  in  parentheses  indicate  the  power  10  by  which  the  numberprccedlng 
it  should  be  multiplied. 

^um  of  probabilities  from  a given  initial  state  over  alt  possible  final  states  and  arrangemettf  channels. 


I 


terms  used  to  expand  the  potential  [see  Eq.  (2. 14)  be- 
low], and  (d)  tests  of  invariance  of  the  results  with  re- 
spect to  a change  in  the  nature  of  the  reference  poten- 
tial V„,(r|,  used  to  generate  vibrational  basis  func- 
tions for  the  integration.  Two  additional  tests  are  (e) 
the  Invariance  of  the  results  with  respect  to  a change 
in  the  matching  surface  basis  functions,  and  (f)  the  ef- 
fects of  lack  of  completeness  of  these  matching  surface 
functions  on  the  ortho  to  para  nonreactive  transition 
probabilities.  These  latter  two  tests  were  not  per- 
formed, but  the  analogous  planar  tests'*  indicated  that 
both  effects  were  not  important  in  that  calculation. 

Since  comparable  planar  and  3D  vibration- rotation  ba- 
sis sets  and  matching  surface  functions  were  used  in 
the  t .0  sets  of  calculations,  we  have  assumed  that  the 
matching  surface  basis  functions  of  Eq.  (4.  28)  of  the 
preceding  paper  will  produce  adequate  (S'c  or  better) 
convergence  of  the  3D  results. 

Conservation  of  flux  and  microscopic  reversibility 
may  be  tested  by  examining  the  probability  matrices 
for  each  partial  wave,  an  example  of  which  is  given  in 
Table  I lor  total  energy  £ . 0.  6 eV  and  J -0.  Flux  con- 
servation requires  that  the  sum  of  each  row  or  column 
of  P/  should  equal  unity,  while  microscopic  reversibil- 
ity requires  that  P,  be  symmetric.  In  the  table  we  see 
that  both  of  these  properties  are  well  satisfied  (0. 181 
maximum  deviation  from  flux  conservation  and  31  from 
symmetry  for  probabtlltles  greater  than  10**).  In  the 
results  presented  In  this  paper,  we  consider  the  energy 
range  0. 3-0, 7 eV.  For  energies  £ In  the  range  0. 3- 
0.6  sV  (Including  all  J),  we  find  maximum  deviations 
from  flux  conssrvation  of  H and  from  symmetry  101 
(for  nonnegUglble  probabilities).  Betwee:.  0. 6 and  0. 7 
sV  we  find  41  maximum  deviatlona  from  flux  conserva- 
tion and  1S1  from  symmetry.  In  order  to  obtain  re- 


sults of  this  quality,  we  used  the  vibration- rotation 
basis  sets  specified  in  Table  II.  For  J^O,  Eq.  (2.1) 
greatly  reduces  the  number  of  channels  coupled,  thus 
reducing  computation  time,  allowing  us  to  use  more 
complete  basis  sets.  This  leads  to  excellent  results 
for  the  J-0  probabilities  (with  accuracies  similar  to 
or  better  than  those  in  Table  I at  all  energies  con- 
sidered). However,  for  larger  J,  the  number  of  pro- 
jections n increases  greatly.  This  leads  to  prohibitive' 
ly  large  computation  times  If  basis  sets  analogous  to 
those  for  J-0  are  used.  The  ones  actually  used  are 
those  described  in  Table  II.  The  above  mentioned  ac- 
curacy limits  were  obtained  with  them. 

Convergence  with  respect  to  the  inclusion  of  addi- 
tional vibrational  or  rotational  channels  is  examined  in 
Table  III.  In  Part  A of  that  table,  we  examine  several 
important  transition  probabilities  at  £ = 0. 65  eV,  .1=1 
for  three  different  rotational  basis  sets  (all  with  (our 
vibrations).  Upon  changing  from  a y.u  - S to  a - 6 
'basis  set,  we  find  changes  of  less  than  11  in  all  prob- 
a'oilities.  In  Part  B we  examine  several  0.65  eV,  J 
= 0 probabilities  with  four  and  five  vibrations  (all  with 
= 7).  Here  we  find  41  maximum  change.  An  ex- 
amination of  the  nature  of  the  convergence  properties 
with  respect  to  the  inclusion  of  additional  basis  func- 
tions was  examined  in  greater  detat.  in  the  planar  cal- 
culation"* where  we  found  that  typically  four  vibrations 
and  = 5 were  required  for  51  convergence.  A less 
extensive  study  of  the  three-dimensional  results  indi- 
cates similar  convergence  properties  and  the  results 
of  Table  III  are  in  agreement  with  this  statement. 

The  two  criteria  (c)  and  (d)  mentioned  at  the  begin- 
ning of  this  section  refer  to  changes  in  the  representa- 
tion of  the  potential  V*(r.,  At,  >.)  [where  r.  is  the  angle 
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TABLE  n.  Basis  sets  used  and  associated  computation  times  for  each  partial  wave. 


Computation  times  (IBM  370/IS8)* 


J 

No.  of 
vibrations 

iuAX* 

Total  No.  of 

roUtiooal 

states 

.\* 

Number  of 
channels 

Integration 
time  (min) 

Total 
time  1 

0 

7-U 

6-12 

32-60 

40 

n 

14 

1 

4 or  S 

5 or  6 

14  or  18 

56-90 

90 

42 

54 

2 

4 

S 

22 

86 

88 

37 

48 

3 

4 

4 or  5 

20  or  26 

92^ 

92 

36 

47 

£4 

4 

4 or  S 

20  or  30 

100* 

100 

47 

61 

is  the  largest  value  of  > within  each  rotational  manifold. 

^otal  number  of  channels  included  in  each  arrangement  channel. 

'Computation  times  are  (or  double  precision  arithmetic  and  the  number  of  channels  indicated  and  apply 
to  computations  for  which  both  ortho-para  and  parity  decoupling  are  used.  The  differcoce  between  the 
total  time  and  the  integration  time  is  the  time  used  in  the  matching  procedure  and  asymptotic  analysis, 
defers  to  a basis  with  36  rotational  states  (or  e ~ 0.  1 , ^oid  20  (or  r - 2. 3. 

'Refers  to  a basis  uith  30  rotational  states  forr-O,  and  20  for  e -2,3. 


between  and  (Fig.  1 of  preceding  paper)],  and  In 
the  character  of  the  reference  potential  used 

to  generate  the  vibrational  eigenfunctions.  As  detailed 
in  the  preceding  paper,  the  potential  is  expanded  in  a 
series  of  Legendre  polynomials 

V*(r.,  R.,  >,)  = »'.*(»•..  «»)  P.icosy^),  (2.  M) 

where,  for  an  atom  plus  homonuclear  diaiomic  mole- 
cule system  like  H + Hj,  (he  sum  over  k includes  only 
even  terms.  In  an  actual  calculation,  Eq.  (2. 141  is 
truncated  after  n terms  (such  as  n = 31.  This  procedure 
is  justified  if  the  resulting  probabilities  are  not  signifi- 
cantly changed  when  an  additional  term  is  added.  To 
evaluate  the  effects  of  char.ging  n,  we  compare  in  Table 
rv  the  results  of  calculations  with  n-2,Z,  4,  and  5 for 
selected  transition  probabilities  at  two  different  encr- 
l.^es.  Although  the  ti  = 2 results  are  often  significantly 
In  error  (by  as  much  as  30'il,  we  find  less  than  Ti 
changes  in  going  from  n = 3 to  n = 4 and  virtually  no 
Ciiange  at  all  ingoing  from  n=4  to  >i  = 5.  All  calcula- 
tions of  this  paper  other  than  those  whose  results  are 
presented  In  Table  IV  used  n = 3.  The  reference  po- 
tential V',,  which  is  used  to  numerically  generate  the 
vibrational  basis  functions  according  to  the  procedure 
of  Ref.  29  still  allows  for  some  freedom  of  choice  in 
the  interaction  region  due  to  nonseparability  of  vibra- 
tional motions  from  translational  or  rotational  ones.  In 
the  coplanar  calculations,  two  different  choices  of  the 
reference  potential  ( = Efr,,  R,,  = 0)  and  vj,, 

* were  used.  A comparison  of  these  calcula- 

tions indicated  that  tor  basis  sets  with  four  or  more  vi- 
brations, the  results  from  the  two  reference  potentials 
differed  by  less  than  5%.  A limited  number  of  three- 
dimensional  calculations  indicates  a beliavior  compara- 
ble to  the  planar  case. 

III.  RESULTS  FOR  THi'EE  DIMENSIONAL  H + H, 

A.  Transition  probabilities 

Id  this  section  we  examine  the  J dependence  of  the  re- 
active and  Inelastic  transition  probabilities  in  the  ener- 
gy range  0. 3-0. 7 eV.  Figures  l(al  and  2(s)  present  the 


reactive  probabilities  P/^oo-oi  (summed  over  final  m’,). 
These  figures  indicate  that  the  probability  is  a rapidly 
decreasing  function  of  J with  a peak  near  J = 0 for  all 
but  the  highest  energy  considered.  If  we  define  Juax 
as  the  lowest  value  of  J for  which  has  de- 

creased to  less  than  l%of  Its  maxinum  value,  then 
•fuAx  Is  4 at  0.  3 eV  and  increases  monotonically  to  about 
10  at  0.  7 eV.  The  contributions  of  these  transition 
probabilities  to  the  integral  reaction  cross  sections  are 
weighted  by  the  factor  2^.1  (see  Eqs.  (2.  4)-(2. 6)|. 
Figures  l(b>  and  2(bl  depict  the  product  (2J*  1) 


TAOI.K  m.  Nonre.vctive  and  reactive  transttlon  probabilities 
for  £ ‘ 0. 65  cV. 


IransUion 
(i  j — e'.i') 

Reactive  or 
nonreactlvc 

atV'56) 

Basis 

MV -721 

set 

eW^64) 

A,  J = 1,  m 

l = ’.'/  = 0 

00—02 

N 

0.531 

0.527 

0.531 

01  —03 

N 

0.193 

0.186 

0.186 

00  — 00 

R 

0. 0404 

0.0408 

0.0402 

00  — 01 

R 

0.0740 

0.0741 

0. 0739 

Ol-Ol 

R 

0. 134 

0. 135 

0. 134 

rf(R-321 

MV  >^40) 

B.  s/*0,  n;j 

00  — 02 

N 

0.517 

0.512 

01—03 

N 

0,223 

0.216 

00-00 

R 

0.0432 

0.0434 

00—01 

R 

0.0780 

0.0602 

01—01 

R 

0.145 

0. 150 

Basis  sets* 

a.  4 vibrations,  14  rotatlonA/vfbration 

b.  4 vibrations,  18  rotatlons/vlbratloii 

0.  4 vibrtlloos,  18  rotations  for  V' 0,1,-  14  for. >3, 4 

<L  4 vibrations,  8 rotatlona/vlbratlon 

e.  5 vibrations,  8 rotatlons/vlbrallon  7) 

*In  each  basis  set,  all  values  of  the  projection  quantum  Dumb«-n 
compatible  uith  angular  momentum  restrictions  snd  with 
matching  restrictions  were  Included  (see  Sec.  11 A snd  pre- 
ccdlug  paper).  , 
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FIG.  1.  la)  Reaction  probability  (aummcd  ovrr  final 

m])  aa  a functioa  of  J for  tot*)  cn  rgiea  £ = 0, 30.  0. 35,  0, 40. 
and  0.45  eV.  (b)  The  name  reaction  profa.ihilltlrs  multiplied  by 
2J  * 1.  The  acale  factors  irKlicated  for  the  last  three  enerKirs 
are  the  numbers  by  which  the  probabilities  were  i.mlllplied  be- 
fore being  plotted. 


X ^*J,oo-oit  »n<*  oee  partial  wave  which  glvea 

the  largest  contribution  to  9ao-oi  varies  from  >/  = 1 at 
0. 3 eV  to  </<4  at  0.  7 eV.  To  examine  the  contributions 
of  the  different  projection  quantum  numbers  to  the 
curves  in  Figs.  1(a)  and  2(a),  we  plot  in  Fig.  3 the  re- 
action probabilities  F’7,ooo-siw)  '0,  a 1 (and  their 

sum)  at  £ a 0. 3 eV.  It  is  apparent  from  the  figure  that  mj 
aO  makes  the  liominant  contribution  to  £7,00-01 
transition  at  all  J tor  which  the  transition  probability  is 
nonnegligible.  The  m{  ag  i probability  (which,  from  the 
P/  analog  of  Eq.  (2.  7),  is  independent  of  the  sign  of  m{) 
shows  a peak  near  <7  a 4 followed  by  asomewhat  slowerde- 


crease  with  increasing  J than  is  exhibited  by  the  > 0 
probability.  Anexamination  of  other  transition  probabil- 
ities at  0.6  elf  indicates  thatingeneral,  the  tn,=  0 to  mJaO 
reactionprobabllityls  the  dominant  one  foragiven  17  and 
v'J'.  Thlseffect  becomes  less  important  as  either  </, 

J,  or  j'  Increase,  as  is  illustrated  in  Fig.  4 for  the 
probability  P7,ooo-na)i  but  it  remains  a general  fact 
that  the  nt/  = »i(  ^ 0 transition  probability  is  the  largest 
one  for  tnij-i.  This  statement  is  also  true 

fr.r  other  energies  considered.  Its  effect  on  the  Inte- 
gral cross  sections  will  be  discussed  in  Sec.  UIC. 

Let  us  now  consider  the  meaning  of  this  rotational 


FIG.  2.  fa)  Reaction  probability  P/,»,.fi  analogous  to  Ftg,  1 
as  a function  of  J at  £ ■ 0. 50,  0. 55  , 0. 60,  0. 65,  and  0. 70  eV. 
fbl  2J  1 times  these  reaction  probabilities.  Seale  faolora  have 
the  same  meaning  aa  in  Fig.  1. 
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TABLE  IV.  Convergeoce  of  selected*  nonre^ictive  and  reactive  transition  probabilities 
with  respect  to  number  of  terms  includ.^  (a  expansion  of 


Energy 

Reactive 

or 

ivj)  ip'J*)  nonreactIve 

2 

Number  of  terms 

3 4 

5 

0. 55  eV 

00  — 02 

aV 

0.737 

0.707 

0.706 

0.706 

01-03 

s 

0.153 

0. 161 

0.161 

0.161 

00-00 

A 

0.720(.^) 

0.483(-2J 

0.511(-2) 

0.51l(-2) 

00-01 

R 

O.0Ui» 

0.Bn(.2) 

0.8381-2) 

0.84'»(-2) 

01—01 

R 

0.  0206 

0.0130 

0.0135 

0.013S 

0.625  eV 

00  — 02 

.V 

0.60S 

0.642 

0. 629 

0.624 

01-02 

A' 

0.206 

0.225 

0.224 

0.220 

00-00 

A 

0.0400 

0.0353 

0. 0372 

0.  0377 

00  — 01 

A 

0.0726 

0.0641 

0.0655 

0.0673 

01  — 01 

A 

0.128 

0. 115 

0. 117 

0. 120 

*Onl>  J - ntf  - m)~0  transition  probabilities  are  coasiderod  in  this  comparison.  Nota- 
tion Is  analogous  to  Table  I.  Numbers  in  parentheses  indicate  the  p'lwcr  of  10  by 
which  the  numbers  preceding  them  should  be  multiplied. 

*The  expansion  is  given  in  Eq.  (2. 14). 


projection  quantum  number  **quasi  selection  rule.  '*  In 
the  helicity  representation  being  used,  the  rotational 
wavefunction  of  the  diatom  at  large  distances  from  the 
atom  Is  y/.-.  (>>.  before  the  collision  (except  for  a 
phase  factor)  and 

after  the  collision.  For  the  Porter-Karplus  potential 
used,  linear  orientations,  corresponding  to  >.  and  y.. 
equal  to  0 or  »,  greatly  favor  reaction  over  other  ori- 
entations. (The  linear  barrier  height  is  0.  396  eV,  while 
the  perpendicular  one  Is  about  2.  8 eV. ) Since  those 
spherical  harmonics  have  nodal  lines  along  these  nirec- 
tions  unless  the  polar  component  of  the  ai^tular  momen- 
tum vanishes,  we  conclude  tliat  the  nt/  -ni'f-O  reaction 
probabilities  sliould  be  larger  than  all  others,  in  agree- 
ment with  our  results.  This  can  be  visualized  classi- 


cally by  recalling  that  initially  fl^-in,  so  (hat  tHf-O 
implies  (for  nonzero  J1  that  the  axis  of  rotation  is  per- 
pendicu.ar  to  Ihe  direction  of  approach,  as  schematically 
indict  led  in  Fig.  5,  In  this  situation,  twice  during  each 
diatoi.i  rotation  the  three  atoms  go  through  ::  colUnear 
configuration  (for  zero  impact  parameter  collisions). 
For  Ilf)  a 0 no  collinear  configurations  are  sampled. 

After  the  collision,  ^ (T  so  tliat  again  only  for  ^0 
can  we  have  a postcollision  linear  orientation  (regard- 
less of  the  scattering  angle).  We  should  also  note  Uut 
the  isolated  diatom  rotational  period  {2.  7x 
* 1)|  '^'sec}’  is  generally  larger  tlun  the  Interaction 
time  (which  is  less  tiian  3x10*'*  sec’^  for  the  energies 
considered  here)  so  that  t)ie  rotational  motions  are 
generally  slow  compared  to  collision  times  at  tliese 
energies  and  Ihe  collision  orientation  does  not  change 
rapidly  during  the  approach  and  departure  steps.  This 


I 


I 


FIG.  9.  Reactioo  probaNlity  vb  J for  m)  *0*  < 1 tl 

0.60  eV  Iota)  energy  (£•*’0.328  e\*).  Curve  labeled  Bum  <b  the 
■um  of  the  probabilities  over  ttt].  Scale  (actor  has  the  same 
meaning  m in  Fig.  1. 


FIG.  4.  netc*lon  probability  vb  J for  mj  *0, 1 1, 

« 2,  i 3 at  0. 60  eV  total  energy,  analogous  to  Fig.  9. 
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KIG.  S.  Inllucocc  of  projection  quantum  number  wi^lfor  > 'Ot 
on  the  allrmed  relative  orientatlua.s  of  atom  tA)  »ith  resiiect  to 
diatom  (BCi  for  rero  Impact  tetrameter  colIiat<>ai:  (a>  0 

initially  so  that  the  rotational  anipilar  momeraum  vector  la 
perpemlicu'.ar  to  direction  of  relative  m>tion;  ib;  tn,  >0  initial- 
ly so  that  the  J vector  lies  on  a cone  about  the  relative  nuaii.n 
vector  and  maVea  an  acute  anttle  vi-h  it.  In  both  iai  and  ltd  the 
rotation  plane  of  the  diatom  la  imlicatcd  by  the  smaller  cllitinc. 


analysis  Indicates  not  only  that  the  riiy  a nij  = 0 reaction 
probability  should  be  larger  than  alt  others,  av  pointed 
out  above,  but  also  explains  why  this  rule  becomes  less 
rigid  for  large  J (in  which  case  nonzero  impact  param- 
eter collisions  can  lead  to  linear  orientations  for  m,, 
niySO)  and  for  large  } (where  the  diatom  rotates  fast 
enough  to  change  the  orientation  rapidly  during  the  col- 
lision, thus  reducing  the  advantar*  of  a linear  orienla- 
tior.  at  any  one  point  durii^  the  collisiorl.  As  a second 
prediction  of  this  model,  we  would  expert  tliat  those 
transition  probabilities  for  which  m,  - 0 or  nij  = 0 (but 
not  both)  and  the  corresponding  integral  reaction  cross 
sections  should  dominate  over  those  lor  which  neither 
mj  nor  rtif  are  zero.  We  shall  see  in  .Sec.  IIIC  that  this 
prediction  is  coriect.  We  emphasize  that  this  piojec- 
tion  quantum  number  selection  rule  presupposes  (a)  a 
potential  surface  which  favors  linear  orientations,  and 
(b)  that  the  projection  quantum  numbers  are  referenced 
to  (he  body  fixed  coordinate  system  of  Tig.  2 of  the  pre- 
ceding paper.  The  latter  condition  is  important  be- 
cause it  singles  out  the  m,  or  »ij  vQ  collisions  as  lead- 
ing to  a linear  collision  orientation  with  a greater  prob- 
ability than  ntf  or  mj*0.  By  rotating  the  quantization 
axis  to  another  direction  (such  as  one  perpendicular  to 
the  three-atom  plane  as  is  done  (or  the  coplanar  reac- 
tion, or  along  a space-fixed  direction),  the  body-fixed 
projections  would  become  mixed  and  we  would  not  be 
able  to  unscramble  the  information  as  ersily. 


Figure  6 shows  the  J dejiendence  of  the  phases  of  the 
rKalterlng  matrix  elements  S*_ogg.o,_<  (or  -0,  1 1 at 
0.6  eV  (the  same  (tansKions  considered  in  Fig.  3).  li 
is  important  to  note  that  the  phase  is  most  slowly  vary- 
ing pear  J = 0.  .Semiclassically  this  implies  that  the  de- 
flection ai^li-  should  be  small  (or  small  impact  param- 
eter collisions.”  This  implies  that  a small  scattering 
angle  0 will  resu'.  from  these  low  J collisions,  or, 
equivalently,  a reactive  scattering  angle  near  180’. 

In  Fig.  7(a)  we  examine  the  nonreactive  transition 
probability  *1* 

0. 6 eV  as  a function  of  J.  Here  we  find  =■  30,  so 
that  a much  larger  numlier  of  partial  waves  contribute 
to  the  nonreactive  cross  section  than  is  the  case  (or 
the  reactive  transitio.-a  in  Figs.  1-4.  Note  that  the 
vO  transition  probability  is  dominant  only  (or  very 
small  J{<  31  indicating  that  the  linear  orientation  rule 
Is  probably  not  significant  here  (as  might  be  expected 
(or  a nonreactive  collision  where  the  nature  of  the  po- 
tential in  the  transition  state  is  of  lesser  significance 
than  it  is  (or  reactive  collisions).  An  examination  of 
other  nonreactive  t.  ion  probabilities  indicates  no 
strong  tendency  for  a = - in',  (0  = 0')  “j, -conserving” 
selection  rule  as  has  been  assumed  in  rotationaliy  in- 
elastic scettering,”  thus  indicating  that  the  strong  cou- 
pling or  sudden  limit  does  not  apply  to  it « Hi  inelastic 
collisions  (or  tiie  polential  used.  We  shall  examine 
this  again  in  a separate  publication  The  transition 
probabilities  of  Fig.  7(a)  may  also  be  expressed  In 
terms  of  the  oibital  angular  momentum  quantum  number 
I (as  might  be  used  in  a space-fixed  analysis)  by  per- 
forming a unitary  transformation  on  the  body-fixed 
scatteriig  matrix  |see  Eqs.  (5. 14)  and  (a.  13)  of  Ref 
29).  Figure  7(b)  Indicates  the  resulting  transition 
probabilities  for  E = 0.60  eV  (the  sum  over  proje  ttions 


FIG.  S.  Hisses  o(  Sfm-tim;  (or  ■ 0,  > I as  s (unettoo  of  J 
at  E' 0.60  eV. 
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being  an  invariant).  Here  we  again  see  no  particular 
selection  rule  governing  the  transition  probabilities. 

B.  Differential  crow  sections 

In  Figs.  8 and  9 we  plot  the  antisymmetrized  para* 
to*oriho  differential  cross  sections  Oqo.oi  ^ function 
of  the  reactive  f«attering  angle  (fg.  From  Eqs.  (2.  3) 
and  (2.  8)  it  should  be  apparent  that  these  cross  sections 
are  just  3 times  the  distinguishable  atom  We 

see  in  both  figures  that  the  reactive  cross  section  is 
strongly  backward  peaked  at  all  energies  considered  in 
the  calculation.  The  width  of  the  backward  peak  at 
half-maximum  is  48 \ 32’',  33’,  41’,  and  51’ at  £ = 0.  3, 
0.4,  0.5,  0.6,  and  0.  7 eV,  respocUvely.  At  the  thresh- 
old ene'  gy  of  the  process  considered,  one  would  nor- 
mally expect  isotropic  scattering  since  only  the  J^O 
partial  wave  would  contribute  to  the  cross  section.  At 
0. 3 eV,  Fig.  1 indicates  that  partial  waves  other  than 
t/'O  still  contribute  significantly  (i7MAX'4)f  so  that  the 
differential  cross  section  is  backward  peaked,  but 
rather  broad.  The  width  of  this  peak  decreases  with 
increasing  energy  above  0.  3 eV  to  a minimum  near 
0.4  eV.  As  S increases  further,  the  width  begins  to 
increase,  presumably  as  a result  of  increased  con- 
tributions of  larger  impact  parameter  collisions  (from 
Figs.  1,2)  to  the  reaction  cross  section. 

As  was  the  case  in  the  coplanar  reaction,  the  shape 
of  the  differential  cross  section  is  a sensitive  test  of 
the  accuracy  of  the  calculation.  Small  inaccuracies  in 


nC.  7.  (a)  Nonreactive  bfid)'-flxed  transition  pr'^habtlity 

as  a function  of  J at  0.60  eV  total  energy  for  *0, 

• 1,  *2.  Curve  labeled  aum  la  the  aum  of  these  fiv*  prbablll- 
ilea,  fb)  Analogous  apace -fixed  probabilities  for  the  (hr>  e or. 
btta]  angular  momenta  t*  •J,  J *2,  J -2.  The  sum  is  invaiiaot 
to  the  use  of  body -fixed  or  apace-fixed  representaliona. 


nC.  8.  Differential  crons  sections  o4-«i  ^ * function  of  the 
reactive  scattering  angle  ^ ] 80*  ~ 8 at  the  same  energies  as 
were  considered  in  Fig.  1.  Scale  factors  have  the  same  mean- 
ing as  in  that  figure. 


FIG.  9.  Diferential  cross  sectiom  ss  In  Fig.  0 for  the 

t ame  energies  cotuii(*ered  in  Fig.  2,  Scale  factors  have  the 
same  meiiilag  aa  In  Fig.  I 
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9f)(degrees) 

FIG.  10.  Differential  crosA  section  as  a fuiiction  of 

reactive  scallerifij'  an#:lc  180'  -e  for  »«/  o,  i 1,  # ;*,  t 3 at 
H *0. 60  eS*.  l'ur>’e  labeled  sum  is  the  sum  of  ail  se%en  criKS 
sections  and  is  equal  to  the  dcKenoracv -averaged  Seale 

factors  have  the  same  meaning!  as  in  Fif;.  I. 


eilher  the  maRiUludes  or  phases  of  the  scatterinR  matrix 
elements  for  any  partial  wave  can  result  in  spurious 
oscillations  In  the  differential  cross  sections.  In  ad- 
dition,  premature  truncation  of  the  partial  wave  sum 
lEq.  (2.2)1  can  lead  to  a spurious  forward  (leaking.  In 
order  to  avoid  such  spurious  oscillations  in  the  cross 
sections^  wre  checked  converpence  at  several  values  of 
J (by  the  criteria  of  Sec.  II B)  and  found  that  equivalent 
convergence  had  been  attained  at  all  J.  |Recall  from 
Table  fl  that  the  naturt  of  the  vibration-rotation  basis 
set  has  to  be  changed  for  each  */(Ji  4),  | Premature 
truncation  of  the  partial  wa%'e  sum  was  avoided  by  re^ 
quiring  that  the  reactive  probabilities  at  the  cutoff  val- 
ue i/,  be  no  larger  than  lO"*  times  those  at  Jj-O.  In 
general,  we  found  5.  Doth  Fips.  6 and  9 show 

essentially  no  indication  of  spurious  oscillations  or  for- 
ward peaking  (typically  tlie  =0  cross  section  is  200 
to  1000  times  smaller  than  the  P = 180''  result).  We 
should  also  note  that  the  appearance  of  Figs.  6 and  9 is 
quite  typical  of  all  degeneracy-averaged  para-to-ortho 
and  ortho-to-para  cross  sections. 

To  examine  the  m,  dependence  of  the  differential 
cross  sections,  we  plot  in  Fig.  10  *0. 

si,  s 2,  s3,  and  their  sum.  (The  corresponding  prob- 
abilities were  considered  in  Fig.  4. ) We  see  (hat  only 
the  m!  s 0 projection  gives  scattering  peaked  in  the  back- 


ward Og  > 180''  direction.  As  I I increases  from  zero, 
we  find  a shift  towards  more  forward  scattering  with  the 
cross  sections  peaking  at  s 139  , 117'',  and  102"  for 
I nif  I : 1, 2,  3,  res|>ectively.  Much  of  the  structure  of 
the  angular  distributions  in  Fig.  10  can  be  understood 
by  examining  Eq.  (2.  2).  The  Wigner  rotation  function** 
is  proportional  to  the  associated  Legendre  func- 
tion Ppicosfi)  and  is  therefore  proportional  to  (sin^)'“*f  * 
times  a polynomial  in  cos^.  Since  0^  - v ~ 0,  the 

should  have  a (sinP«)*'“*/'  envelope  and,  for 
mJ^O,  vanish  at  t^i^^Oand  160".  fndeeo,  one  can  quali- 
tatively obtain  the  m]  1 curve  by  multiplying  the  mj 

- 0 one  by  sin^tij,  and  similar  prescriptions  can  be  used 

for  the  higher  curves.  The  vanishing  of  the  mj#  0 
cross  sections  at  0g  ^O*"  and  160"  is  also  a consequence 
of  angular  momentum  conservation.  To  see  this,  we 
recall  that  the  incident  plane  wave  solution  is  an  eigen- 
function of  «/f,  the  operator  corresponding  to  the  pro- 
jection of  the  total  angular  momentum  along  the  space- 
fixed  2 axis,  with  eigenvalue  M=  (since  rtJ^^  the  z 
com}x>nent  of  (he  orbital  angular  momentum,  is  initially 
zero  for  the  plane  wave  solution).  Since  J,  commutes 
with  the  HamiUonian,  **  .1/  will  be  a good  quantum  num- 
ber, i.e.,  t/,*"*! /»|  = .1/8’!' everywhere  in  configura- 
tion space.  In  particular,  for  (180"),  the  final 

Oz[  axis**  will  be  antiparallel  (parallel)  to  the  initial  Oz 
axis,  so  (hat  conservation  of  J,  requires  that  the  out- 
going projection  quantum  number  must  equal 

- .1/(4  .U),  unless  (he  corresponding  scattering  amplitude 
vanishes  in  that  direction.  Therefore,  if  the  corre- 
sponding scattering  amplitudes  do  not  vanish,  we  must 
have  ^ .U  s.  - nw)  tor  - 0’  and  Wy  .\f  ^ tor  9* 

*=  180".  Applying  (his  reasoning  to  (he  cross 

section,  we  conclude  that  for  wJ^O,  J,  cannot^  con- 
served for  9^  s 0 or  9/j  = 180'  unless  that  cross  s ection 
vanishes  in  both  of  (hose  directions,  in  agreement  with 
the  conclusion  reached  above.  Finally  we  should  point 
out  that  the  dominance  of  the  wj  = 0 component  of 

G*  f 'K'  10  is  again  a consequence  of  the  fa- 
vored linear  transition  stale  geometry,  discussed  in 
Sec.  IIIA.  The  iHy  i 0 collisions  for  small  impact  pa- 
rameters have  a significant  reaction  probability  only 
for  linear  or  nearly  linear  configurations  which  leads 
to  (he  observed  dominant  backward  scattering  for  this 
transition.  For>:;y^0,  the  collision  configurations  are 
nonlinear  (at  least  in  the  product  arrangement  channel) 
and  we  would  expect  to  see  (he  sidewards  scattering  ex- 
hibited In  rig.  10. 

In  Fig.  11  we  plot  the  nonreactive  differential  cross 
sections  a (nij  0,  t 2,  and  summed)  at  £ s 0. 6 
eV  as  a function  of  0.  Here  (he  predominant  scattering 
direction  is  approximately  90"  although  significant 
cross  sections  are  obtained  at  all  angles.  The  struc* 
lure  in  these  curves  In  the  forward  direction  (8<  15') 
may  be  a spurious  artifact  introduced  by  small  errors 
in  the  phases  of  certain  large  »7  elements  of  Sj  (see  re- 
lated discussion  of  Hef.  22).  Our  previous  analysis 
regarding  the  individual  m{  cross  sections  in  the  8*0* 
and  iSO'  directions  applies  to  Fig.  11  as  well.  We 
note,  however,  that  the  absence  of  a linear  or  near 
linear  orientation  restriction  in  nonreactix'e  collisions 
leads  to  significant  cross  sections  at  all  mj  and  at  all 


J.  Chem.  P^vv,  Vol  66.  No.  11,  1 December  1976 


./ 


/ 


-A- 


/ 


i 


-{  -Wi'* 


/ 


v. 


4678 


G.  C.  Schatz  and  A.  Kuppermann:  Three  dimensional  reactive  scattering.  II 


Curve  labeled  sum  ts  the  sum  oi  all  five  crons  sections  and  is 
equnl  to  the  dcKeneracy-evcraged  * 


•(degrees) 


no.  12.  De*ot>er»cy-»veri|red  dlffercnrial  cr«n  nrrlloiu 
om-n*  end  rr^.ij  M a furrctlon  of  acatterlne  angle  9 at 

C >0.50  eV  (£'a*'0.220  eV).  Ttie  nonreactlve  and  antlaym- 
metrfzed  curves  are  eaaentlally  Identical  for  a >20*  . NtSe  the 
use  of  0 rather  than  Ig  for  plotting  the  reactive  differentia] 
croee  eectlon.  The  eeale  factor  has  the  same  meaning  ne  In 

ng.  1. 


6 (degrees) 

tlG.  13.  Ilegeneracy .averaged  oA.tr*  and  o^.n  ana- 

logous to  Ftg.  11  but  at  £ =■  0.  60  e V l£*  ' 0,328  eVl. 


scattering  angles  not  too  close  to  these  directions. 

Since  the  ;>0  to  >'  -2  transition  can  occur  by  both  non- 
reactlve and  reactive  mechanisms,  the  more  meaning- 
ful quantity  to  consider  is  the  anllsymmetriud  cross 
section  of  Eq.  (2.8).  in  Figs.  12,  13,  and  1 4 we  plot 
this  para-to-para  cross  section  Om-s  (summed  over 
mj)  along  with  the  nonreactlve  and  reactive  counter- 
parts at  £ =0. 8,  0.6,  andO.TeV.  At  the  lowest  ener- 
gy, the  reactive  cross  section  is  typically  3 orders  of 
magnitude  smaller  ttian  the  nonreactlve  one,  so  the  re- 
sulting para-to-para  cross  section  Is  dominated  by  the 
direct  amplitude  and  diners  very  little  from  Its  non- 
reactive counterpart.  As  the  energy  Is  increased,  the 
reactive  amplitude  increases  rapidly  and  begins  to  in- 
terfere significantly  with  the  nonreactive  one.  This 
results  in  the  oscillations  observed  In  c^-oi  in  Figs. 
13and  14.  The  period  ofthesequaniumsymmetryoscllla- 
tions  seems  to  be  roughly  10° -15°  In  both  Figs.  13andl4 
for  9<B0~  with  a gradual  increase  in  period  with  In- 
creasing 0 until  the  oscillations  wash  out  completely 
at  large  0.  Figures  12-14  also  indicate  that  t)ie  peak 
in  dS).,(  shifts  gradually  to  forward  scattering  angles 
(corresponding  to  backward  reactive  scattering  angles) 
as  the  energy  Is  Increased.  The  contributions  o'  differ- 
ent mj  to  o^.g,  at  0.7  eV  are  shown  In  Fig.  IS  (along 
with  the  distinguishable  atom  for  comparison). 

We  see  that  the  oscillations  In  the  cross  section  are 
largest  for  > 0 followed  by  mj  1 and  m}  2.  This 
results  from  the  dominant  role  of  the  mj  -0  reactive 
scattering  amplitude  (as  evidenced  in  Fig.  10)  followed 
in  Importance  by  the  m;.  1 1 and  the  m{  > a 2 contribu- 
tions. Note  also  that  the  phasea  of  the  oscillationa  in 
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no.  14.  OcKcnoracy -averaged  aft.*;.  arvl  ajJ-i;  aru- 

logouslol'ig.  II  blit  atU,7l>eVU|  0,4Ja  cV'l. 


Fig.  15(a),  (b),  and  (c)  are  not  particularly  coherent, 

80  that  a certain  amount  of  cancellation  occurs  In  the 
sum  over  projections  shown  in  Fig.  14. 

C.  Integral  cross  sections  end  product  polarization 

A number  of  ;eactive,  nonreactive  and  antisymme- 
trized Integral  cross  sections  are  listed  in  Table  V. 
Some  of  the  reactive  and  para-to-ortho  cross  sections 
of  that  table  are  plotted  as  a function  of  energy  in  Fig. 
16.  Both  logarithmic  and  linear  scales  are  used  to  ex- 
hibit the  tunnelling  and  the  threshold  regions,  if  we  de- 
fine the  effective  Ihrt  shold  energy  Ef  as  that  energy  for 
which  the  cross  section  is  0. 05  bohr‘,  then  Ef  = 0. 545, 
0. 55(\  and  0.615  eV  for  9w.oi,  and  Vai-a.  re- 
spectively. Alternatively,  since  somewhat  above  the 
threshold  region  the  energy  dependence  of  the  cross 
sections  is  linear,  sre  could  define  an  effective  thresh- 
old energy  £r  as  the  energy  at  which  a line  fitted  to  the 
points  In  this  linear  region  extrapolates  to  zero  cross 
section.  From  ibis  definition,  we  find  £r  =0. 568, 

0. 565,  and  0.605  eV  lor  these  same  cross  sections, 
respectively.  Either  way  we  find  that  the  threshold 
energies  are  considerably  greater  than  the  barrier 
height  (0. 306  eV),  and  this  fact  will  be  discussed  In 
detail  in  Sec.  QIE.  At  energies  below  the  effective 
threshold,  the  effects  of  tunnelling  give  the  cross  sec- 
tion an  approximately  exponential  dependence  on  trans- 
lational energy  £,. 

To  examine  the  dependence  of  the  cross  sections. 


we  list  in  Table  VI  a portion  of  the  "cross  section  ma- 
trix" Q »j  for  i,  > ' 2 at  0. 6 eV.  (Note  that 

these  cross  sections  are  distinguishable  reactive  ones. ) 
The  table  indicates  that  the  in,  in',  - 0 cross  section  is 
typically  10-20  times  larger  than  any  other  one  with 
the  same  ly  and  v'j'.  In  addition,  (or  given  ijm,  and 
v'j',  Q is  a decreasing  (unction  of  I in’,  I (and,  by  mi- 
croscopic reversibility,  forgiven  ij  and  v'j'ni'„  Q 
decreases  with  I I ).  These  observations  are  indica- 
tive of  the  very  significant  product  rotational  angular 
momentum  polarization  effect  that  can  occur  when  only 
a restricted  range  of  collision  geometries  can  lead  to 
reaction.  This  approximate  selection  effect  breaks 
down  eventually  (or  large  enough  j or  j’.  bet  us  con- 
sider the  cross  sections  f®*"  varying  and 

in’,  at  0. 6 e V.  The  ratio  of  the  m J = 0 to  the  m J = i 1 
cross  section  is  22. 3 (or  y'  = 1 decreasing  to  7. 1 (or 
j’  - 2,  3. 1 for  j'  = 3 and  1.1  (or  j'  -4.  The  y'  =l  ratio 
18  10.6,  24.7,  24.9,  22.3,  and  14. 7 at  £ = 0. 3,  0.4,  . 

0.5,  0.6,  andO.  7eV,  respectively,  indicating  that  this 
selection  rule  is  most  rigorously  obeyed  in  the  range 
of  energies  just  below  the  effective  threshold.  We  shall 
examine  the  dependence  of  the  degene  racy -averaged 
reactive  integral  cross  sections  ony  and  j'  in  Sec.  UF. 

The  nonreactive  degeneracy-averaged  c.-r-s  sections 
(f!o.u  4ve  listed  In  Table  V.  At  0.6  eV,  the 


FIG.  IS.  rxffrreiitUl  crocs  cectlocc  (solid  llnse  la- 
beled A)  end  (dashed  lines  labeled  .VI  as  a (unctloa  of 

(he  scattertiif  angle  f for  (a)  (b>  and  (cl 

at  £«0. 70  eV.  The  degeneracy -averaged  results 
corresponding  to  these  curves  are  shorn  in  Fig.  14. 
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TABLE  V.  Inleitral  croea  lectlona  at  artected  total  rnericlea. 


Total  eoerio'  (eV) 

Croaa  eectloo* 

(bohr^  0.30 

0.35 

0.40 

0. 45 

0.50 

0 55 

0.60 

0.  65 

0.70 

«»-« 

0.386(.13) 

0.360(-a) 

0.200(-5l 

0.UU.3) 

0.372t.2) 

0.0400 

0.234 

0.571 

. 0.905 

«N-a 

b 

b 

0.4101.8) 

0. 24U-S) 

0. 1C6(.3) 

0.346{.2) 

0.0295 

0. 104 

0.222 

O.J88(.13> 

0.360(-6) 

0.20H-5) 

0. 144(-3) 

0.390(-2) 

0.0435 

0.264 

0.676 

1.13 

94«ortho 

b 

0.916(-10> 

0.149(<6> 

0.  l63(-4) 

0.628(.3) 

0.  910(-2) 

0,0632 

0.209 

0,423 

b 

b 

b 

0.289<-8) 

0.2181.5) 

0.478{.3) 

0. 131(-2) 

0.0155 

0.0269 

0. 1S6(-12) 

0.480(.6) 

0.252(^> 

0.  ]64(-3) 

0.501(.2) 

0. 0574 

0. 352 

0.  933 

1.52 

«?, 

0.232(.]3> 

0.205(.8) 

0.  ]30(.5) 

0.  1061-3) 

0.306(.2) 

0.0372 

0,228 

0,648 

1. 11 

«.*i 

b 

0. 120U9) 

0.1H6(  .6) 

0.234(-4) 

0.806(-3) 

0.0120 

0.0843 

0.29t 

0.575 

«« 

b 

b 

0.333<.8) 

0. 145(.5} 

0.908(.4) 

0. 196(.2) 

0.0166 

0.0677 

0.160 

b 

b 

b 

0.371(-8) 

0.289(.5> 

0.700(  J) 

0.  I79(.2) 

0.0224 

0.0484 

Oi-n 

b 

d 

3.00 

d 

8.82 

d 

13.0 

d 

13.2 

Qt-n 

b 

0.59S(.10) 

0.114<.6) 

0. 142(-4) 

0.473(-3) 

0.643(.2) 

0. 0437 

0. 130 

0.220 

b 

d 

3.00 

d 

8.82 

d 

)3.0 

d 

13.5 

Qm*m 

299* 

d 

260* 

d 

234* 

d 

217* 

d 

205* 

*A11  croaa  aecUona  have  bcea  dezraeracy  averaged.  Those  para-to-ortho  cross  sections  which  have  been  summed  over  final  states 
are  only  summed  over  those  final  slates  of  the  correct  spin  symmetry.  Numbers  In  parentheses  Indicate  the  power  of  10  by  which 
the  numbers  precedlntt  them  should  be  multiplied, 
transition  la  energetically  forbidden. 

*Obtalned  by  the  extrapolation  procedure  of  Sec.  Dl  D. 

Calculation  not  done. 


have  values  ot  S.  01,  3.31,  and  1 . 67  bohr*  for  rry  r o, 
al,  and  ±2,  respectively,  which  is  indicative  of  the 
lack  of  strong  rotational  angular  momentum  polarization 
effects  such  as  are  observed  (or  the  reactive  cross 
sections.  The  reason,  as  pointed  out  previously,  is 
the  lack  of  linear  or  near  linear  orientation  restrictions 
for  nonreactive  rotationally  inelastic  collisions.  Table 
V also  indicates  that  Vm-a  soil  see  equal  (within 

the  accuracy  of  the  calculation)  except  at  the  highest 
energy  considered.  An  additional  discussionofthe  ener- 
gy dependence  of  these  nonreactive  cross  sections  is 
given  in  Sec.  nic. 


0.  Elastic  and  total  cross  sections 

The  calculation  of  converged  elastic  cross  sections 
requires  a large  number  of  partial  waves  (up  to  70  at 
0.70  eV).  Since  the  Porter-Karplus  surface  has  a re- 
pulsive exponential  long-range  functionaltly''  rather 
than  the  correct  attractive  depcndence*°  a fully  cou- 
pled calculation  of  the  elastic  cross  sections  for  the 
p irpose  of  comparison  with  experiments*’  on  this  and 
related  systems  would  not  be  worthwhile  without  Inclu- 
sion of  this  attractive  tail  in  the  potential.  Neverthe- 
less, an  accurate  calculation  of  the  elastic  differential 


■\y~ 
' \ ^ 

\' 


TABLE  \1,  Int^lCral  rrACtlve  cro«a  aectloiH  bohr*)  at  E -0.60  eV.* 


\' 

rfin,\ 

m* 

i 

000 

Oil 

010 

01-1 

022 

021 

020 

02-1 

020 

000 

0.0432 

0 00322 

0.071? 

0.00322 

0.227(.3) 

0.00474 

0.0338 

0.00474 

0.227(0) 

oil 

0.00337 

0.549<.3) 

0.00596 

0.83S(.3) 

0.488(0) 

0.709(0) 

0.00261 

0.00127 

0.774(-4) 

010 

0.0751 

0.  00596 

0.128 

0.00596 

0.380(0) 

0.00812 

0. 0578 

0.00812 

0.380(0) 

01.. 

* 0.00337 

0.  835(J) 

0.00596 

0.549(0) 

0.774(0) 

0.00127 

0. 00261 

0.709(0) 

0.486(0) 

022 

0.262(.3l 

0.538(.4) 

0.419(.3) 

0.855(0) 

0.111(0) 

0.811(0) 

0.209(0) 

0. 134(0) 

0.146(-4) 

021 

0.00549 

0.783<.3) 

0.0089 

0.00140 

0.811(0) 

0.001 13 

0.00407 

0.00228 

0.134(0) 

020 

0.0391 

0.00288 

0.0638 

0w00288 

0.209(0) 

0.00407 

0.0286 

0.00407 

0.209(0) 

02.1 

0.00549 

0.00140 

0.00697 

0.763(0) 

0.134(0) 

0.00228 

0.00407 

0.00113 

O.SIKO) 

02.2 

0.2621.3) 

0.  8551.4) 

0.419(.3) 

0.538(0) 

0.146(0) 

0. 134(0) 

0.209(0) 

0.81t(-4) 

0.111(-4> 

*Ail  reacunc«  matrloM  hare  b»ca  aymmHrlted  (aoa  R^f.  14(a)|  before  the  above  croaa  eecttoM  were  oalculaled.  Numbere  la 
pareilheeee  indicate  the  power  of  10  by  which  the  mimbera  precedinf  them  ahould  be  multiplied. 
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nC.  16.  Inlrp**!  cross  sectloiw  ^*0,  Vs-^-ei.  and  g.A.<,3  tdo- 
fcncracy  a^'oraKod)  as  a function  of  (he  total  cnorK>‘  E and 
Iranslatlonal  cnerKV  £$•  Arrows  In  uppt'r  altscLssa  imiicatc 
the  energies  at  which  (he  rotational  states  / 2-7  (fur  i-  Oi  of 
II*  become  cnerRetically  accessible:  (a>  linear  scale,  (b)  b>R. 
arithmlc  scale. 


and  Integral  cross  sections  for  this  Porter-Karplus 
surface  Is  still  worthwhile  in  order  to  provide  a com* 
oarlson  standard  for  approximate  techniques  used  In 
calculatlr^  these  same  cross  sections,  such  as  the  cen- 
tral field  approximation  being  invoked  in  the  interpreta- 
tion of  molecular  hcAm  scattering  experimental data.^***^ 
This  requires  the  calculation  of  the  scattering  matrix 
element  phases  for  very  large  J.  We  found  a very  ac- 
curate extrapolation  procedure  which  could  be  used  to 
obtain  these  phase  shifts.  For  J large  enough  so  that 
both  reactive  and  Ineiasflc  nonreaclive  transition  prob- 
sbliitles  are  negligible,  It  is  often  the  case  that  the 
elastic  phase  shifts  have  not  yet  decayed  to  zero.  Since 
these  large  J collisions  currrspuini  lo  large  impact  pa- 
ramep'rs,  we  would  expect  that  only  the  Isotropic  tail 
of  the  potential  Is  important.  In  such  circumstances, 
s central  field,  single  channel  model  of  the  potential 
should  suffice  to  predict  these  phase  shifts.  Using  a 
standard  central  potential  Integration  routine*’  with  the 
spherically  averaged  potential  tVr,,/?)  of  Eq.  (2.14), 
where  r,  is  the  equilibrium  internuclcar  distance,  wc 
have  calculated  the  elastic  r «0  phase  shifts  at  the 
energies  considered  in  Table  V.  Typical  results  are 


presented  in  Fig.  17,  where  we  have  also  plotted  the 
phase  shift  of  the  cx:.ct  scattering  matrix  elements 
l|argCsJ.ooo.ooo)|-  The  figure  indicates  tliat  the  accurate 
phase  shifts  are  essentially  identical  to  their  central 
field  counterparts  for  J>  10.  Indeed,  between  J = 1 1 and 
*7*^39  (the  highest  J tor  which  a fully  coupled  calculation 
was  done),  the  difference  between  these  two  phase  shifts 
is  always  less  than  0.05  rad  and  usually  less  than  0.02 
rad.  This  is  rather  interesting,  since  at  J - 11  the 
modulus  of  -5  000- 000  (equal  lo  [/^/,ooo-ooo)  ) e\en 

close  to  unity,  as  is  illustrated  in  Fig.  17.  This  pre- 
sumably indicates  that  the  phases  of  the  scattering  ma- 
trix elements  are  much  less  sensitive  to  the  presence 
of  reactive  and  inelastic  channels  than  are  the  moduli. 
By  using  these  elastic  central  field  phase  shifts,  we  can 
now  extrapolate  the  large  J behavior  of  the  converged 
results  and  thus  calculate  accurate  elastic  cross  sec- 
tions.** Typical  results  for  ajjo-ooo  E = 0.7  eV  are 
plotted  in  Fig.  18.  The  e'  c differential  cross  sec- 
tion shows  strong  forward  king  with  a small  oscilla- 
tion near  ^-6  and  otherw  decreases  In  a nearly 
monotonic  manner  lo  8 = 18'  The  indicated  8 = 110' 
lo  180  behavior  of  aio-ooo  robably  not  accurate 
since  the  small  cross  sectio  h this  region  must  re- 
sult from  extensive  cancellai.  n in  the  partial  wave  sum 
I Eg.  (2. 2) I and  arc  easily  affected  by  small  errors  in 
the  scattering  matrix  elements.  Also  plotted  on  the 
same  graph  are  the  central  field  elastic  cross  section 
o'(CF)  (obtained  using  i |,(r,,/?)  for  all  J|  and  the  total 
cross  section  ejjo  (which  is  the  sum  of  the  cross  sec- 
tions for  all  possible  processes  (.V  or  K)  starting  from 
reagents  r ->  = Wj  = 0).  We  sec  that  all  three  cross  sec- 
tions are  essentially  identical  for  8«>30°.  This  suggests 
that  the  central  field  approximation  used  to  interpret 
total  differential  cross  sections*’  out  to  scattering  an- 
gles which  arc  not  too  Urge  is  a good  one.  Even  for 
very  largo  scattering  angles  e*(CF)  agree  to 

within  belter  than  a factor  of  2.  Moreover,  the  integral 
cross  sections  Vm  v'  221.0  bohr*  and 


J 


FIG.  17.  Phase  ahlR  uflociatrd  wUh  the  clastic  •cattcrlng 
matrix  elomont  II. e.,  |argtS/M/2i  as  a function  of  J 

for  C '0.70  eV.  Curve  labeled  conveiged  Is  the  roupled-cbaa- 
nel  result,  while  the  central  field  curve  Is  the  result  of  a Slagle 
channel  calculallon  described  tatext.  Also  plotted  is  the  (cow- 
verged)  elsstic  transition  probablilty  ^ same  eo- 

erg)’  referenced  to  right  hand  ordiaate  acale. 
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as  a (unction  of  E.  Both  logarithmic  aiul  linear  scales 
are  used  so  as  to  enable  examination  overawlde energy 
range.  The  figures  Indicate  a surprisingly  similar  en- 
ergy dependence  over  several  orders  of  magnitude  of 
the  probabilities.  There  are,  however,  two  Important 
differences  both  of  which  provide  significant  Insight  into 
the  reactive  collision  dynamics.  First,  an  energy  shift 
of  about  O.OS  eV  occurs  in  going  from  ID  to  2D  and 
again  in  going  from  2D  to  3D.  In  the  coplanar  anal- 
ysis, we  explained  the  ID  to  2D  shift  as  arising  from 
an  additional  bending  energy  required  in  the  coplanar 
transition  state  over  the  linear  one.  This  bending  en- 
ergy is  added  to  the  symmetric  stretch  energy  of  the 
coUinear  transition  state  which,  in  turn,  is  primarily 
responsible  (or  the  shift  in  the  coUinear  effecUve 
threshold  energy  over  the  barrier  height  energy'* 

(0. 396  eV).  In  the  three-dimensional  case,  the  bending 
mode  of  the  transition  state  is  doubly  degenerate  so  that 
a second  quantum  of  bending  energy  (approximately 
equal  to  the  bending  zero  point  energy  of  about  0.06  eV) 
wUl  be  required.  Indeed,  an  examination  of  Fig.  19  in- 
dicates that  the  ID  to  2D  and  2D  to  3D  energy  shifts  for 
P*-0.01  are  identical  to  within  the  accuracy  to  which 


0.1 


EoleVI 

02 


FIG.  IS.  Elastic  differential  cross  section  tr’n-m  and  total 
crons  section  (T,M(both  obtained  from  the  coupled-channel  cal- 
culation). along  a ith  the  central  field  elastic  cross  section 
o*iCF)  as  a function  of  scattering  angle  at  £ = 0.70  eV. 


220.8bohr',  respectively,  indicating  that  Levine’s  con- 
servation of  total  cross  section  rule*'  is  obeyed  quite 
accurately  (or  this  system  and  that  the  use  of  the  cen- 
tral field  approximation  to  interpret  total  cross  section 
experiments**  .s  valid.  The  H « H,  total  cross  section 
just  mentioned  Is  considerably  larger  than  the  recently 
measured  experimental  one"’  (for  D * H;),  which  is  about 
161  bohr*  at  0.76  eV.  This  Is  probably  due  to  differ- 
ences between  the  long-range  parts  of  the  Porter-Kar- 
plus  and  correct  potential  energy  surfaces. 

If  the  antisymmetrized  cross  section  is  con- 

sidered, we  find  that  quantum  symmetry  effects  due  to 
Interference  between  the  elastic  and  reactive  scattering 
amplitudes  are  much  lets  significant  than  they  were 
with  the  inelastic  transitions  in  Fig.  14.  Nevertheless, 
oscillations  in  this  cross  section  can  result  In  differ- 
ences between  o*  and  o’  as  big  as  10%  of  o’  (or  scat- 
tering angles  between  30°  and  90°. 

E.  Coenpsrwon  of  collinsar.  coplanar.  arid  thrae 
dimensional  results 

In  the  analysis  of  the  coplanar  lesults,  ”*  it  was  de- 
termined that  a physlcaUy  meaningful  comparison  of  the 
ID  and  2D  results  could  be  obtained  by  examining  the 
Jrni)  total  reaction  probabilities.  We  extend  this  com- 
parlsoo  to  Figs.  19  and  20  by  plotting  Lie  ID,  "■**  2D, 
and  3D  total  reaction  probabilities  [Pf  for  1D| 


FIG.  19.  One-,  two-,  and  Ihrpe-dlmeasloosl  total  mctloa 
prnbaUlltiM  PfllDI,  bAtlD,  J-0),  oai  PjiOD.  J-Ot,  summed 
over  all  final  atatea.  aa  a hinctloo  of  the  total  energy  £ and 
iraaslational  energy 
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FIG.  20.  One-,  two-,  and  three .rUmensionaJ  total  reaction 
probabilities  analoftous  to  Fig.  10  but  ulth  a linear  rather  than 
logarithmic  ordirote  scale. 


the  probabilities  car.  be  Interpolated.  The  second  dlt- 
(ercnce  between  ID,  2D,  and  3D  results  lies  In  the  mag- 
nitudes of  the  maximum  probabilities  in  Fig.  20.  The 
coUlnear  probability  pealts  near  unity  while  the  planar 
one  levels  off  at  about  0.6,  and  the  3D  one  roughly  at 
0.46.  The  difference  between  the  ID  and  2D  plateau 
values  has  been  previously  analyzed”*  in  terms  of  the 
orientation  dependence  of  the  2D  probability.  Since  the 
potential  barrier  varies  from  0.396  eV  at  ),  =^0  to  2. 6 
eV  at  >,  = 90°,^  one  would  e.<cpect  a decreasing  prob- 
ability of  reaction  with  Increasing  >,  (assuming  that  we 
can  consider  the  orientation  of  the  atom  with  respect  to 
the  diatom  as  fixed  throughout  the  reaction).  11  we  con- 
sider that  the  total  reaction  probability  Is  unity  for  0 
s y,  s y,  and  zero  lor  y,  - y,  90“,  and  use  symmetry 
about  90°  lor  90°  s y,  s 180°,  then  we  find  that  r£,(2D) 
>2y,/t  and  f^(3D)  ^ 1 - cosy,.  In  the  2D  case,  we  find 
that  y,  ^64°  Is  required  to  give  a reaction  probability 
of  0.6.  This  estimate  of  y.  Is  in  approximate  agree- 
ment with  previous  estimates  of  this  angle  from  a clas- 
sical analysis.’  The  same  ai^le  used  In  the  3D  formula 
yields  PuOD)  =0.41  which  Is  not  considerably  different 
from  the  observed  value  of  0.46.  This  Indicates  that 
the  2D  and  3D  orientation  dependence  Is  probably  quite 
similar  with  primarily  dimensionality  considerations 
responsible  for  the  difference  In  reaction  probabilities. 

At  least  two  procedures  for  converting  2D  integral  or 
differential  cross  sections  Into  3D  ones  have  been  pro- 
posed”'” both  of  which  use  semiclassical  arguments  in 
making  the  connection.  We  will  leave  for  future  publica- 
tions a thorough  analysts  of  these  conversion  procedures 
as  well  as  an  evaluation  of  approximate  3D  procedures 
which  require  comparable  or  smaller  amounts  of  com- 


putation time  than  the  2D  calculation  while  providing  3D 
information  directly.  We  would  like  to  point  out,  how- 
ever, one  rather  remarkable  comparison  between  2D 
and  3D  results  which  is  obtained  by  examining  the  dif- 
ferential cross  sections.  In  Fig.  21  we  plot  the  2D  and 
3D  differential  cross  section  (adjusting  the  re- 
spective ordinate  scales  to  bring  them  Into  approximate 
agreement  at  = 180°).  The  2D  result  at  0. 66  eV  is 
compared  to  Uie  3D  one  at  0.60  eV  so  as  to  Include  the 
energy  shift  effect  due  to  the  bending  energy. 

These  two  cross  sections  show  a remarkably  similar 
angular  dependence  over  the  entire  range  of  scattering 
angles.  A similar  comparison  at  other  energies  in  the 
range  considered  in  this  pajier  usually  leads  to  com- 
parable agreement.  This  indicates  that  the  dynamical 
processes  involved  are  indeed  quite  similar.  Such  be- 
havior Is  not  unexpected,  for  the  same  potential  Is  sam- 
pled In  both  cases  and  the  primary  difference  between 
the  two  calculations  is  the  additional  centrifugal  cou- 
pling resulting  from  tumbling  of  the  three-atom  plane, 
which  is  present  in  3D  but  not  in  20.  The  existence  ol 
a strong  rotational  polarization  selection  effect  as  evi- 
denced In  Table  VI  Indir'tes  that  such  coupling  Is  weak 
in  comparison  to  the  potential  coupling  since  It  is  the 
potential  which  Is  responsible  for  the  linear  geometry 
requirement.  Thus  2D  and  3D  dynamics  should  be  quite 
similar  and  conversion  of  2D  to  3D  results  could  prove 
to  be  an  accurate  approximate  technique. 


0),ld(9'rtt) 


FIG.  21.  Two-  tnd  thrce-dlmeialonal  dltferenltel  cross  sec- 
tions oj}.,,  (ZDlfS*  of  Itrf.  I3lbll  sod  (3D)  as  s functloo  of 
reactive  scattering  angle  4^.  The  3D  cross  section  taolld 
curve),  at  0.60  sV  Iota)  energy.  Is  referenced  to  the  left  aide 
ordinale  scale  while  the  2D  result  (circles)  at  0,SS  eV  Is  rsf- 
erenced  to  the  right  side  one. 
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FIG.  22.  Remcflve  dc|trn4r»cy>averaK(^  integral  croas  apc- 
tlooB  divided  by  (2j‘  * 1)  .ai  a function  of  the 

product  rotational  enerfcy  Ef,  and  rotational  iiuantum  number 
f at  0.60  eV  total  energy  for  Initial  rotational  quantum  num* 
bera  > = 0.4. 


F.  Raagsnt  and  product  rotational  state  distributions 

We  now  consider  the  rotational  distributions  of  the 
degcneracy.avcrafied  reactive  dislinculshable  atom 
cross  sections  (all  for  r -v'  -0).  In  the  coplanar  ii  tH: 
study,”*  we  found  that  a surprisingly  accurate  fit  to  this 
distribution  could  be  obtained  with  a temperatureilke 
expression  (for  a ZD  system).  This  type  of  distribution 
can  be  derived  from  an  information  theoretic  formalism 
through  the  assumption  that  the  surprisal  function”  is  a 
linear  function  of  the  final  state  rotational  energy.  For 
3D  collisions,  with  only  one  open  vibrational  channel, 
the  Information  theoretic  expression  for  the  degeneracy- 
averaged  cross  section  between  rotational  states;  and 

may  be  written  as 

, (3.1) 

where  the  pre-expunenffal  factors  comprise  the  refer- 
ence or  statistical  distribution,  and  T,  and  A,  are  the 
two  ;'-lndependen(  parameters  of  the  Uieory,  p^E',')  is 
the  product  translational  density  of  states  and  is  a func- 
tion of  the  translational  energy  E]’.  relative  to  state 
£,.  Is  the  product  rotational  energy,  so  that  E)'  •E  ~E,. 
- £*,  where  e*  Is  the  r'  • 0 rero  point  energy.  The  2)' 
el  in  Eq,  (3. 1)  is  the  product  rotatlonaldegeneracyfactor 
To  see  how  well  our  3D  cross  sections  obey  Eq.  (3. 1), 
we  have  plotted  In  Fig.  22  the  cross  sections  Voi-or 
divided  by  (2;'  el)x3(£”)  on  a logarithmic  scale  as  a 
function  of  E/,  for  several  initial  .states  / at  0.6  eV, 


where  />(£”)  • pii'Jf )/p(£  - £^)  so  that  lor  £,.  • 0,  pul. 

If  Eq.  (3.1)  Is  satisfied,  then  the  resulting  curves 
should  be  linear  with  slopes  inversely  proportional  to 
T,{E).  We  see  from  the  figure  that  the  calculated  points 
(or  low  do  indeed  (all  on  nearly  straight  lines  lor  each 
;,  thus  indicating  that  the  temperaturelike  distribution 
is  quite  accurate  for  describing  the  reactive  cross  sec- 
tions. The  temperature  parameters  obtained  from 
these  low  straight  lines  're  3'  , 326,  328,  318,  and 
376  K for  >=0,  1,  2,  3,  and  4,  rspectively.  The  first 
(our  values  are  identical  to  one  another  within  the  ac- 
curacy of  (he  straight  line  fits.  Actually,  one  can 
easily  show  by  applying  microscopic  reversibility  to 
Eq.  (3.1)  (hat  if  the  rotational  distribution  is  tempera- 
turelike  (or  all ; then  r,(£)  must  be  Independent  of  >, 
which  ran  be  written  simply  as  T(£).  The  above  listed 
temperatures  should  therefore  all  be  the  same  if  the 
distributions  are  truly  temperaturelike.  Only  for;  >4 
or  ;'u4  are  deviations  from  temperaturelike  behavior 
significant.  If  we  now  perform  a similar  analysis  at 
several  other  total  energies  we  obtain  Fig.  23  which 
depicts  the  > uO  distributions  between  0.46  and  0.70  eV. 
Temperaturelike  behavior  is  evident  to  a comparable 
extent  at  all  energies  considered.  The  temperature 
parameters  obtained  from  the  slopes  of  the  lines  in 
Fig.  23  vary  from  228  K to  446  K as  £ varies  from 
0.46  eV  to  0.70  eV  in  steps  of  roughly  40  K/0.06  eV 
Increase  in  energy. 

As  pointed  out  by  Wyatt,”  these  temperaturelike  pu- 


FIG.  23.  Reactive  degeneracy -averaged  integral  crosa  sec- 
tions divided  by  (2;*  rl)v)i(£|0,  a function  of  the 

protkict  rotaUonal  energy  E^,  and  ratal'wisl  quantum  number 
at  0.4$.  0.60,  0.6$,  0.60,  0,6$,  and  0. 70  eV  lota)  energy. 
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rameters  should  not  be  Interpreted  as  beit>e  equal  to 
the  temperature  of  a cattonlral  eitsemble  describing  a 
thermal  equilibrium  between  a bath  and  the  products  of 
the  reaction  (which  actually  belong  to  a nonequilibrium 
mlcrocanonical  ensemble).  Under  conditions  leading  to 
product  population  inversions,  Eq.  (3.1),  when  satisfied, 
furnishes  negative  T,{E).  We  have  expressed  the  pres- 
ent reaction  product  rotational  population  results  in 
terms  of  temperaturelike  parameters  because  the  latter 
turned  out  to  be  positive  and  a quantitative  feeling  for 
the  relative  population  of  the  product  states  is  immedi- 
ately conveyed  by  reporting  their  values.  An  alterna- 
tive but  equivalent  procedure  is  to  express  the  results 
In  terms  of  the  slopes  d(£)  of  the  linear  surprisal 
plots. “•**  It  is  easy  to  show  that  e(£)  is  related  to  r(£) 
by  9(£)  = (£-£‘'')4*T(£)1,  where  £''  is  the  vibrational 
cnergv  of  the  products  whose  rota  onal  population  is 
being  considered.  In  the  present  instance  £*'  is  the 
aero-point  vibrational  energy  o'  Hj  and  the  surprisal 
slope  parameters  e(£)  corresponding  to  Fig.  23  vary 
from  9. 1 at  £ = 0. cV  to  11.1  at  E =0. 70  eV  in  a non- 
linear manner.  The  results  obtained  by  Wyatt*'  for  an 
approximate  version  of  the  Yates-Lester-L.lu  (YLL) 
potential  energy  surface"’ “ furnish  9 = 8.9  for  £ = 0.70 
eV  and  0. 80  eV.  The  difference  between  these  results 
may  be  attributed  in  part  to  the  difference  between  the 
YLL"  and  PK*'  surfaces  end  In  part  to  the  difference 
between  the  ni-  ..lods  used  in  the  scattering  calculations 
(see  Sec.UlC). 

In  the  coplanar  study'"  we  pointed  out  that  the  exis- 
tence of  temperaturelike  rotational  distributions  could 
be  a reflection  of  the  shape  of  the  potential  energy  sur- 
face near  the  transition  state  and  the  significant  restric- 
tion In  bending  motions  which  the  potential  induces 
there.  Since  the  transition  slate  bending  motions  cor- 
relate adiabattcally  with  asymptotic  free  rotor  motior.o 
one  might  expect  that  the  average  roi.ilional  energy  of 
the  products  should  be  related  to  the  average  energy  in 
bending.  This  relation  does  not  seem  to  be  quantitative, 
however,  for  the  average  product  state  rotational  en- 
ergy corresponds  roughly  to  the  temperature  parameter 
while  the  bending  energy,  as  estimated  in  the  previous 
section,  seems  to  be  somewhat  higher  (228-446  K for 
the  former  and  550  K for  the  latter).  The  model  ex- 
plains the  similarity  between  the  copl.inar  and  thn  .-di- 
mensional temperature  parameters  (311  K (or  2D'"  vs 
326  K for  30,  both  at  0.6  eV)  only  if  we  further  assume 
that  only  one  of  the  two  degenerate  3D  bending  nodes 
becomes  product  rotational  motion.  This  assumption 
disagrees  with  the  Interpretation  given  above  (or  the 
energy  shifts  of  Figs.  19  and  20.  It  therefore  appears 
that  some  refinement  in  the  model  which  relates  product 
rotational  energies  to  transition  state  bending  energies 
is  necessary  In  order  to  quantitatively  explain  the  tem- 
perature parameters  obtained  from  the  dt.stributions  of 
Figs.  22  and  23. 

G.  Compariiont  with  ths  retulti  of  other  three 
dimentionel  celculetiora 

In  Figs.  24  and  25  we  compare  our  integral  cross 
sections  (labeled  SK)  with  the  corresponding  ones  ob- 
tained by  several  other  methods,  all  applied  to  H*  li,  on 


the  Porter-Karplus  potential  surface.  In  Fig.  24  we 
plot  the  quasiclasslcal  total  reactive  cross  sections  of 
Karplus,  Porter,  and  Sharma'iKPS)  and  the  quantum 
mechanical  results  of  Elkowitz  and  Wyatt" (EW),  while 
Fig.  25  contains  the  antisymmetrized  distorted  wave 
via-m  results  of  Tang  and  Karplus'  (TK)  and  of  Choi  and 
Tang*(Cr)  and  the  one-vibration  close-coupling  results 
ol  Wolken  and  Karplus'  (WK). 

It  is  apparent  that  the  best  agreement  in  either  figure 
is  between  our  e5,(SK)  and  Qoi(SK)  and  the  correspond- 
ing quasiclasslcal  quantities.  Our  converged  quantum 
result  and  the  quasiclasslcal  cross  sections  are  es- 
sentially identical  between  0. 6 and  0. 7 eV  to  within  the 
statistical  accuracy  of  the  quasiclasslcal  calculation. 
Agreement  between  0£(SK)  and  Q^(KPS)  ts  much  less 
quantitative  but  still  reasonable  if  one  considers  the 
small  cross  sections  involved  and  the  inherent  statisti- 
cal uncertainty  in  the  quasiclasslcal  result.  Below  the 
classical  thresholds,  we  observe  characteristic  tunnel- 
ing behavior  In  our  quantum  cross  sections  which  will 
have  an  important  effect  In  the  compa  wn  of  classical 
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FIG.  24.  Comparison  of  reactive  Irtegrmi  crons  sections  as  a 
function  of  the  total  rnergy  F for  several  calculations.  The 
(KPS)for>'0,  1,  and  2 arc  the  quasiclassicsl  results  of  Kafw 
plus,  Porter,  and  Sharma  (indicated  by  dashed  lines),  while 
I*  analogous  total  reaction  cross  section  obuincd 
by  Elkowitt  and  W)’att  (indicated  b)  sguaresK  The  present 
results  are  connected  by  solid  lines  and  labeled  Qi'JtSK)  mlth 
) - 0,  I,  2.  The  arrows  below  the  upper  abscissa  indicate  the 
enenrics  at  ahich  the  irrjund  vibrational  state  product  rotation- 
al levels  h.yvSng  the  > values  indicated  become  cnerfctlcally 
acccssiUk-. 
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FTC.  35.  Comparison  of  the  intc^a]  cross  scctioas  as 

a function  of  £.  The  results  labeled  WK  arc  those  of  tVulken 
and  Karpius,  TK  denotes  those  of  Tang  and  Karplus,  CT  the 
one  point  of  Choi  end  Tang,  and  SK  the  present  results.  The 
TK  results  In  Ref.  5 have  been  multiplied  by  the  necessary 
factor  of  3 to  obtain  the  curve  pbtted.  The  arro%%s  lielow  the 
upper  abscissa  have  the  same  meaning  as  in  Fig.  34. 


and  quantum  thermal  rate  constants  (see  Sec.  ID  H). 

Agreement  between  our  results  and  the  corresponding 
one  of  Elkowttz  and  Wyatt'^lEJW)  Is  not  as  good  as  one 
would  have  expected  considering  that  both  catcutotions 
were  done  on  the  same  potential  energy  surface  and 
(hey  both  employed  extended  vibration-ruiatton  basis 
sets.  Recently,  EW  have  made  some  corrections  in 
their  calculations’*  which  improve  the  agreement  be* 
(ween  (heir  curve  and  ours.  In  addition,  over  the 
energy  range  0.6-0. 7 eV,  the  corrected  EW  values  (or 
agree  with  ours  to  withtn  20^.  On  the  other  hand, 
their  Vm-a  are  about  2.  S times  greater  than  ours,  and 
as  a result,  when  we  compare  the  cross  section  ratios 
(jM-ot/Oic-n  from  Table  V with  the  corresponding  ones 
from  Fig.  1(a)  of  Ref.  10  or  with  EW  corrected  values,  “ 
we  find  that  the  difference  between  them  Is  quite  large. 
For  example,  at  £ = 0. 70  cV  we  get  0. 24  for  that  ratio, 
whereas  the  EW  value  is  0.62.  This  implies  that  the 
distribution  of  energy  among  the  rotational  degrees  of 
freedom  of  the  products  is  very  dtlferent  In  both  cal- 
culations, and  that  the  tempera'.urelike  parameters 
which  may  result  from  their  calculations  will  be  sig- 
nificantly larger  than  the  ones  reported  In  the  previous 
section.  A search  is  presently  going  on  for  the  reasons 
tor  this  difference  In  ihe  cross  sections.  In  this  con- 
text It  should  be  noticed  that  EW  simplified  Iheir  cal- 
culation Id  Iheee  ways,**  one  or  more  of  which  could 
have  an  appreciable  effect  on  the  results,  particularly 
at  Urge  energies:  (a)  They  omitted  certain  Coriolis 


coupling  terms  from  the  kinetic  energy  part  of  the 
Hamiltonian;  (b)  The  potenllal  was  fitted  to  analytic  ex- 
pressions whose  form  was  chosen  so  as  to  omil  vibra- 
tion-rotation coupling;  and  ic)  Only  the  <’  = 0,1,2  vibra- 
tional states  were  Included  In  (he  coupled-channel  ex- 
pansion and  convergence  with  respect  to  Ihe  number  of 
vibrational  states  was  not  tested.  In  our  case,  as 
pointed  out  in  Sec.  II D,  Table  III,  and  In  Ref.  13, 
usually  four  vibrational  basis  functions  were  required 
for  conveigence  of  the  reaction  probabilities  to  a few 
percent. 

The  Tang  and  Karplus  distorted  wave  curve  In  Fig.  25 
has  a much  higher  effective  threshold  energy  than  ours 
and  consequently  much  snuller  cross  sections  at  the 
same  energy.  Part  of  the  difficulty  could  be  the 
“linear"  assumixion  used*  in  cnluating  the  integrals  for 
the  transition  amplilude.  When  this  assumption  was 
removed,  as  was  done  by  Choi  and  Tang,*  the  cross 
section  increased  significantly  a:  the  one  energy  they 
considered.  We  should  also  note  that  Choi  and  Tang'* 
have  also  observed  an  mj  dependence  in  ihclr  Pj.ooo-oi-J 
reaction  probabilities  quite  similar  to  that  of  Fig.  3. 

H would  be  interesting  to  obtain  distorted  wave  results 
such  as  those  of  CT  xt  lower  energies  so  that  a more 
direct  comparison  with  our  results  may  be  made.  The 
one  vibrational  lasts  function  results  ji  Wotken  and 
Karplus*  have  an  effective  threshold  energy  much  lower 
than  ours  for  the  same  transition.  This  is  probably  a 
consequence  of  the  act  rely  truncated  basis  set  used 
(only  vibrational  quantum  state  <’  = 0 and  Ihe  j = 0-3  ro- 
tational states).  Convergence  properties  of  such 
severely  truncated  basis  sets  were  examined  in  the 
copfanar  If.  If,  study,  ’’“and  ic  was  determined  there 
that  errors  of  several  orders  of  magnitude  In  cross 
sections  were  possible  in  some  cases  if  both  vibrational 
and  rotational  convergence  was  not  achieved. 

The  quasiclassical  and  quantum  differential  cross 
sections  oj,  (at  somewhat  different  energies)  are  ex- 
amined in  Fig.  26.  Doth  angular  distributions  are  back- 
ward peaked  with  very  similar  shapes.  A very  Interest- 
ing comparison  between  classical  and  quantum  dynamics 
would  Involve  an  ex-aminalion  of  the  classical  rolallotul 
polarization  effect  analogous  to  Ihe  one  found  In  the 
quantum  results  and  displayed  In  Fig.  10.  Such  a de- 
tailed comparison  of  cross  sections  between  IndIx'Idual 
quantum  stales  (rather  than  summed  over  several  as  Is 
(he  case  In  Figs.  24  and  261  would  be  highly  desirable 
In  establishing  the  general  validity  of  the  quasiclassical 
procedure.  Figure  27  provides  a comparison  of  the 
WK,  CT,  and  SKn;(,.„,  angular  distributions  at  similar 
energies.  We  find  the  shape  of  the  distorted  wave  dif- 
ferential cross  section  curve  of  Choi  and  Tang  lo  be 
very  similar  lo  ours,  while  that  of  the  Wolken  and 
Karplus  cross  section  differs  rather  substantially  from 
either.  Part  of  Ihe  error  In  Ihe  WK  result  could  be  due 
to  an  ambiguity  In  Ihe  Interpolation  of  amplitudes  and 
phases  of  scattering  matrix  elements  for  those  partial 
waves  they  did  not  explicitly  calculate.  (Only  every 
third  partial  wave  was  calculated.  )*  Indeed,  we  have 
feund  Interpolation  procedures  to  be  extremely  dan- 
gerous (especially  (or  (he  phases),  and  (or  this  reason, 
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FIG.  26.  Compaiisoo  of  the  differential  reaction  croA.a  sec- 
tion ajS  aa  a function  of  the  reactive  scattering  angle  Sg  as  oli- 
talned  by  (a)  the  quaslclasslcal  trajectory  method  of  Karplus, 
Porter,  and  Sharma  (the  histogram  labeled  KPS)  at  E = 0.752 
eV,  and  (b)  the  present  coupled  channel  method  (labeled  SK) 
at  0.70  eV. 


we  have  always  computed  scattering  matrices  (or  every 
partial  wave  required  (or  convergence  of  the  cross  sec- 
tion. Another  comparison  of  angular  distributions  is 
Indicated  In  Fig.  28,  where  we  examine  the  semlclassl- 


F1G.  28.  Comparison  of  the  aemlclasslcal  differential  cross 
section  om.|,  as  a (unction  of  the  reactive  scattering  angle 
calculated  by  Doll,  George,  and  Miller  (dashed  curve  labeled 
DGM)  at  0.  472  eV  total  energy  «1th  the  corresponding  cm^h 
of  the  present  work  (solid  curve  labeled  SK)  at  0.45  eV.  The 
scaling  factor  of  0. 22  was  chosen  so  as  to  make  t)w  displayed 
curves  coincide  at  8ji  = 180‘. 


FIG.  27.  ComparisoB  of  the  dtfferential  cross  section 
as  a (unction  of  the  reactive  scattering  angle  as  calculated 
by  (a)  the  distorted  wave  method  of  Choi  and  Tang  (dashed 
curve  labeled  CT)  at  B *0,772  eV,  (b)  (he  one  vibration  coupled* 
channel  method  of  Wolken  and  Karplus  (dash-dotted  curve  la- 
beled WK)  at  E *0.772  eV,  and  (e)  the  proseig  method  (solid 
aurve  labeled  SK  at  0, 70  eV. 


cal  cr^-oi  of  Doll,  George,  and  Miller*  (DGM)  at  a much 
lower  energy  than  has  been  considered  in  the  previous 
two  figures.  The  DGM  cross  sections  are  about  $ times 
larger  than  the  present  quantum  ones,  but  the  agree- 
ment between  the  shapes  of  the  curves  In  Fig.  28  Is  ex- 
cellent. In  Fig.  29,  the  results  of  two  methods  (primi- 
tive semlclaeslcal  and  classical  semiclassical  In  the 
tecminology  of  Kef.  53)  used  by  DGM  to  calculate  reac- 
tion probabilities  are  displayed.  They  are  a (actor  6- 
18  greater  than  (he  present  ones.  Presumably  a "uni- 
form" type  of  expression  for  evaluating  the  semiclassi- 
cal reaction  probability  is  required  to  bring  those  re- 
sults Into  an  agreement  comparable  to  what  was  ob- 
tained in  the  same  energy  range  (or  colllnear  H*  Hi.** 
The  results  of  Wolken  and  Karplus  shown  In  the  same 
figure  are  a (actor  of  10-30  greater  than  the  present 
ones. 

We  conclude  this  section  with  a comparison  of  our 
Donrcactlve  Integral  and  differential  cross  sections  with 
those  of  Wolken,  Miller,  and  Karplus.**  The  latter 
calculation  considered  the  same  potential  surface**  as 
did  we  but  Ignored  the  possibility  of  reactive  collisions. 
A comparison  of  the  resulting  Integral  cross  secltons 
I*  given  In  Fig.  30.  The  two  curves  agree  within 
the  accuracy  of  the  respective  calculations,  except 
perhaps  at  the  highest  energies  considered.  This  Is 
quite  interesting,  (or  WMK  used  a nne-vlbratlon-basls- 
(unctlon  approximation  (with,  however,  ),„*  6)  in  tbeir 
calculation.  This  could  Indicate  that  the  absence  of 
closed  vibrational  channels  Is  of  much  less  significance 
for  nonreactIve  collisions  than  It  Is  for  reactive  ones. 
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FIG.  29.  ReACtlon  probability  (or  J = 0 as  a function 

of  the  total  energy  £ and  translational  cnerfQ*  £e.  « ne  two 

curves  labeled  DGM  are  the  semiclassical  results  of  Doll, 
George,  and  Miller  using  the  primitive  semiclassical  expres* 
sloo  Iduhcd)  and  classical  semiclassical  expression  (dash- 
dotted!  In  the  terminology  of  Ref.  S3.  The  t«x>  crosses  are 
points  from  the  work  of  Wolken  and  Karplus  <WK),  and  the 
present  results  (SK)  are  denoted  by  circles  and  the  solid  line. 
The  DGM  and  U'K  probabilities  have  been  divided  by  3 as  de- 
scribed inRef.  6 to  make  the  comparison  with  our  distinguish* 
able-atom  probabilities  meaningful. 


EoteV) 


E(eV) 


FIG.  90.  Nooreaettve  integral  cross  section  48  a func- 

tion of  the  total  energy  £ and  translatiocu)  energy  £|.  The 
solid  curve  labeled  WMK  ts  the  coupled-channel  revult  of  Wol- 
keo.  Miller,  tod  Karplus.  (The  actual  points  calculated  are 
denoted  by  squares.  > The  present  results  ISK),  given  by  ctr- 
dee.  are  connected  by  a dashed  line.  Arrow  in  abscissa  in- 
dicates the  energy  st  which  the  r ■ 0.  ) • 2 state  of  Hi  becomes 
energetically  ncoeeeible. 


^(degrees) 


FIG.  31.  Nonreactivc  differential  cross  section 
dashed  curve  Indicates  the  results  of  Wolken,  Miller,  and  Kar- 
plus (WMK>  at  0.522  eV.  The  present  result  (SK)  (at  0.50  cV) 
Is  denoted  by  a solid  curve,  and  the  dash -dotted  cur.’e  denotes 
the  coplanar  result  (at  0.50  eV)  of  Ref.  13(b)  with  ordinate 
scale  given  on  the  right  side  of  the  graph. 


Unfortunately,  a comparison  between  the  WMK  differen- 
tial cross  sections  ours  (Fig.  31)  shows  a 

significant  disagreement  between  them,  with  the  V/MK 
curve  being  highly  oscillatory,  In  contrast  with  our 
very  smooth  one.  We  believe  that  the  smooth  behavior 
is  more  reasonable  because  (a)  it  is  consistent  with  a 
direct  mechanism  being  dominant  in  the  collision  pro- 
cess; (b/  it  agrees  qualitatively  with  our  coplanar  re- 
sult at  the  same  energy  (also  plotted  in  Fig.  31)  which 
ts  obtain'  d from  an  entirely  different  calculation***; 
and  (c)  it  also  qualitatively  agrees  with  the  correspond- 
ing nonreacti\e  cross  sections  of  Allison  and  Dalgarno** 
for  the  same  system  but  a different  interaction  poten- 
tial. Rece  r ’y>  Choi  and  fang^*  have  used  a coupled 
equations  t hnique  to  recompute  for  the  same 

problem  cc  .idercd  by  WMK.  They  obtained  a smooth 
aiigular  dts  ''button  In  very  good  agreement  with  our 
result.  Note  that  Fig.  31  also  shows  the  r«^^ence  of 
any  forward  peak  in  the  planar  cross  6»  •.  This  ts 

additional  evidence  for  the  conclusion  cf  Sec.  niB  that 
the  forward  peak  in  the  3D  result  may  be  spurious. 

H.  Rats  conitanU 

In  this  section  we  will  examine  the  behavior  of  the 
para-to-ortho  rate  constant  for  H|.  The  ojtho*to- 
para  rale  constant  can  be  easily  obtained  from 
by  using  the  readily  available  equilibrium  constant.*^ 

We  first  define  the  rate  constant  for  the  transition 
(valid  for  R,  St  or  A transitions): 

- / (3. 2) 

where  the  velocities  V,,  were  litroduced  tn  Sec.  II A 
and  P^V,,)  Is  the  Boltzmann  dlstrlbutton  function.  Upon 
explicit  substitution  of  this  funalon  Into  Eq.  (3.2),  we 
find 
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TABLK  Vn.  rara>to-ortho  thermal  rate  conatanU  for  II  • H«.* 


TWO 

A,..(SK) 

AfiVSKI 

A,..(Kl>Si* 

4,..(TCT)* 

100 

0.270(4) 

0.34*  4) 

0.763(-2) 

0.405(-5) 

200 

o.esBD 

0.722(7) 

0.379(C) 

0.  161(5) 

250 

0.753(6) 

0.773(8) 

0.  127(8) 

0. 125(7) 

300 

0.442(9) 

0.449(9) 

0,  136(9) 

0.223(8) 

400 

0.480(10) 

0.490(10) 

0.268(10) 

0.  633(9) 

500 

0.224(11) 

0.224(11) 

Q.  168(11) 

0.737(10) 

600 

0.640(11) 

0.640(11) 

0.595(11) 

0.322(11) 

*An  rate  constants  are  in  units  of  cm^/(mnle*  see).  Quantum 
rate  constants  are  believed  accurate  to  20'i. 

Results  of  Kef.  3. 


* (3.3) 

where  Is  the  reduced  mass  corresponding  lo  the  mo- 
tion of  the  atom  with  respect  to  the  diatom  and  is 
the  translationai  energy  relative  to  state  i )[E\]  = 

is  Avogadro's  number^  so  ih;ii  k has  units  of  cm*/ 
(mole  *8ec).  Expressions  for  degeneracy -averaged 
rate  constants  may  be  obtained  by  using  the  de- 
generacy averaged  in  Eq.  (3.  3)  rather  than 

para-to-ortho  rate  constant  is  (hen  ob- 
tained from  the  via 


= Yi 





= (3.5) 

*$ 

It  wn) 

is  the  para-state  reagent  internal  partition  function  and 
is  the  \1bratlon  rotation  energy  of  state  vj(£  -E^j 
♦ The  nuclear  spin  degeneracy  factor  has  the 
value  1 for  j even  and  3 for  ) ood  and  thus  is  always 
unity  for  Calculation  of  ihl‘,  rate  constarA  can  be 

made  using  Eqs.  (3. 3)»(3.  5)  axl  the  cross  sections 
which  were  defined  ai  1)  v end  of  Sec.  n A. 

Some  values  of  these  integral  cross  sections  are  j^iven 
in  Table  V.  By  evaluating  the  integral  in  '%,>.*»  dvgenera- 
cy-averaged  counterpart  of  Eq.  (3.3)  numerically,  we 
have  obtained  the  para-to-ortho  rale  constants  given  in 
the  second  column  of  Table  VII.  Doth  linear  and 
logarithmic  interpolation  were  used  between  (he  ener- 
gies at  which  cross  sections  were  calculated  and  the 
results  from  the  two  methods  agree  to  20^  or  better. 
(The  linear  results  are  given  in  Table  VII. ) Onl^  tem- 
peratures below  600  K have  been  used  in  the  calculation 
because  of  substantial  errors  which  occur  in  truncatii^; 
the  integral  in  Eq.  (3. 3)  at  0. 7 eV  total  energy  for  tem- 
peratures above  €00  K. 

The  quantum  para-to-ortho  rate  constant  may  also  be 
obtained  (appivxlmatcly)  from  distinguishable  atom 
cross  sections.  It  is  desirable  lo  do  this  in  order  to 
provide  additional  comparisons  between  qu.intum  and 
quasiciasslcai  rate  constants.  The  total  reaction  rate 


constant  for  dtsilngulshabte  atom  collisions  is* 

,3.6, 

where 

QlT)=Yf^2j*l)r‘.,'".  (3.7) 

•/ 

The  (actor  o(  2 at  the  beginning  r'  the  right-hand  side  o( 
Eq.  (3.6)  arises  from  an  explicitly  performed  sum  over 
the  two  equivalent  product  arrangement  channels.  In 
the  limit  in  which  a large  number  of  quantum  states 
contribute  to  the  sums  in  Eqs.  (3.4)  and  (3.6),  we  may 
assume  (hat  a sum  of  rate  constants  over  just  odd  prod- 
uct states  (or  just  even  states)  is  approximately  half  the 
sum  over  all  possible  states,  l.e., 

E E AS.,.,,(r).  (3.8) 

O' Odd)  (AlliM 

er 

(i'  •*«) 

In  addition,  for  high  enough  temperatures, 

<?.=  E /,(2/*l)e  *«'"~3y'  //2;.1)«  =3y„ 

(3.g) 


a oM> 

so  that 


By  realizing  that  A-,.,  is  given  by  an  expression  analo- 
gous to  Eqs.  (3. 4)  and  (3. 5)  but  with  the  even  and  odd 
sums  Interchanged,  and  by  combining  the  expressions 
for  A,.,  and  A,.„  using  Eqs.  (3. 8)-(3. 10)  and  the  rela- 
tions between  antlsymir.etrized  and  distinguishable  re- 
active rale  constants  Implic'  In  the  discussion  f.  Mow- 
ing Eq.  (2.8),  we  find 


A*(r)~A,.,(7-).A,.,(r) 


where  A',,  is  the  equilibrium  constant.  To  the  same 
order  of  approximation,  Eq.  (3.  9)  implies  that  X.,- 3, 
so  Eq.  (3. 11)  yields 

A»(7l~}A,..(r).  (3.12) 

This  implies  lh.-u  by  computing  A*(T)  and  using  Eqs. 

(2. 12)  and  (3. 11 ) or  (3. 12),  we  can  approximately  com- 
pute A,.,(T)  from  distinguishable-atom  reactive  cross 
sections  </*.  In  the  third  column  ol  Table  VH  we  list 
the  Af.'J  so  obtained.  Equation  (3. 11)  (In  which  Is 
not  assumed  to  have  the  value  3)  was  (o'  nd  to  give 
slightly  better  agreement  between  AjlV  and  A,.,  for  T 
< 300  K than  Eq.  (3. 12)  and  was  therefore  used  In  cal- 
culallng  aJ‘.*'  in  the  table.  We  sec  that  (or  T»  300  K, 
A'I’XT)  and  A,..(r)  arc  Identical  to  at  least  two  signif- 
icant features  Indicating  that  the  approximation  Is  quite 
accurate  even  at  (airly  iow  temperatures.  If  we  use 
'Iq.  (3. 11)  to  convert  the  Karplus,  Porter,  nnd  Sharma* 
rate  constant  A*(KPS)  to  A,.,(KPS),  we  obtain  the  re- 
sults in  the  fourth  column  of  Table  vn.  In  the  fifth 
column  we  have  listed  the  analogous  transltlcn  state 
theory  result  A,.,(tst)  without  tunneling  corrections 
Iwhich  Is  obtained  from  Eq.  (3. 11)  and  the  formula 
given  In  Ref.  3).  Note  that  transition  state  theory 
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FIG.  32.  Arrhenius  plot  of  the  pnra-to-ortho  thermal  rate 
constant.  The  present  quantum  result  Is  tlenotcsl  by  SK,  while 
the  quaslclasslcal  result  of  Karplus,  Porter,  and  Sliarma  is 
labeled  KPS  and  the  transition  state  theoo  result  is  labeled 
TST. 

ordinarily  does  not  distinguish  different  possible  prod- 
uct spin  states,  so  that  In  order  to  define  b,.,(TST),  we 
have  to  make  the  additional  obvious  assumption  that  the 
Individual  nuclear  spins  are  good  constants  of  the  mo- 
tion. It  Is  worthwhile  noting  here  that  a number  of  rale 
constants  In  addition  to  those  In  Table  Vn  oiay  be  cal- 
culated, but  most  of  these  additional  rate  constants 
provide  no  new  Information  (see  also  Ref.  S6).  For  ex- 
ample, any  ortho-to-para  rate  constant  Is  simply  k,., 
and  any  distingulshable-atom  rale  constant 
(which  Includes  those  '.n  the  last  three  columns  of 
Table  Vn)  may  be  related  to  the  corresponding  total  rate 
constant  using  Eq.  (3. 11).  One  exception  Is  the  quasl- 
classlcal para-to-ortho  rate  constant  k‘.,  which  Is  ob- 
tained by  selecting  only  those  iratcctorles  which  fall 
Into  bins  connecting  even  and  odd  states.  This  quantity 
cannot  be  extracted  from  the  results  of  Ref.  3,  and  is 
only  approximated  by  b,.,(KPS)  as  obtained  using  Eq. 

(8. 11). 

Arrhenius  plots  of  the  quantum,  quaslclasslcal,  and 
trcnsKlon  state  theory  rate  constants  are  presented  In 
Fig.  32.  At  600  K,  the  quasIcUssIcal  fr,..(KPS)  differs 
from  kf.,(SK)  by  only  77,  while  the  TST  result  Is  In 
error  by  707.  The  close  agreement  of  the  quaslclassl- 


cal and  quantum  results  Is  an  obvious  consequence  of 
the  excellent  agreement  of  the  corresponding  Integral 
cross  sections  (above  the  classical  thresholds)  In  Fig. 

24  coupled  with  the  excellent  validity  of  Eqs.  (3. 11) 
and  (3. 12).  Presumably,  the  quantum  and  quaslclassl- 
cal rate  constants  will  continue  to  be  In  very  good 
agreement  at  temperatures  above  600  K.  At  lower  tem- 
peratures, however,  tunneling  effects  become  extremely 
important  with  l',.,(SK)  a factor  of  3. 3 larger  than 
b,..(KP5)  at  300  K and  18  limes  larger  at  200  K.  The 
significant  nonlinearity  In  the  quantum  curve  In  Fig.  31 
Is  also  apparently  related  to  tunneling,  although  we 
hould  nole  that  previous  studies  on  collinear  H«H| 
have  shown’*  that  tunnc'lng  can  make  significant  con- 
tributions to  the  rate  constant  even  at  1000  K where  the 
collinear  reaction  Arrhenius  plot  Is  quite  linear.  The 
transition  state  theory  rate  constant  deviates  from 
b,.,ISK)  even  mure  severely  than  ib,.,(KPS),  with 
l-,.,l''.K)/k,..(TSri  being  20  at  300  K and  427  at  200  K. 
Part  of  the  error  In  the  TST  result  Is  probably  due  to 
the  neglect  of  tunneling  corrections  In  the  expression 
used*  (i.  e. , a transmission  coefficient  of  unity  has  been 
assumed).  For  a scaled  version***  of  the  SSMK  sur- 
face, “ Truhlar  and  Kuppermann'**  have  calculated 
vtbrattonaily  adiabatic  zero  curvature  (VAZC)  trans- 
mission coefficients  of  0.  903  at  600  K,  0.  96  at  300  K, 
and  1.72  at  200  K,  thus  Indicating  that  Inclusion  of  these 
factors  Is  not  apt  to  Improve  the  situation  significantly. 
In  addition,  the  ratio  b,..(KPS)/ib,.,(TST)  deviates  sub- 
stantially from  unity  In  Tai  le  VII  despite  the  fact  that 
tunneling  has  been  omitted  from  both  calculations. 
Because  of  the  strongly  nonlinear  behavior  of  h,.,(SK) 

In  Fig.  32,  the  attempt  to  characterize  that  rate  con- 
stant by  a single  activation  cr.rgy  Is  probably  not  too 
meaningful.  If  one  does,  however,  compute  such  a 
quantity  by  arbitrarily  fitting  a straight  line  between 
the  500  K and  600  K points,  one  finds  activation  ener- 
gies ol  6.  3,  7. 5,  and  8. 8 kcal/mole  for  ilr,.,(SK), 
*,.,(1CPS),  and  h,.„(TST),  respectively.  The  quantum 
activaion  energy  Is  1.1  kcal/mole  (0.048  eV)  above  the 
corresponding  coplanar  one  (5.2  kcal/moie),  ***  and 
this  difference  Is  almost  Idenllea  to  the  0. 05  eV  20  to 
3D  shift  observed  In  Figs.  19  and  20for  the  i faction 
probability  curves. 

Since  the  Porter-Karplus  potential  surface  we  used 
has  an  Incorrect  barrier  height  (0.396  eV'*  vs  0.425  eV 
(or  the  more  accurate  Liu  surface'*),  a comparison 
with  experimental  results  of  thermal  rale  constant  mea- 
surements will  be  deferred  to  a paper  In  which  the  re- 
sults obtained  with  the  full  noncolllnear  Liu  surface  are 
described. 

IV.  SUMMARY 

Let  us  now  summarize  the  significant  concepts  de- 
veloped In  (his  paper.  First,  In  the  analysis  of  (he 
reactive  transition  probabilities  and  cross  sections  we 
found  a (airly  accurate  rotational  projection  quantum 
number  (I.  e. , polarization)  selection  rule  (m,.  mj-  0). 
Although  one  can  find  many  (actors  which  are  at  least 
partially  responsible  (or  (his  effect,  the  primary  rea- 
son (or  this  specificity  and  selectivity  Is  the  restriction 
to  nearly  linear  geometries  In  the  (ranslllon  stale  as  Is 
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determined  by  the  potential  enen;y  surface.  No  com- 
parable selection  effect  was  found  for  the  nonreactlve 
collisions  (compare,  for  example,  Figs.  10  and  11). 

At  higher  energies,  quantum  symmetry  Interference 
oscillations  were  observed  In  the  ) ^ 0 to  » 2 para-to- 
para  differential  cross  sections  (see  Fig.  15).  Such 
oscillations  might  be  capable  of  Interpretation  In  terms 
of  parameters  which  characterize  the  potential  energy 
surface  as  has  been  done  for  the  related  atom -diatom 
and  molecule-molecule  elastic  scattering  situations.'^ 
The  elastic  cross  sections  revealed  a lack  of  sensitivity 
of  me  0 « 30  * angular  distributions  to  the  loss  of  flux 
Into  Inelastic  and  reactive  channels,  and  der*'.onstrated 
the  approximate  validity  of  Levine's*'  co.nsei'vatlon  of 
total  cross  section  rule  and  the  validity  of  the  central 
field  approxlnutlon  In  this  angular  range.  A compari- 
son of  the  results  of  ID,  2D,  and  3D  calculations  re- 
vealed the  importance  of  bending  motions  in  the  transi- 
tion state  and  demonstrated  their  connection  with 
threshold  energies.  In  addition,  the  orientation  depen- 
dence of  the  reaction  probabilities  was  analyzed  and 
found  to  be  compatible  with  the  observed  maximum 
values  of  the  total  reaction  probabilities.  The  results 
of  ID,  2D,  and  3D  comparisons  afforded  in  this  paper 
should  be  of  great  use  in  the  improvement  of  ID  ard  2D 
models  so  that  they  can  be  used  to  make  quantitative 
predictions  about  3D  results.  The  degeneracy -averaged 
rotational  distributions  were  found  to  obey  Doltzn\ann- 
like  expressions  with  a surprising  degree  of  accuracy. 

A precise  understanding  of  why  this  occurs  remains  un^ 
known  at  present,  but  an  analysis  of  the  scattering 
wavefunctlon  at  the  transtiion  state  in  terms  of  vibra- 
tionally  and  rotationally  adiabatic  wavefunctions  may 
help  to  clarify  the  relation  of  bending  energy  to  product 
state  rotational  energy  and  hence  to  the  temperature 
parameter.  A comparison  of  our  integral  and  differen- 
tial cross  sections  with  those  of  several  other  approxi- 
mate calculations  indicates  best  agreement  with  the 
Quasiclassical  results  at  energies  for  which  tunneling 
effects  arc  not  important.  On  the  other  hand,  the  lack 
of  tunneling  In  the  classical  cross  sections  produces 
important  differences  In  the  para-to-ortho  thermal  rate 
constant  at  temperatures  below  300  K but  the  agreement 
Is  good  at  600  K. 

The  wealth  of  dynamical  iniormation  presented  here 
makes  clear  the  great  usefulness  of  these  calculations. 
At  the  same  lime,  the  large  expenditure  of  computer 
time  indicated  In  Table  II  implies  that  analogous  calcu- 
lations will  be  done  for  only  a llmlied  number  of  addi* 
Clonal  systems  for  which  a very  detailed  understanding 
of  the  Important  dynamical  processes  Involved  Is  highly 
desirable.  This  places  prime  emphasis  on  the  develop* 
ment  of  accurate  but  efficient  approximate  techniques,  . 
and  the  comparisons  between  accurate  results  and  ap- 
proximate ones  such  as  those  considered  In  Secs.  IH  E 
and  mo  and  In  decoupling  schemes  presently  being 
used  by  us  indicate  that  such  techiques  may  Indeed  exist . 
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LARGE  QUANTUM  EFFECTS  IN  A MODEL  ELECTRONICALLY  NONADIABATIC  REACTION: 
Ba  ♦ NjO -*  BaO*  + Nj* 
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CaK'utjlioni  of  rcavlion  piobjbililicv  have  prev'iou>ly  been  performed  for  a colirnear  model  of  the  electronically 
nonadiabatrc  rcactron  Ba  e KjO  — BaOtX  * L),  BjO  la  'ill  ♦ Ny,  treatme  Ny  av  a mart  point  and  urin|;  accurate  quantum 
mechankal  ar  «ell  at  qiiarKUrrK'al  trajectory  rurfacc-hoppinit  icchntquev  In  the  prerenl  paper  »e  compare  there  luo  reir 
of  lerultr  and  eoncludc  that  larye  quantum  rffeetr  erirt  and  that  the  Landau-Zener  rurface-hoppinjt  model  for  the  dercrip- 
tion  of  thir  ryrtem  ir  inadequate. 


Tlie  cheniiluniincsccnl  Bj  + NrO  reaction  lias  re- 
cently been  the  object  of  intensive  e\perintent.il  in- 
vestigations |l  - ‘>1 . TIte  observed  chemiliimijiescence 
has  been  assigned  to  the  A'  2^  -*  X*  2^  transition  of 
BaO  1 1 -9| . but  the  pressure  dependence  of  the  emis- 
sion intensity  has  led  to  the  suggestion  tltat  the  a -Ml  state 
of  BaO  is  the  dominant  reaction  pioduct  and  that  the 
radiating  A*  X state  is  populated  by  subsequent  non- 
reactivc  bimolecular  collisions  of  BaOfa'il)  with  the 
piessuri/ing  gas  Id. 10) . 

We  have  modeled  the  Ba  ♦ NjO  leaction  as  a col- 

• Thir  worlt  war  rupported  in  part  by  a grant  INo.  Af'OSR 
73-2539)  from  the  An  f orce  Offwt  of  ScKniilic  Rciraich 
to  the  Catifornu  Inrtituie  of  Tcchnolo|ty  and  by  a grant 
fiom  the  Doninr  of  the  Petroleum  Rerearch  t und  admiiv 
irterrd  by  the  American  Chcmwal  Society  to  the  llltnoii 
Inriiiuic  of  Technology. 

' faculty  Rerearch  Pariiripani  at  Argonne  National  Labr^ 
ratory,  May-July  |v;s 

* Therir  Parti  Appoo  r at  Argonne  National  Laboratory, 
Jurw-Augurl  I97.S 

t Contribution  No.  s.*  , 


linear  Iwo-clecironic-slale  process  in  order  to  in- 
vestigate the  properties  of  such  a model  with  Nr 
Healed  as  a mass  point  (11-13).  Intersecting  mod- 
el ground  (singlet  I slate  and  excited  (triplet)  stale 
L1:PS  suifaces.  I',  and  I',  , respectively,  were  cho- 
sen as  was  an  interaction  poientia!  surface,  I',, 
r,  has  a O.OS  e\’  banter  liwaled  in  the  near- 
asymptotic  regior  the  product  channel  and  an 
exotheimicity  of  cV  [13] . This  was  made  sub- 
stantially lower  that:  the  experimentally  determined 
4 eV  (2)  exotheimicity  in  order  to  keep  the  n imbet 
of  open  exit  channels  down  to  a manageable  amount 
while  pre'crving  the  characteristics  of  the  surface 
crossing  for  the  total  energies  considered,  I',  is 
energetically  inaccessible  except  in  the  near- 
asymptotic  and  asymptotic  regions  of  the  pioduct 
channel.  I',  has  a maximum  value  of  O.OS  eV  and 
b locali/ed  along  the  seam  of  intei  section  of  I', 
and  l'|.  The  quantum  calculations  w-ere  done  by  an 
extension  (1 2) of  the  coupled-channel  propagation 
method  developed  previously  (14-16) . The  initio! 
relative  kinetic  energies  6g  ranged  between  0.0  and 
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O.1 2 tV.  In  this  «nerg>-  interval  the  number  of  open  vi- 
bratiimal  state?  the  model  BaOfX  * !))  lies  between 
four  and  six  anu  .hat  for  tlie  model  UaCXa  ^11)  be- 
tween one  and  three.  A total  of  up  to  twent)  eight 
channels  weie  required  in  the  quantum  calculations  to 
ensure  unitarity  and  S)'mmciry  of  the  scattering  matrix 
(conservation  of  flux  to  within  2“^  and  symmetry  to 
within  $9f).  The  trajectory  surface  hopping  method 
(in  the  simple  Landau  -Zener  version)  of  T ully  and 
Pieston  (17)  was  used  to  obtain  the  quasiclassical  ira- 
jecioty  results  (IS). 

In  fig.  I the  results  of  some  of  these  calculations 
are  presented.  ..  is  ihe  reaction  probabiliiy 
from  stare  n.u  of  N;0  to  state  n’.  v of  BaO  where  v 
and  V are  vibrational  quantum  numbers,  n or  ii'  > I 
refer  to  the  ground  electronic  states  and  n'  • 2 to  the 
triplet  state.  We  observe  that  for  f.'g  less  than  0.05  eV 
10  “ ’*'*  duminani  reaction  piobability  (confirm- 
ing the  repulsive  nature  |ld|  of  the  model  1'^}  ,.nd  that 
the  quantal  and  quasiclassical  results  agree  “in  average" 
for  this  electronically  adiabaiic  transiiion.  The  quasi- 
classical /’fp  _ ,Q  effective  threshold  energy  is  approx- 
imately 0.01  eV  greater  than  (he  quantal  one,  however. 
All  of  the  quantal  reaction  probabilitiet  show  pro- 
nounced oscillatiilns  which  appear  to  be  "averaged" 
out  in  the  cotiesponding  quasiclassical  itsults.  This  be- 
havior had  been  observed  in  a previous  comparium  of 
quanta!  and  quasiclassical  studies  of  the  co'hnear  II  * 

111  reaction  (20).  The  existence  of  quantum  oscilla- 
tions IS  compatible  wlih  an  analysis  of  the  system's  d. 
Broglie  wavelengih  X . Using  mass-scaled  coordinates 
|2I,22],  the  value  of  X for  the  Da  ♦ NiOfu  = 0)  -•  BjO 
(a  ^11;  u ” 0)  ♦ Sj  ptiKess  varies  from  0.56  bohr  for 
the  reagents  at  Fq  * 0X)5  eV  to  0.56  bohr  for  the  piod- 
ucts  formed  from  reagents  at  Fp  = 0.10  eV.  For  Fp  in 
this  range,  ihe  smallest  distance  At  along  the  reaction 
coordinate  of  (he  singlet  surface  over  which  the  local 
wavenumber  changes  by  20^  lies  between  0.2  and  0.5 
bohr.  Theiefore,  (he  condition  As  > X for  validity  of 
(he  WKD  approximation  |2J)  is  not  satisfied,  and  large 
quantum  effects  aie  possible. 

The  comparison  of  ihe  quantal  and  quasiclassical 
electronically  nonadiabc  ic  .xaction  probabUity  F^p ..  }q 
of  fig.  Id  shows  fairly  good  average  agreement  for 
Fp  between  0.05  eV  and  0.07  eV,  but  at  soitKwhat  higli- 
er  energies  the  quasiclassKal  result  differs  significantly 
from  the  accurate  quantal  one,  in  contrast  with  the 
good  average  agreement  found  for  the  electronically 


Eo  (eV) 


Eo  (eV) 

f If.  1-  Rr3<*tion  prnbjbilitiet  -'Tf  .oUin«»r  Ba  * ON]** 

EjO*'  > N]  a funviton  ot  initul  rrtativc  kinetii  enerfy 
(DaO . ' . 'iaO*  rrprcvnt  the  ftound  and  rirciromcallx  excited 
produCv.  (a)-  (cl  ll*‘KtK>n  probabihitea  to  form 

BaO  tn  o*  0.1.  and  2.  re^ctm!  ‘r  m ground  vibrational 
Mate  rrafent  ON),  (dl  Reaction  pfohabilitie«  to  form  BaO* 
in  * 0 fuim  ground  vibratHXial  itaie  reapent  The  exact  quan* 
Aim  ttlO)  *nd  quav  .lavvkal  tQTl  revulti  aie  rcnictented  by 
aolid  and  dadicd  cyi*vei.  rttpeciprly. 
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adntiauc  pioccstcs  of  r>|».  la,  lb  and  Ic.  Tins  disagree- 
nieni  sluiulJ  he  due  ai  least  in  pan  to  a sliurlcomiiigor 
Uie  simple  Landau  Zener  surlaee-liopping  model  uss-d 
in  llicsc  ealeulaiions.  The  nsiia)  condilions  for  Ihe  valid- 
ity of  (lie  Landau  Zener  appiovinialion  |34|  are  met 
by  the  Ifa  ♦ NiO  model  system.  However,  the  seam  be- 
tween (he  singlet  and  tiiplet  surfaces  winch  we  used  is 
hvated  m the  product  channel  and  is  displaced  fiom 
Uie  eqiiilibiium  inteinucleai  posilion  of  BaO  towards 
greater  iiitermiclear  distances.  This  displacement 
means  that  the  ground  electronic  state  of  the  BaO  prod- 
uct must  have  about  one  qiiantum  of  vibrational  energy 
before  the  seam  can  he  reached  classically.  Tliis  should 
result  ii,  a signiricant  decrease  of  the  anioutil  of  quasi- 
classical  sui  face-hopping  ir.  cvmpaiison  w ith  the  quan- 
tum situation  since  in  the  latter  case  the  seam  is  felt 
over  a wider  range  of  iniernucleat  distances.  Such  anai- 
y-sis  is  consistent  with  (he  fact  that  (he  quanlal  and  qua- 
si-classical  /’j*„  _ effective  ihiesliolds  are  approM- 
mately  equal  to  the  corresponding  values  for  the  elec- 
tronically adiabatic  10  1 1 and  10  -♦  12  piocesses 

which  produce  vibiatiorially  excited  ground  electronic 
stale  products.  This  suggests  a corielalion  between  vi- 
btational  excitation  of  BafffX  * -)  and  foiniatioii  if 
BaOfa  J||). 

One  may  inipiove  the  siiitace-liopping  model  by 
pcrmilliiig  hopping  to  iKCur  from  a band  arou  .J  the 
seam  rather  than  at  ills'  seam  only,  l ien  then,  this 
first-order  perturbation  model  may  not  work  Iih>  well 
for  systems  for  which  the  electioiiicalls  nonadiabaiic 
Iransilioit  probahilities  are  large,  as  m the  present  case. 
Tliese  results  indicate  (hat  caiition  sliould  be  exercised 
ill  using  the  qiiasiclassical  snrface-lioppnig  inelhod  for 
pcrfoiiiiiiig  calculations  of  leaciive  elecltonically  iiona- 
diabatic  transiliun  proh.ibiliiics  even  lot  syslenis  as 
heavy  as  the  present  one.  Tlie  large  quantum  effects 
obseived  will  not  ntcessaiil)  disappear  in  going  to  a 
three-sliinensiniial  woild  (2S.26|. 
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VAUDITY  OF  THE  ADIABATIC  APPROXIMATION  FOR  VIBRATIONAL  ENERGY  TRANSFER 
IN  COLUSIONS  BETWEEN  DUTOMIC  MOLECULESt 
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Accurate  quantum  mechanical  tianstion  prohabilitvs  ior  vibrational  to  vibrztiorul  anil  vibrational  to  tianvlational  cner- 
|y  transfer  in  eorlinear  eolbnons  of  two  hydroreri  molecules  were  alcutaied  for  a model  poteniul  by  numerical  mteirration 
of  the  Schrodm(Tr  equation.  The  accuracy  of  ihcie  calculations  was  checked  by  corsersation  of  flus  and  cMnecryence  tests 
and  by  verifying  that  they  satirfied  a rigorous  iheorem  proven  by  Clarke  and  Thiele.  Tlievc  accurate  results  were  then  used 
to  determine  the  range  of  validity  of  the  adiabatic  approunalion  of  Thiele  and  Kata  asappUed  to  ihis  model  system  by 
CTaike  and  Thiele.  This  approxinution  yielded  probabilities  which  apeed  wsih  the  accurate  ones  to  IfVr  or  better  for  total 
energies 6'  up  to  6.1  fin  units  of  diatom  vibrational  quanta!.  However,  at  f ■ 7.9  these  appiovirrutc  results  could  be  ofl  by 
a factor  of  I 5 or  hqrher. 


I.  Introduction 

In  * recent  piv*'  (heteaftei  called  l>Claike  and 
Thiele  studied  energy  transfer  iri  the  collinear  collision 
of  two  diatomic  molecules.  After  reducing  the  problem 
to  a pseudo  atom  -dialom  collision  (using  a method 
developed  by  /elechow  el  al.  |;) ),  they  used  Hie  adia- 
batic approximalkin  of  Thiele  and  Kair  |3|  and  the 
first  order  distorted  wave  T and  K niairix  methods  lo 
calculate  vibrational-vibrational  (V-V)  and  transla- 
tional-vibrational (T-  V)  transition  probabilities.  In  a 
previous  paper  |4|  (hereafter  called  II).  Riley  and 
Kuppermann  calcubted  the  exact  quantum  transition 
probabilities  for  the  same  system.  Because  of  the  spe- 
cial form  of  the  interaction  polentlal  used  (exponen- 
tially repulsive),  part  uf  the  calculation  can  be  done 
analytically.  From  this  information,  Oarke  and  Thiele 
were  able  to  show  that  toir,e  of  the  probabilities  calcu- 
lated in  II  must  be  inaccurate.  We  have  redone  the 

t Research  tupporlcd  in  put  by  the  Ab  Force  OfTicc  of 
^ Scienuric  Reaeaich.  Giant  Al  OSR  7}-}S}9. 

In  partial  fuirilment  of  the  requBcmcnli  for  the  Ph.fi.  de- 
pee  in  Chemistry  si  the  Cslifoinia  Iniiituie  of  Technology. 
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Riley  and  Kuppermann  calculations  and  have  found 
that  the  number  of  basis  functions  which  had  been 
used  was  insufricieni  for  convergence.  L’sing  larger 
basis  sets  we  have  obtained  converged  results  which 
also  satisfy  the  conditions  derived  in  I. 


2.  Theory 

We  will  briefly  exanune  the  equations  lo  be  solved. 
A more  complete  trealmenl  is  given  by  Riley  |5| . The 
diatomic  molecules  are  assumed  to  be  harmonic  oscil- 
lators, confined  to  move  on  a space-fixed  straight  line 
while  'he  tntermolecular  potentul  is  exponentially  re- 
pulsive and  dependent  only  on  the  nearest  end-alom 
separation.  The  Schrodinger  equation  lo  be  solved  is 

|(-3J/dyJ  * y^)  * ♦x-)-p"*  9^ldr^ 

♦ e-of'-J"®**  - A|tKx.>-.r)«0,  (I) 

where  r describes  the  intermolecular  separation,  x and 
y are  related  to  the  intramolecular  separations,  rr  is  an 
effective  mass  of  the  system,  K is  the  total  energy,  a> 
and  0 are  measures  of  the  relative  frequencies  of  the 
oscillators,  and  ra  is  a length  which  describes  the  near- 
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fst  cnd-aiom  repulsion.  All  uf  these  pjrjineters  arc  in 
reduced  units.  Following  1 and  II  we  Ireated  the  case 
of  identical  honionuclear  diaiomics.  which  results  in 
~ ^ 0 = 1 4 and  w = 1 . The  value  of  o was  ta:.cn  to 
be  0.2^73  as  before,  which  is  appropriate  for  describ- 
ing a collision  between  iwo  h>drogen  iiudeculcs.  We 
define  Ihc  reference  liainiltonian  //q  by 

//uU.,v(  = ( 3-/ay*  cA  d-/d.t- ♦.V-).  C) 

whose  cipcnfiinclkins  iiid  (igciivilucs  jtr  denoted  by 
y)  and  respeelively,  / and>  being  the  sibia- 
tional  quantum  numbets  of  Ihc  isolated  moleeules. 
The  sepaiability  ol  the  x and  y cuoidinales  in  eq.  1 2 ) 
pcimils  us  to  write 

.}•)  = <>, iv)Piix)  (3) 

and 

h’^=(2i.l)  + cj(:/  + l).  (4) 

The  solutions  (x.y.r)  of  eq.  (I)  can  tr  ex- 
panded in  the  •h,^(.r.y)  basis  set  to  give 

.V-l  W-l 

il-^'U.y.r)  = S E (S) 

n'O  m = C 


n - 0 A'  - I ■ m’  = 0. ....  M I . 

where  A’  and  M ate  the  number  of  eigenstates  in  llie 
expansion  foi  coutdinalcsy  and  x,  icspocs'  .-ty.  l ot 
the  present  ease  t\  = M,  and  the  transition  | lobabili- 
lies  are  considered  converged  when  increasing  A'  pro- 
duces in  them  an  acceptably  small  change. 

Substituting  eq.  (5)  into  eq.  (II  gives  Uie  following 
tel  of  coupled  diffeicntial  equations 

I/;;'  tol'  = lInrV)  - 

where 

and 

(8) 

itic  integrations  implied  in  eq.  (7)  being  performed 
over  the  jr  and  .v  coordinates.  These  equations  are 
yilvcd  by  a method  described  preriously  |5| . 


Tjt'ic  I 

Tunution  pruhibibtif^  fui  the  V-  V enerfry  lunu'er  of  I and  2 quanta 


Transition 

t •> 

Rilcy  and 
Kuppernunn 
« - aV  = 3 

CUikr  and 

ThKlc*^^! 

M'iV-5 

M-N-6 

01  - 10 

4.1 

0.4100  X 10"* 

0.4100  X 10‘7 

0.4100  X 10'7 

0.4100  X I0'7 

4.5 

0.2109  X lO"' 

0.2094  X 111"' 

0.2109  X lO'* 

0.2109  X lO’* 

$J0 

0.4376  X 10"  ‘ 

0.4285  X Itr' 

0.4376  X lO’’ 

0.4376  X lO'* 

5.5 

0.6805  X 10'* 

0.6545  X 10  * 

0.6808  X 10~* 

0.6808  X 10'' 

6.1 

0.9894  X 10'' 

0.9319  X lO'* 

0.9924  X 10'' 

0.9924  X 10'* 

7.0 

0.U$9 

0.1371 

0.1483 

0.1483 

7.9 

0.1875 

0.1780 

0.1957 

0.1957 

01 -.11 

b.l 

0.7821  X 10' 7 

0.7843  X I0'7 

0.7850  X 10"7 

0.7850  X 10'> 

7.0 

0.7609  X 10' ' 

0.7882  X lO'* 

0.8033  X 10~' 

0JI033  X 10'' 

7.» 

0.1317 

0.1480 

0.1544 

0.1544 

oj-.:o 

6.1 

0.1695  X 10'* 

0.1710  X 10'* 

0.1711  X 10‘* 

0.1711  X 10'* 

7.0 

0.1571  X 10‘7 

0.1707  X 10'7 

0.178UX  10'7 

0.1780  X 10' 7 

7.9 

0.5165  X 10*7 

0.6508  X 10' 7 

0.7248  X lO"* 

0.7248  X 10'7 

Total  enct^y  m uruu  of  diatom  «ribiaiiorul  quanta. 

^»Rrf».  (4.S|. 

Ref.  1 1 1 . u%nf  the  adiabatic  method  of  Thiele  and  Katt  1 . 
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3.  RcimiIu  and  discusaion 

Tlie  lesulls  for  N -■$  and  fV  = 6 are  preunted  in 
tables  I and  2 for  a variety  of  transitions  and  of  total 
energies  (in  units  of  diatom  vibrational  quanta).  In- 
cluded are  the  values  of  Riley  and  Kuppermann  (N 
« J)  and  those  of  Cla'ke  and  Thiele.  In  I,  Clarke  and 
Thiele  present  a partial  decoupluig  u'hcmc  which  re- 
duces the  problem  to  a pseudo  atom-diatom  collision. 
Although  they  used  approximate  methods  to  calculate 
transition  probabilities,  they  showed  rigorously  that 

^OO-tt/^OC- 

where  is  (he  probability  of  going  from  the  i./ 


states  of  the  initial  molecules  to  the  corresponding  i),  / 
states  of  the  final  ones.  On  the  basis  of  this  result  they 
were  able  to  conclude  that  certain  of  tlie  transition 
probabilities  calculated  in  II  ate  incorrect.  Table  3 lists 
this  ratio  for  various  choices  of  V.  First  note  that  the 
results  in  tables  I and  2 are  neatly  identical  for  iV  = S 
and  yv  ‘ 6.  The  largest  discrepancy  is  I part  in  2000. 

In  addition,  table  3 shows  that  the  ratio  i j / 
/00-.02  converged  to  2 to  within  this  accuracy,  in 
agreement  with  Clarke  and  TTiicle's  predictions.  From 
this  and  the  fact  that  (lux  conservation  is  satisfied  in 
these  calculations  to  six  significant  digits,  we  conclude 
that  our  results  have  not  only  converged  but  aie  also 
accurate.  At  the  lowest  energies  (4.1  and  4.S)  the 


Table  2 

Tianotion  ptobabiUiici  foe  the  T-V  energy  transfer  of  t and  2 quanta 


Tiansiiion 

£••) 

Riley  and 
Kuppermann 

3 

Ctaike  and 

Thiele  V) 

5 

Jtf  » 5 6 

OU-01 

4.1 

0.169  X I0  ‘ 

0.167  X 10'* 

0.1665  X 10'* 

0.1665  X tu'* 

4.5 

0.7*4  X 10'* 

0 *02  X 10'* 

0.7**3x  10'* 

0.7**4  X 10'* 

$.0 

0.650  X 10'» 

0.672  X 10'* 

0.6503  X 10'* 

0.6503  X to'* 

5.5 

0.231  X I0'7 

0.244  X 10'* 

0.2325  X to'* 

0.2325  X 10'* 

6.1 

0.641  X I0'7 

0.701  X lO  * 

0.656*  X 10'*  . 

0.656*  X 10'* 

7.0 

0.174  X to'' 

0.207  X 10'' 

0.1*79  X 10'' 

0.1*79  X 10'' 

7.9 

0.326  X to*' 

0.439  X 10'' 

0.3*54x10' 

0.3*54  X 10'' 

01 -.11 

6.1 

0.195  X 10"’ 

0.169  X 10'* 

0.1691  X 10'* 

0.1691  X tO'* 

7.0 

0.S26  X I0'7 

0.675  X 10'* 

0.651  3 X 10'* 

0.6512  X 10'* 

7.9 

0.653  X 10' 7 

0.514  X lO  * 

0.4745  X 10'* 

0.4745  X 10'* 

01-02 

6.1 

O.tit  X 10'* 

0.324  X to  * 

0.323*  X to  * 

0.3237  X 10'* 

7.0 

0.t52  X I0'7 

0.12*  X 10'* 

0.116*  X to  * 

0.11**  X 10'* 

7.9 

0.444  X to'* 

0.122  X 10'' 

0.«269  X 10'* 

0.*270x  10'* 

01  - 20 

6.1 

0.560  X to'* 

O.IIS  X lu  * 

0.1216  X to'* 

0.1216  X 10'* 

7.0 

0 455  X to'* 

0.629  X to'* 

0 11 39  X 10'* 

0.1139  X 10'* 

7.9 

0.413  X to  * 

0.25*  X 10'* 

0.1314  X 10'* 

0.1314  X 10'* 

00-11 

6.1 

0.t50  X to'’ 

0.99*  X 10'* 

0.112*  X 10'’ 

0.1 1 2*  X 10'’ 

ija 

0.224  X 10'* 

0.9*9  X 10'* 

0.1262  X to'* 

0.1 262  X 10'* 

7.9 

0.397  X 10  * 

0.120  X 10'* 

0.1945  X 10'* 

0.1944  X 10'* 

00 -.02 

6.1 

0.350  X 10'* 

0.494  X 10'* 

0.563*  X 10'* 

0.5639  X 10'* 

7d) 

0.1*9  xtO'* 

0.494  X 10'* 

0.630*  X 10'* 

0.6309  X 10'* 

7.9 

O.tSI  X to  * 

0.599  X :o'* 

0.9720  X 10'* 

0.9722  X 10'* 

Total  energy  m unili  of  diatom  vibrational  quanta. 

|4J|. 

Ref.  (I ).  utinit  the  tdubaiic  method  of  Thiele  end  Kate  (3|  except  foi  the  00  -•  1 1 and  00  02  tiandi»on«.  for  which  the  “cot* 

reeled**  adiabatic  tffuitt  are  given. 
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Table  3 


Ratio  of  Ppo  ^ n and  oj  probabibttet 


f*) 

RUcy  and 
Kuppeinurui 

jW  - ,V  • 4 

Af  - A'  • 5 

*f  • A’  • 3 

6.1 

4.314 

1.998 

2.000 

2.000 

7.0 

11. S4 

2.012 

2.001 

2000 

7.9 

21.96 

2.185 

2.000 

2.000 

Total  fiK'if  y in  unili  of  dutom  vibiathinjl  qiuntj. 
I'lom  the  data  of  refs.  (4.5 1 . 


Clarke  and  TIiMle  approxinule  results  agree  with  our 
accurate  ones  to  better  than  ■'7.  In  general,  the  inac- 
curacy :$  less  than  lOT-  for  all  ttansilions  al  f < 6.1 . 
However,  at  A'  = 7.9,  their  result  for  the  01  -♦  20  tran- 
sition is  too  large  by  a factor  of  about  2. 

For  V-V  transitions,  the  results  of  Riley  and 
Kuppermann  are  in  good  agreement  with  ours  for  the 


transition  involving  the  lowest  internal  excitation  (01 
-*  10).  As  expected,  the  agreement  is  sonKwhat  worse 
for  higlier  internal  excitation  transitions.  For  T-V 
transitions,  the  agreement  is  good  only  for  the  lowest 
four  energies  of  the  00 ->  01  transition. 

We  conclude  that  the  adiabatic  method  of  Thiele 
and  Kata  gives  results  for  this  model  problem  in  good 
agreement  with  the  exact  quantum  probabilities  for 
all  but  the  highest  energies  considered. 
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Two  methods  for  implementing  angular  momentum  decoupling  approvimations  in  quantum  mechanical  reactive  scatter- 
ing are  examined.  Applications  to  both  reactive  and  nonreactnc  H * II]  collisiont  indicate  that  tor  the  most  intense  indtvid- 
rial  teacthe  transitions  and  for  all  degenerac>' -averaged  ones,  these  decoupling  methods  (especLvIly  the  '‘proper**  decouplmg 
method)  yield  results  in  good  agreement  with  those  of  fully -coupled  calculations.  However,  for  the  less  mtense  reactive  tran- 
sitions and  all  individual  norucacitve  transitions,  very  large  errors  can  result  from  use  of  these  approximate  methods. 


Accurate  ab  initio  Ihtee-dimensiunal  quanlum-nie- 
chanical  reaclive  scattering  calculations  have  recently 
been  performed  for  the  first  time  |I-S|  However,  the 
computation  limes  required  limit  the  feasibility  of 
such  calcuiations  to  very  simple  systems.  Thiv,  as  well 
MS  the  pursuit  of  phy-sical  tnsigfit.  maLcs  it  very*  im- 
portant to  develop  approximate  calculation  techniques 
which  are  significanliy  more  efTicient  while  preserv- 
ing an  acceptable  level  of  accuracy.  One  ipptoach  is 
to  introduce  ang'jiar  momentum  decoupling  schemes 
which  partially  decouple  the  large  nunibcr  of  chan- 
nels involved.  Several  such  schemes  have  been  recent- 
ly proposed  and  tested  for  non-reactive  |6-I3|  and 
for  reactive  systems  1 14) . In  this  paper  we  describe 
two  schemes  developed  for  reactive  systems  and  give 
some  of  the  results  of  their  applications  to  collisions 
of  II  with  II2  on  the  Porter-Karplus  potential  energy 
surface  (IS) . They  show  that  for  the  most  intense 
reactive  transitions  quite  accurate  integral  cross  sec- 

*  Research  supported  in  part  by  a grant  (Nh>.  73-2539)  from 
the  Ait  Torcc  Offivx  of  Scientific  Research. 

Work  petformed  in  partial  fuliilriKnl  of  the  requirements 
for  the  Fh.D.  degree  in  Otemistry  from  the  California  In- 
siiture  of  Technology.  Present  address:  Department  of 
Qwmistry.  NorUtwestern  LIniveisity  Lvanslon.  Iliincr 
^60201.  USA. 
t Conuibution  No.  5388. 


tions  arc  obtained,  but  for  the  less  intense  ones  and 
for  all  individual  non-reactive  transitions  very  large 
errors  can  result. 

Consider  a triatomic  system  A^  Aj  A,  in  which 
is  the  vector  from  A^  to  A,  and  that  from  the 
center  of  mass  of  A^  A,  to  A^,  Xrw.  being  any  cyclic 
permutation  of  oily.  Consider  next  a system  of  body- 
fixed  coordinates  in  which  the  axis  lies  along 
Expansion  of  the  system's  wavefunction  in  products 
ofWigner  rotation  functions  |I6|  and  spherical  har- 
monics of  the  angular  coordinates  leads  to  a set  of 
SchtoJinger  equations  |2J,6|  in  the  wavefunctions 
indices  ate  the  quantum 
nunihers  associated  respectively  with  the  total,  the 
w diatom,  and  its  Zj,  component  angular  momenta. 
These  equations  couple  to  t I and 

to  all  (fjj  > 112;^  I).  The  12;^ coupling  terms 

are 

l)-nx(nx  41)1''^ 


and  stem  entirely  from  the  tumbling  of  the  triatom 
plane  around  Neglect  of  these  f2,^ coupling  terms 
in  non-reactive  systems  along  w ith  additional  approxi- 
mations on  the  terms  which  are  diagonal  in  12,^  has  led 
to  reasonably  accurate  results  (6-13) . 
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For  reaclive  syslems  we  neglect  lire  n,^<oupling 
terms  in  each  of  the  three  arrangement  channels  but 
retain  without  modTicatiun  ail  other  terms  in  the  re 
suiting  -decoupled  but  -coupled  equations.  When 
linearly  combining  the  solutions  of  these  equations  to 
generate  wavefunctions  which  ate  every  where  smoothly 
continuous  1 1 -3) . we  either  exclude  ^ mixing  in  this 
arrangement  channel  matching  procedure  in  the  "sim- 
ple” angular  momentum  decoupling  scheme  (SO),  or 
do  the  matchii’g  correctly  (l-3|  in  the  "proper" 
angular  momentum  decoupling  scheme  (PDi.  Let 

be  the  vrbrotation  quantum  numbers  of  the 
isolateiJ  diatom  in  arrangement  channel  X.  in  the 
helicity  representation  (17] . in  the  SD  approximation 
the  probabilities  and  cross  sections  for  the 
^\fx”Vx  vanish  identically  un- 


< 


I 

h 


E(ev) 

050  055  0«  065  Q?0 


Eo(«V) 


r%.  1 ■ Di>tinfui.>hablc*aton)  uitcpil  reaction  crou  vciions  for 
the  000  -•  010  and  000  -•  020  transitions  at  a function  of 
mitial  relative  translatiunal  eneriry  £0  *nd  total  energy  E,  for 
colllsiont  of  H with  11}  on  the  Porter-Karrlut  ( IS)  poteniul 
cnerfy  turface.  The  full  curvet  arc  the  letultt  of  accurate  three 
dimensiona!  quantum  mechanical  calculatiopt.  The  irianflet 
(connected  by  dash-dotted  curvet)  corretp<''nd  to  the  simple 
anfutai  momentum  dccouplmg  tcheme  and  the  squares  to 
the  angular  momentum  dccoupltni  scheme  (sec  text). 

The  open  symbols  correspond  to  the  000  010  rcacitve  Iran* 

rilkm  and  the  full  ones  to  the  000  — 020  reactive  transition. 


less  (i.e.  •),  because  of  the 

complete  ^-decoupling  in  both  (he  /j^ -coupled  equa- 
tions and  (he  matching  procedure.  In  (he  PD  approxi- 
mation (his  is  not  (rue.  because  of  the  H-coupling  in- 
troduced by  (he  matching  process.  This  H-couplmg 
physically  lesults  from  (lie  non  coUineariiy  of  (he  re- 
agent and  product  r-axe$. 

For  mj*  = my  = 0 reactive  transitions  for  H ♦ H2. 

(he  PD  approximation  works  very  well  and  the  SD  one 
only  moderately  well.  This  is  illustrated  in  figs.  1 and 
2.  The  0(X)-*0I0  and  000  -K)20  PD  integral  reaction 
cross  sections  of  fig.  1 differ  from  the  accurate  ones 

* We  have  Ox*  ■ myj^.  but  Ox  * “r»^»because  of  Ibe  fma)  Rx 
and  firi.'l  relative  atom-diatom  velocity  vectors  are  the 
ume  bui  those  of  the  corresponding  initut  quantities  are 
opposite. 


J 

Fif.  2.  Distirifuishable-atom  probabilities  for  the  000  -«  020 
transition  as  a function  of  total  angular  momentum  quantum 
number  for  reactive  and  non-rcactive  collisions  of  11  %ith  Hj 
on  the  Porter-Karplus  (15)  potential  energy  sur'acc  at  a 
total  energy  £ ■ 0.6  cV  and  initui  relative  tianslaiional  en- 
ergy £0  • 0.328  eV.  The  curves  are  smooth  lines  dra^n  through 
the  points  (not  indicated)  corresponding  to  accurate  three- 
dimensional  quantum-mediar.ical  calculations.  Ihe  triangles 
correspond  to  the  SD  wheme  and  the  squares  to  the  FD  scheme 
(see  text).  The  open  symbols  represent  probabilities  lor  non- 
reactive transitions  and  Ihe  fuU  ortes  probabilities  for  reactive 
transitions  (after  muitip!ication  by  20).  For  y > 4 the  SD  non- 
rcKtive  probabilities  arc  indtsiingunhablc  from  the  PD  oises, 
within  plotting  accuracy. 
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by  kss  thin  7.5%  in  the  0.4S  (o  0.6S  cV  range  of  lolal 
energy,  over  which  (he  cross  sections  themselves  in- 
crease by  more  than  three  orders  of  magnitude.  This 
agreement  is  of  the  same  order  as  the  accuracy  of  the 
accurate  calculations  tliemselves  1 1 .3) ! Tlie  corre- 
sponding error  in  the  SD  cross  sections  can  be  as  high  as 
60%  in  the  same  energy  range,  indicating  the  impor- 
tance of  n-coupling between  Uifferent  arrangement 
channels. 

For  reactive  collisions  in  which  the  condition 
iHy-  = my  = 0 is  not  fulfilled,  ihe  PD  and  SD  probabi- 
lities can  be  in  error  by  one  or  more  orders  of  magni- 
tude. For  example,  for  the  D-conserving  0 1 - 1 -*011 
reactne  process  at  F = 0.6  eV  and  3 = S.  the  ratio  of 
the  SD  and  PD  probabilities  to  the  accurate  one 
(0.13  X 10-3)  are  0.35  jnd  0.47  X 10-3,  respectively. 
For  Ihe  non-D-conserving  000  01 1 process  Ihe  SD 

results  vanish  identically  and  the  analogous  PD  to  ac- 
curate (0.57  X 10-3)  probabiliiy  ratio  isO.041.  How- 
ever. the  reactive  lym,  -•  u/'m',-  transitions  for  which 
mj-  -iitj  = Oare  an  order  of  magnitude  or  more  more  in- 
tense than  the  other  reactive  ones  (3] . Cuiisequenlly  Ihe 
corresponding  summed  (over  mj-  ) and  averaged  (over 
my)  PD  integral  cross  seclions  arc  still  reason- 

ably accurate  for  low  / and  /'. 

Both  Ihe  SD  and  {’D  approximations  are  very  poor 
for  all  individual  non-reaclive  transitions,  as  illustrat- 
ed in  fig.  2.  The  reason  is  related  to  the  fact  that  a 
wider  range  of  atom-  molecule  distances  contribute  to 
non-reactive  rather  than  to  reactive  scattering,  increas- 
ing the  importance  of  kinematic  angular  mi  nenluni 
coupling  terms. 

In  summary,  for  II  * Hi  collisions,  the  PD  integral 
cross  seclions  for  reactive  (dislingiiisliable-alum) 
m'-  = my  = 0 transitions  - which  are  Ihe  dominani 
reactive  processes  in  this  collinearly-dor  inaled  system 
- agree  with  the  accurate  ones  essentially  to  within  Ihe 
accuracy  of  the  latter.  This  successful  appioximalion 
results  furthermore  in  a very  subs'  inlial  saving  in  com- 
putational linK.  It  should  permit  extension  of  Ihree- 
(iimensional  quantum-mechanical  reactive  scattering 
calculations  to  systems  involving  larger  numbers  of 
channels.  For  the  other  reactive  and  all  individual 
0/my  -•  0/my-  nonreactive  processes  in  11  ♦ H2,  the 


D-decoupling  approximations  considered  give  quite 
poor  results,  indicating  a strung  breakdown  of  "/,<on- 
servation”  (6-11]  for  those  transitions.  However,  it 
is  interesting  to  note  that  both  the  simple  and  proper 
decoupling  summed  and  averaged  cro-.s  seri>ons  are  in 
good  («S%) agreement  with  the  fully  coupled  calcu- 
lation. This  seems  to  indicate  that  the  nonreactive  flux 
is  transferred  from  different  my  to  my  = 0 for  the  same 

We  thank  Ambassador  College  for  generous  use  of 
their  computational  facilities. 
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